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ABSTRACT:  

In this paper, we apply a combined form of the Elzaki transform with homotopy perturbation method to obtain 

the solution of Newell-Whitehead-Segel equation. This method is called the Elzaki transform homotopy 

perturbation method(ETHPM). The method can be applied to linear and nonlinear partial differential equations. 

Some numerical examples are used to illustrate the preciseness and effectiveness of the proposed method. 
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1. INTRODUCTION 

In recent years, many research workers have paid attention to find the solution of nonlinear differential 

equations by using various methods. Nonlinear phenomena have important effects on applied mathematics, 

chemistry, physics and related to engineering; many such physical phenomena are modeled in terms of 

nonlinear partial differential equations. The world around us is nonlinear, so these equations are a model to 

describe the physical phenomena. Unfortunately, solving the nonlinear equations is harder than the linear ones, 

so all of the time we look for ways to solve them easier. Stripe-(or roll-) patterns appear in a variety of spatially 

extended systems in nature, like ripples in sand, stripes of seashells or on the fur of mammals, such as our 

domestic cats or markings of the skins of the animals and also in variety of physics laboratory systems, like 

Rayleigh–Benard convection, Taylor–Couette flow, Faraday instability, directional solidification, nonlinear 

optics, chemical reactions, and biological systems. This type of systems can be well described by a set of 

equations called amplitude equations. One of the most well-known amplitude equations in two dimensional 

systems is the Newell–Whitehead–Segel equation. This NWS equation describes the appearance of the stripe 

pattern in two dimensional systems. 

Now, we consider the well-known Newell–Whitehead–Segel equation of the following type  

∂u(x,t)

∂t
=  α

∂2u(x,t)

∂x2 + βu x, t − γum u(x, t) ,                                                                         (1)  

where 𝛽 and 𝛾 are real numbers; 𝛼 and 𝑚 are positive integers. We obtain the solution of eq. (1) according to 

the initial condition 
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u x, 0 = f x ,   x ∈ R.                                                                                                            (2) 

The Newell–Whitehead–Segel equation has been given considerable attention in recent years by introducing 

various methods and techniques, for example, P. Pue-on [1] applied Laplace Adomain Decomposition Method 

for solving NWS equation, Nourazar et al. [2] used homotopy perturbation method, Aasaraai [3] used 

differential transformed method to solve these equations, Ezzati and Shakibi [4] applied ADM and multiquadric 

quasi-interpolation methods for same purpose and many more, researchers have been used to handle such 

equations by various techniques [5, 6]. 

In the last few decades, researchers have paid their attentions to find the solution of ordinary, partial, linear, 

nonlinear, homogeneous and non-homogeneous differential equations by using various integral transform, see 

[7-10]. One of such transforms know as Elzaki transform, introduced by Tarig M. Elzaki in 2011, is also very 

useful for solving ordinary and partial differential equations in the time domain, see [11-14]. Elzaki transform is 

a useful technique for solving linear partial differential equations [15] but this transform is totally incapable of 

handling nonlinear equations because of the difficulties that are caused by the nonlinear terms. He [16- 18] 

developed the homotopy perturbation technique for solving such physical problems. In this paper, we use 

homotopy perturbation method to decompose the nonlinear term, so that the solution can be obtained by 

iteration procedure. This means that we can use both Elzaki transform and homotopy perturbation method to 

solve these type of nonlinear problems, see [19- 20].  

2. STUDY OF ELZAKI TRANSFORM HOMOTOPY PERTURBATION METHOD (ETHPM) 

Taking Elzaki transform on both sides of the equation (1) and using the linearity of the Elzaki transforms gives  

E  
∂u(x,t)

∂t
 =  αE  

∂2u(x,t)

∂x2  + βE u x, t  − γE um (x, t) .                                                 (3) 

By applying the Elzaki transform differentiation property, see [11- 14], we have  

1

ν
E u x, t  − νu x, 0 = αE  

∂2u(x,t)

∂x2  + βE u x, t  − γE um (x, t) .                             (4)   

Using initial condition (2), Eq. (4) can be written as   

   E u x, t  =
ν2 f(x)

1−βν
+

αν

1−βν
E  

∂2u(x,t)

∂x2  −
γν

1−βν
E um (x, t) .                                              (5)     

Taking the inverse Elzaki transform on eq. (5), we obtain 

    u x, t = E−1  
ν2f(x)

1−βν
 + E−1  

αν

1−βν
E  

∂2u(x,t)

∂x2  −
γν

1−βν
E um (x, t)  .                             (6) 

Now, we apply the homotopy perturbation method, (see [16- 18]), the basic assumption is that the solution can 

be written as a power series in  𝑝, as 
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u x, t =   pn un(x, t)∞
n=0 ,                                                                                                   (7) 

and the nonlinear term 𝑁 𝑢 = 𝑢𝑚 , 𝑚 > 1 can be presented by an infinite series  

N[u x, t ] =   pn Hn(u)∞
n=0 ,                                                                                                (8) 

where 𝑝 ∈ [0, 1] is an embedding parameter. Hn (u) is He polynomials[21, 22] that can be generated by formula 

given below                                 

Hn u0 , u1, … , un  =
1

n!

∂n

∂pn
 N  piui

∞
i=0   p=0  ,     n = 0, 1, 2, … .                                        (9)      

Substituting eqs. (7) and (8) in eq. (6), we get  

  pnun(x, t)∞
n=0 = E−1  

ν2f(x)

1−βν
 + p  E−1  

αν

1−βν
E   pn∞

n=0
∂2𝑢𝑛 (x,t)

∂x2  −
γν

1−βν
E  pn Hn(u)∞

n=0    ,    

                                                                                                                                                (10) 

this is the coupling of the Elzaki transform and the homotopy perturbation method using He’s polynomials. 

Comparing the coefficient of like powers of 𝑝, the following approximations are obtained 

 𝑝0: 𝑢0 𝑥, 𝑡 = E−1  
𝜈2𝑓(𝑥)

1−𝛽𝜈
 , 

 𝑝1: 𝑢1 𝑥, 𝑡 = E−1  
𝛼𝜈

1−𝛽𝜈
𝐸  

𝜕2𝑢0(𝑥 ,𝑡)

𝜕𝑥2  −
𝛾𝜈

1−𝛽𝜈
E H0(u)  , 

 𝑝2: 𝑢2 𝑥, 𝑡 = E−1  
𝛼𝜈

1−𝛽𝜈
𝐸  

𝜕2𝑢1(𝑥 ,𝑡)

𝜕𝑥2  −
𝛾𝜈

1−𝛽𝜈
E H1(u)  , 

. 

. 

. 

Proceeding in this same manner, the rest of the components 𝑢𝑛(𝑥, 𝑡) can be completely obtained and series 

solution in this entirely determined.  Finally, the solution is  

Then the solution is 

 𝑢 𝑥, 𝑡 = lim𝑝→1  𝑢𝑛 𝑥, 𝑡 ∞
𝑛=0  

               = 𝑢0 𝑥, 𝑡 + 𝑢1 𝑥, 𝑡 + 𝑢2 𝑥, 𝑡 + 𝑢3 𝑥, 𝑡 + ⋯                                                     (11) 
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3. APPLICATIONS 

In this section, we apply the Elzaki transform homotopy perturbation method (ETHPM) to solve the linear and 

nonlinear Newell-Whitehead-Segel equations. 

Example 3.1. Consider the following linear Newell-Whitehead-Segel equation 

∂u(x,t)

∂t
=  

∂2u(x,t)

∂x2 − 3u x, t                                                                                                          (12) 

subject to initial condition 

u x, 0 = e2x .                                                                                                                              (13)     

Applying the Elzaki transform on both sides of eq. (12) subject to the initial conditions (13), we have  

E 𝑢 𝑥, 𝑡  =  
𝜈2𝑒2𝑥

1+3𝜈
+

𝜈

1+3𝜈
E  

𝜕2𝑢(𝑥 ,𝑡)

𝜕𝑥2  .                                                                                     (14) 

The inverse of Elzaki transform of (14) implies that  

 𝑢 𝑥, 𝑡 =  E−1  
𝜈2𝑒2𝑥

1+3𝜈
 +  E−1  

𝜈

1+3𝜈
E  

𝜕2𝑢(𝑥 ,𝑡)

𝜕𝑥2    ,                

  u x, t = e2x e−3t  +  E−1  
𝜈

1+3𝜈
E  

𝜕2𝑢(𝑥 ,𝑡)

𝜕𝑥2   .                                                                        (15)          

Now, applying the homotopy perturbation method, using eqs. (7)- (8) into eq. (15), we get 

   pn un(x, t)∞
n=0 = e2x e−3t + p  E−1  

𝜈

1+3𝜈
E   pn∞

n=0
∂2𝑢𝑛 (x,t)

∂x2    .                                     (16)   

 Comparing the coefficients of like powers of 𝑝 in (16), we have 

 p0: u0 x, t = e2x e−3t  , 

 p1: u1 x, t = E−1  
𝜈

1+3𝜈
E  

∂2𝑢0(x,t)

∂x2   =  4te2x e−3t , 

p2: u2 x, t = E−1  
𝜈

1+3𝜈
E  

∂2𝑢1(x,t)

∂x2   =  8t2e2x e−3t ,  

p3: u3 x, t = E−1  
𝜈

1+3𝜈
E  

∂2𝑢2(x,t)

∂x2   =  
32

3
t3e2x e−3t ,  

. 

. 

. 
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And so on for other components. The series solution 𝑢 𝑥, 𝑡  is given by  

 𝑢 𝑥, 𝑡 = e2x e−3t  1 + 4t + 8t2 +
32

3
t3 + ⋯ , 

 ⟹ 𝑢 𝑥, 𝑡 = e2xe−3te4t ,    

So, the exact solution of (12) is  

 𝑢 𝑥, 𝑡 = e2x+t .                                                                                                                     (17)  

Example 3.2. Consider the following nonlinear Newell-Whitehead-Segel equation 

∂u(x,t)

∂t
=  5

∂2u(x,t)

∂x2 + 2u x, t + u2(x, t)                                                                                 (18) 

subject to initial condition 

u x, 0 = 𝛼,  where  𝛼  is arbitrary  constant                                                                         (19)    

Applying the Elzaki transform on both sides of eq. (18) subject to the initial conditions (19), we have  

E 𝑢 𝑥, 𝑡  =  
𝛼𝜈 2

1−2𝜈
+

5𝜈

1−2𝜈
E  

𝜕2𝑢(𝑥 ,𝑡)

𝜕𝑥2  +
𝜈

1−2𝜈
𝐸 u2(x, t) .                                                     (20) 

Taking the inverse Elzaki transform on equation (20) implies that  

 𝑢 𝑥, 𝑡 =  𝛼e2t +  E−1  
5𝜈

1−2𝜈
E  

𝜕2𝑢(𝑥 ,𝑡)

𝜕𝑥2  +
𝜈

1−2𝜈
𝐸 u2(x, t)   ,                                             (21)                                                  

Now, applying the homotopy perturbation method, using eqs. (7)- (8) into eq. (21), we get 

   pn un(x, t)∞
n=0 = 𝛼e2t + p  E−1  

5𝜈

1−2𝜈
E   pn∞

n=0
∂2𝑢𝑛 (x,t)

∂x2  +
𝜈

1−2𝜈
𝐸  pn Hn(u)∞

n=0    .  (22)               

Where 𝐻𝑛(𝑢) are He’s polynomials [21, 22] that represents the nonlinear terms. The first few components of 

He’s polynomials, are given by  

𝐻0 𝑢 = (𝑢0)2,  

 𝐻1 𝑢 = 2𝑢0𝑢1, 

𝐻2 𝑢 = 2𝑢0𝑢1 + 𝑢1
2 , 

. 

. 

. 
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Comparing the coefficients of like powers of  𝑝 in (22), we get 

 p0: u0 x, t = 𝛼e2t  , 

 P1: u1 x, t = E−1  
5𝜈

1−2𝜈
E  

∂2𝑢0 x,t 

∂x2  +
𝜈

1−2𝜈
E H0 u    

                        =
α2

2
 e2t(e2t − 1),  

p2: u2 x, t = E−1  
5𝜈

1−2𝜈
E  

∂2𝑢1 x,t 

∂x2  +
𝜈

1−2𝜈
E H1 u     

                        =
α3

4
 e2t(e2t − 1)2 ,  

p3: u3 x, t = E−1  
5𝜈

1−2𝜈
E  

∂2𝑢2 x,t 

∂x2  +
𝜈

1−2𝜈
E H2 u     

                        =
α4

8
 e2t(e2t − 1)3 ,  

. 

. 

. 

And so on for other components. The series solution 𝑢 𝑥, 𝑡  is given by  

 𝑢 𝑥, 𝑡 = e2t  𝛼 +
α2

2
 (e2t − 1) +

α3

4
 (e2t − 1)2 +

α4

8
 (e2t − 1)3 + ⋯ , 

 ⟹ 𝑢 𝑥, 𝑡 = e2t  
α

1−
α(e 2t−1)

2

 ,    

So, the exact solution of (18) is 

  𝑢 𝑥, 𝑡 =
2𝛼e2t

2+𝛼(1−e2t )
.                                                                                                                                                                                                                               

4. CONCLUSION 

In this paper, the coupling of  Elzaki transform with homotopy perturbation method has been successfully 

applied to find the solution of the linear and nonlinear Newell-Whitehead-Segel equations with initial 

conditions.The result reveals that the proposed method is very efficient, simple and can be applied to linear and 

nonlinear partial differential equations. In conclusion, the Elzaki transform homotopy perturbation method 
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(ETHPM) may be considered as a nice refinement in existing numerical techniques and might find the wide 

applications.   
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