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Abstract: In this paper we have studied the notion of fuzzy α-open sets in generalized fuzzy topological spaces. 

We have established some significant properties of g-fuzzy α-open sets. We have also constructed elementary 

examples which are useful in the theory of g-fuzzy α-open sets in generalized fuzzy topological spaces.                                                                                                                   
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1. INTRODUCTION 

The concept of fuzzy sets was introduced by L.A. Zadeh [9] in 1965. Fuzzy sets are generalization of abstract 

sets or crisp sets. The concept of fuzzy topological space was first introduced in 1968 by C.L. Chang [4]. In 

1981 K.K. Azad [1] has introduced the concept of fuzzy semi-open sets in fuzzy topological spaces. Bin 

Shahana in 1991 [2] has introduced the concept of fuzzy pre-open sets and fuzzy α-open sets in fuzzy 

topological space. S.S. Thakur in 1998 [8] has introduced the concept of fuzzy semi pre-open sets in fuzzy 

topological spaces.  

In this paper we have studied the concept of fuzzy α-open set in the category of generalized fuzzy topological 

spaces. Section 2 deals with the basic concepts of g-fuzzy topology. In section 3 the concept of fuzzy α-open 

sets in generalized fuzzy topological spaces is introduced and studied and several relationships are established. 

2. PRELIMINARIES: 

Definition 2.1: Let X be a crisp set and let 
 
be a collection of fuzzy sets on X. Then 

 
is said to be a 

generalized fuzzy (g-fuzzy) topological space on X  if it satisfies following conditions:  

i) The fuzzy sets 0 and 1 are in  where  are defined as  and  

ii) If { },  is any family of fuzzy sets on X where  then .     

The pair  is called a generalized fuzzy topological space. We usually denote fuzzy topological space 

 by  only. The members of the collection  are called g-fuzzy open sets.  In  A fuzzy set  is 

called a fuzzy closed set in  provided its complement  is a fuzzy open set in . In a generalized fuzzy 

topological space , the closure of a fuzzy set denoted by  is defined to be the intersection of all fuzzy 
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closed sets in   containing  . The interior of a fuzzy set  is denoted by  and is defined to be the union 

of all fuzzy open sets in   contained in .  Clearly   is a fuzzy closed set in  and  is a fuzzy open 

set in . We note that  and . If   is any arbitrary collection of 

fuzzy sets in  then  and .                             

Definition 2.2: Let   be g-fuzzy topological space. A fuzzy set  where  and  is 

said to be a g-fuzzy point in a g-fuzzy topological space X if. 

 

The g-fuzzy point  belongs to a g-fuzzy set 1 in X  if   i.e.  is a subset of 1. 

Definition 2.3: Let X be a Universal crisp set A fuzzy set on X is a map 
 
where  . Suppose 

, where  J is an index set, is any family of fuzzy sets on  X . Then  union  of  fuzzy sets  is  the  

fuzzy set   and  is  defined as . The intersection of the 

fuzzy sets  is the fuzzy set  and is defined as  . If  

 
are two fuzzy sets on X, then  λ is said to be subset of µ if 

 
the complement of a 

fuzzy set λ is denoted  by λ
c
 and is defined as . 

Definition 2.4: Let  be a generalized fuzzy topological space. The members of the collection  are called 

g- fuzzy open sets and the complements of g-fuzzy open sets are called g- fuzzy closed sets.  For a fuzzy set A 

in X the closure of A is denoted by Cl (A) and is defined as  . The interior A is 

denoted by Int(A) and is defined as .
 

Remark 2.1: In a generalized fuzzy topological space (x, τg) for a fuzzy set A in X. We note that Cl(A) equals 

to the intersection of all g-fuzzy closed sets in X. containing A. Thus Cl (A) is the smallest g-fuzzy closed sets 

in X containing A. Further we note that Int (A) equals to the union of all g-fuzzy open sets in X contained in A. 

Thus Int(A) is the largest g-fuzzy open set in X contained in A.
 

Proposition 2.1: Let  is a g-fuzzy topological space and let A be a fuzzy set in X. Then 

i) Cl (A) =A if and only if A is a g- fuzzy closed set in X.  

ii) Int (A) =A if and only if A is a g- fuzzy open set in X. 
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Proposition 2.2: Let    be a g- fuzzy topological space and let A be a fuzzy set and j j J{ } be any 

arbitrary collection of fuzzy sets in X. Then  and  

Remark 2.1: Every g- fuzzy open set is g-fuzzy α –open and every g- fuzzy α-open set is g-fuzzy semi-open 

and every g-fuzzy semi open set is g-fuzzy semi pre-open. But the converses may not be true. The complement 

of a g-fuzzy semi-open set is called g-fuzzy semi-closed  

Definition 2.5: Let   be a generalized fuzzy topological space. A fuzzy set λ in X is called: 

i) g-fuzzy semi-open if . 

ii) g-fuzzy pre-open  if, . 

iii) g- fuzzy α-open if .  

iv) g-fuzzy semipro-open  if  .  

3. g-FUZZY α-OPEN SETS 

Definition 3.1: Let X be a g-fuzzy topological space and let  :X   I be a fuzzy set in X. Then   is said to 

be g-fuzzy -open set in X if .  

Proposition 3.1:  In a g-fuzzy topological space every g-fuzzy open set is g-fuzzy -open.  

Proof: Let   be a g- fuzzy topological space and  be g-fuzzy open set in X. Then . Since 

, we have . This implies . Hence   is a g-fuzzy open set 

in X.  

Remark 3.1: The converse of proposition 3.1 is not true as shown in Example 3.1. 

Example 3.1: Let  be the Universal crisp set and  be two fuzzy sets in X, 

defined as  and  

  

Then clearly  we see that collection 

 satisfies two conditions of g- fuzzy topology on X. Hence  is a g-fuzzy topological 

space. Clearly the fuzzy set   is is a g-fuzzy α-open set in X 

but not a g-fuzzy open set in X.  

Proposition 3.2: In a g-fuzzy topological space any arbitrary union of g-fuzzy α-open sets is g-fuzzy α-open set 
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Proof:   Let   be a g- fuzzy topological space and  be g-fuzzy and let j j J{ }  be a family of g- fuzzy 

α-open sets in X. Then for each . Substituting  we have 

. Thus λ is a g-fuzzy α-open   set in X. 

Proposition 3.3: Let X be a g-fuzzy topological space. A fuzzy set   is g-fuzzy α-open set  in X iff for each 

fuzzy point  
rx   there exists a g-fuzzy   α-open set    in X such that 

rx    and    . 

Proof:  Let   be g-fuzzy α-open set in X. If rx  is a fuzzy point in X and rx  , then clearly that g-fuzzy α-

open set   itself satisfies the desired condition. Conversely suppose   is a fuzzy set in X having the property 

that for each fuzzy point rx  , x X there exists g-fuzzy α-open set say x  in X such that rx  x   and 

x   . Therefore we have xx X    is g-fuzzy α-open set in X. Since  xx X    it follow  that λ is a g-

fuzzy α-open set in X. 

Definition 3.2:  Let X be a g-fuzzy topological space and : X 1    be a fuzzy set in X. than    is said to be  

g-fuzzy  α-closed set if 
c  is a g-fuzzy α-open set in X. 

Proposition 3.4: In a g-fuzzy topological space arbitrary intersection of g-fuzzy α-closed sets is g-fuzzy α-

closed 

Proof: Let X be a g-fuzzy topological space and let 
Jj j




  be a family of  

g- fuzzy α-closed sets in X.  Then j J{ }c

j 
 

is a family of g-fuzzy α– open sets in X. Therefore 

( )c c

j j j j J J     is a g-fuzzy α-open set in X. Hence j J J
 
 is a g-fuzzy α-closed set in X. 
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