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ABSTRACT- 

 
This paper reviews the advanced turbulent flow (RANS) Reynolds-Averaged Navier–Stokes model. This paper 

carried out basics of turbulence, the Complexity of Physics in Turbulence. Progresses in the development of the 

hierarchy of turbulence models for Reynolds-averaged Navier-Stokes model are carried out here. The most popular 

turbulence models are the standard k-ε model, low-Re k-ε model, standard k-ω model, SST k-ω model are reviewed. 

Many research paper found that the standard k-ω, SST k-ω and v2-f models clearly performed better than other 

models when an adverse pressure gradient was present. The standard k-ε and the low-Re k- ε delivered very poor 

results. 
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1. INTRODUCTION 

 
Turbulent flows are generic in most real life scenarios for instances, the flow of blood through cardiovascular 

system, the airflow over an aircraft wing, the re-entry of space vehicles, besides others [1, 2, 3].Turbulence is a most 

complex concepts and phenomenon, due to which it has been the subject of a large number of studies. In spite of 

over a century of research, there is no analytical solution that has managed to provide accurate and deterministic 

predictions of the evolution of these turbulent flows. Literature contains many definitions as, for example, ‗‗A fluid 

motion is described as turbulent if it is three-dimensional, rotational, intermittent, highly disordered, diffusive and 

dissipative‘‘ [4]. 

 
Turbulence is the instability of laminar flow that occurs at high Reynolds numbers. Such instabilities 

originated from interaction between non-linear inertial terms and viscous terms in navier- stokes equation. These 

instabilities are rotational, fully time dependent and three dimensional. Rotational and three dimensional interactions 

mutually connected through vortex stretching. The three-dimensional (3-D) time-dependent solution of the Navier-

Stokes equations could provide an exact description of the turbulent motion, but the range of time and length scales 

associated with turbulence are such that they cannot be resolved when computing complex aerodynamic flows. 
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Turbulence modeling is the design of model and use of model to predict the effects of turbulence. For most 

real life turbulent flows, CFD simulations use turbulent models to predict the evolution of turbulence. Turbulence 

modeling is one of the great challenges in computational fluid dynamics (CFD). Generally, CFD predicts turbulent 

flows through three approaches: Reynolds-Averaged Navier-Stokes (RANS) equation simulation, Direct Numerical 

Simulation (DNS) and Large Eddy Simulation (LES) with turbulence models. These turbulence models are 

simplified constitutive equations that predict the statistical evolution of turbulent flow [5]. 

 

2. Basics of Turbulence 

 

2.1 Physical Nature of Turbulence 

 

The main characteristics of turbulent flow are unsteadiness, vorticity, three dimensionality, dissipation, wide 

spectrum of scales, and large mixing rates. Turbulent flow has a flow property at a point continuously undergoes 

changes in magnitude which are characterized by fluctuating velocity fields. These fluctuations mix transported 

quantities such as momentum, energy, and species concentration, and as consequences the transported quantities 

fluctuate as well. A turbulent flow consists a wide range of eddies interacts with each other. Vortex stretching is an 

important mechanism in a turbulent flow. A continuous transport of energy from mean flow to large eddies, from 

these large eddies to a series of increasingly smaller eddies takes place and this is termed as the cascade process. The 

smaller eddies are influenced by the strain rate imposed by the large eddies and are continually stretched. The 

smallest eddies dissipate the kinetic energy into thermal energy due to viscous effects. 

 

The largest eddy size depends on the flow configuration and is usually approximately as large as the size of 

the domain. The larger eddies are thus mainly responsible for the transport of momentum and heat, and hence need 

to be properly simulated in a turbulence model. Because of direct interaction with the mean flow, the large-scale 

motion depends strongly on the boundary conditions of the problem under consideration. 

 

2.2 Complexity of Physics in Turbulence 
 

 

In 1937, Taylor and von Karman proposed that "Turbulence is an irregular motion which in general makes its 

appearance in fluids, gaseous or liquid, when they flow past solid surfaces (boundary conditions) or even when 

neighboring streams of the same fluid flow past or over one another (i.e. Jet flow)." It is characterized by the 

presence of a large range of excited length and time scales. Turbulent flows are irregular in nature [6].The features 

contributing to complexity of turbulence flow are; 
 

 Enhance Diffusivity
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 Stability Criteria


 Time Dependency


 Non-Linearity effects



 Separation

 

2.2.1 Enhance Diffusivity 

 

In turbulent flow the increasing diffusivity enhances the exchange of momentum in e.g. boundary layers and reduces 

or delays thereby separation at bluff bodies such as cylinders, airfoils and cars. The increased diffusivity also 

increases the wall friction in internal flow such as in channels and pipes. Thus, apparent stresses often develop in 

turbulent flows that are several orders of magnitude larger than in corresponding laminar flows. 

 

2.2.2 Stability Criteria 

 

It could be thought that turbulence is the instability of laminar flow which occurs at high Reynolds numbers (Re). 

Such instabilities origin form interactions between nonlinear inertial terms and viscous terms in N-S equation. These 

interactions are rotational, fully time-dependent and fully three-dimensional. Rotational and three dimensional 

interactions are mutually connected via vortex stretching. Vortex stretching is not possible in two dimensional space. 

Therefore, no satisfactory two-dimensional approximations for turbulent phenomena are available. 

 

2.2.3 Time dependency 

 

The time-dependent nature of turbulence also contributes to its intractability. The additional complexity goes beyond 

the introduction of an additional dimension. Turbulence is characterized by random fluctuations thus obviating a 

deterministic approach to the problem. Rather, we must use statistical methods. On the one hand, this aspect is not 

really a problem from the engineer's view. Even if we had a complete time history of a turbulent flow, we would 

usually integrate the flow properties of interest over time to extract time-averages. On the other hand, time averaging 

operations lead to statistical correlations in the equations of motion that cannot be determined a priori. This is the 

classical closure problem, which is the primary focus of this text. In principle, the time-dependent, three-

dimensional Navier-Stokes equation contains all of the physics of a given turbulent flow. That this is true follows 

from the fact that turbulence is a continuum phenomenon. 

 

As noted, "Even the smallest scales occurring in a turbulent flow are ordinarily far larger than any 

molecular length scale‖. Nevertheless, the smallest scales of turbulence are still extremely small. They are generally 

many orders of magnitude smaller than the largest scales of turbulence, the latter being of the same order of 

magnitude as the dimension of the object about which the fluid is flowing. Furthermore, the ratio of smallest to 
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largest scales decreases rapidly as the Reynolds number increases. To make an accurate numerical simulation (i.e., a 

full time dependent 3D solution) of a turbulent flow, all physically relevant scales must be resolved. While more and 

more progress is being made with such simulations, computers of the early 1990's have insufficient memory and 

speed to solve any turbulent flow problem of practical interest. 

 

2.2.4 Non-Linearity Effects 
 
 
The nonlinearity of the Navier-Stokes equation leads to interactions between fluctuations of differing wavelengths 

and directions. As discussed above, the wavelengths of the motion usually extend all the way from a maximum 

comparable to the width of the flow to a minimum fixed by viscous dissipation of energy. The main physical process 

that spreads the motion over a wide range of wavelengths is vortex stretching. The turbulence gains energy if the 

vortex elements are primarily oriented in a direction in which the mean velocity gradients can stretch them. Most 

importantly, wavelengths that are not too small compared to the mean-flow width interact most strongly with the 

mean flow. Consequently, the larger-scale turbulent motion carries most of the energy and is mainly responsible for 

the enhanced diffusivity and attending stresses. In turn, the larger eddies randomly stretch the vortex elements that 

comprise the smaller eddies, cascading energy to them. 

 

2.2.5 Separation and Drag Reduction 

 
Although the frictional effects are more severe in turbulent flow, both shear stress and aerodynamic heating are 

larger for the turbulent flow in comparison to laminar. However, turbulent flow has a major redeeming value; 

because the energy of the fluid elements close to surface is larger, it does not separate from the surface as readily as 

a laminar flow. Simply, if a flow is turbulent, it is less likely to separate from the body surface. And if flow 

separates, the separation region is smaller than those for laminar. As the result the pressure drag will be smaller in 

turbulent flow. This leads to great compromise in aerodynamics. 

 

3. Turbulence models 
 

 

Turbulent flows are computed either by solving the Reynolds-averaged Navier-Stokes equations with suitable 

models for turbulent fluxes or by computing the fluctuating quantities directly. Turbulence models can be classified 

originally into three groups in general: Reynolds-averaged navier-stokes models (RANS), Direct numerical 

simulation (DES) and Large-Eddy simulation (LES). The main types of RANS Model are summarised below. 

 

3.1 RANS Modeling 

 

There are three main categories of RANS-based turbulence models: 
 
 Linear eddy viscosity models
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 Non Linear eddy viscosity model

 Reynolds stress model

 

3.1.1 Linear eddy viscosity models 

 

 

Models which are based on a turbulent (eddy) viscosity are called eddy viscosity model. Eddy-viscosity turbulence 

models can be divided in three categories; zero-, one- and two-equation models. These models use the boussinesq 

 

eddy-viscosity approximation. A simple relationship between Reynolds stresses and velocity gradients through the 

eddy viscosity that based on turbulence scalars, determined by solving transport equations. 

 

The various models are classified in terms of number of transport equations solved in addition to the RANS 

equations: 
 
1. Zero-equation/algebraic models: Mixing Length, Cebeci-Smith, Baldwin-Lomax, etc 
 
2. One-equation models: Baldwin-Barth, Spalart-Allmaras 
 
3. Two-equation models: k-ε, k-ω. 
 
5. Four-equation models: -f model 
 

 

3.1.1.1 Zero Equation/Algebraic Model - Mixing Length 
 

 

It was originally suggested by Prandtl in 1950. Algebraic turbulence models or zero-equation turbulence models are 

models that do not require the solution of any additional equations, and are calculated directly from the flow 

variables. As a consequence, zero equation models may not be able to properly account for history effects on the 

turbulence, such as convection and diffusion of turbulent energy [7]. According to Prandtl, in a boundary layer flow 

the eddy viscosity is given by: 

 
 

(1) 
 
where is the mixing length, that depends upon the type of flow, and is specified algebraically, while y is the 

direction normal to the wall. This model is not suitable for predicting flows with recirculation and separation.The 

two most well known zero equation model are: 
 

 Baldwin lomax model


 Cebeci model

 

https://www.cfd-online.com/Wiki/Turbulence_modeling


 
 

115 | P a g e  
 

The mathematical formulations of these models may be found in the textbook by Wilcox [8]. Nowadays, zero-

equation models are used rarely and only for getting an initial prediction of the flow field [9]. 

 

3.1.1.2 One Equation Model 

 

Perhaps the most successful model of this type was formulated by Bradshaw, Ferries and Atwell (1967). The 

original one-equation model is Prandtl's one-equation model. One-equation turbulence models use additional 

turbulence variables to calculate eddy viscosity such as: 

 

(  
 

 
Where, k = obtained by solving a transport equation, 
 

l = turbulence length scale, and 

C = constant coefficient. 

 

The one-equation models need to prescribe the length scale ‗l’ in a similar manner as that for the zero-

equation models. One equation turbulence models solve one turbulent transport equation, usually the turbulent 

kinetic energy. This model is most accurate for free shear and boundary layer flows. 

 

Most commonly used one-equation models are the Spalart-Allmaras and Baldwin-Barth models [10, 11]. 

The literature review shows that the Spalart-Allmaras model, among very few one-equation models used for indoor 

environment simulation, is a relatively popular and reliable one-equation model at present. 

 

One-equation models were used mainly in the nuclear and aeronautics industries (e.g. aircraft wings, 

fuselage, nuclear reactors) .More information for one-equation models is provided in detail in the review papers by 

Alfonsi [12] and in the classic text by Wilcox [8] 

 

3.1.1.3 Two-equation models 

 

Two-equation models are generally superior to zero- and one-equation models because they do not need prior 

knowledge of turbulence structure. Two-equation turbulence models are very widely used, as they offer a good 

compromise between numerical effort and computational accuracy. Both the velocity and length scale are solved 

using separate transport equations (―hence the term ‗two-equation‖). Two-equation eddy viscosity models are still 

the first choice for general CFD calculations. These are also known as turbulent kinetic energy model. Two-equation 

model includes standard k-ε model and k-ω model being the most widely used [13, 14]. In this section only the 

standard k-ε model and k-ω models are presented. 

 

https://www.cfd-online.com/Wiki/Prandtl%27s_one-equation_model
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3.1.1.3.1 The standard k-ε model 

 

The k-ε model solves for two variables: k, the turbulence kinetic energy; and ε (epsilon), the rate of 

dissipation of turbulence kinetic energy. The ―standard‖ k-ε model developed by Launder and Spalding in 1974 

[16].This is the one of the most prevalent models for indoor airflow simulation due to its simple format, robust 

performance, and wide validations. Wall functions are used in this model, so the flow in the buffer region is not 

simulated. For example, the k-ε model can be used to solve for the airflow around a bluff body. The turbulent eddy 

viscosity ν is calculated in the k-ε model as: 
 
Where, k = turbulence kinetic energy, 
 

ε = dissipation rate of turbulence energy, and 
 

= 0.09 (empirical constant). 

 

The standard k-ε model was developed for high Reynolds number flows. To apply the model for low 

Reynolds number flows, such as near wall flows, wall functions (Launder and Spalding, 1974) are usually used to 

connect the outer-wall free stream and the near-wall flow. The use of wall functions avoids modeling the rapid 

changes of flow and turbulence near the walls with a fine grid and thus saves the computing time. It does not very 

accurately compute flow fields that exhibit adverse pressure gradients, strong curvature to the flow, or jet flow. It 

does perform well for external flow problems around complex geometries [15]. 

 

3.1.1.3.2 The k-ω model 

 

The k-ω model is similar to the k-ε model, but it solves for ω (omega) — the specific rate of dissipation of kinetic 

energy. The initial form of the model was proposed by Kolmogorov in 1942 [17]. An improved version of the model 

was developed by the Imperial College group under Prof. B. Spalding [18]. Further the most important development 

was by Wilcox [8].The most recent version of the model (Wilcox (2006) k-ω model)for eddy viscosity is presented 

below : 
 

The k-ω model is superior to the standard k-ε model for several reasons. For instance, it achieves higher 

accuracy for boundary layers with adverse pressure gradient and can be easily integrated into the viscous sub-layer 

without any additional damping functions [8]. 

 

In addition, the recent version of Wilcox (2006) k-ω model is much more accurate for free shear flows and 

separated flows. According to Menter [19], the model still suffers from weaknesses when applied to flow with free-

stream boundaries (e.g. jets). It is a low Reynolds number model, but it can also be used in conjunction with wall 

functions. It is more nonlinear, and thereby more difficult to converge than the k-ε model, and it is quite sensitive to 

the initial guess of the solution. The k-ω model is useful in many cases where the k-ε model is not accurate, such as 
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internal flows, flows that exhibit strong curvature, separated flows, and jets. A good example of internal flow is flow 

through a pipe bend. 

 

3.2 More recent eddy viscosity models 

 

3.2.1 SST κ-ω Model 
 
 
A more advanced turbulence model is the κ-ω based Shear Stress Transport (SST) model by Menter[19]. Shear-

Stress-Transport (SST) model was designed to give a highly accurate prediction of the onset and the amount of flow 

separation under adverse pressure gradients by the inclusion of transport effects into the formulation of the eddy-

viscosity. This results in a major improvement in terms of flow separation predictions. This model combines the 

advantages of k-ε and k-ω models in predicting aerodynamic flows, and in particular in predicting boundary layers 

 

under strong adverse pressure gradients. The model has been validated against many other applications with good 

results such as turbomachinery blades, wind turbines, free shear layers, zero pressure gradient and adverse pressure 

gradient boundary layers. 

 

Recent improvements of the model are an enhanced version for rotation and streamline curvature and the 

replacement of the vorticity in the eddy viscosity with the strain rate [19, 20]. The mathematical formulation of the 

model may be found in the above mentioned references. Klein et al. [21] developed a new models for non-

equilibrium flows with satisfactory results. Hanjalic et al. [22] proposed a multi-scale model in which separate 

transport equations are solved for the turbulence energy transfer rate across the spectrum. 

 

3.2.2 - Turbulence model 

 

Eddy-viscosity models, such as Durbin‘s -  model is based on the elliptic relaxation concept and employs two 
 
additional equations, apart from the k-ε ones [23]. One for the velocity scale and one for the elliptic relaxation 

function .The main motivation for the development of this model was the improved modeling in the vicinity of 
 
the wall (near-wall turbulence). More applications (e.g. rotating cylinder, rotating channel flow, axially rotating pipe 

and square duct) and validation of the model with experimental and DNS data, may be found in the work of Durbin 

and Petterson [24]. 

 

Recently, a new robust version of the - model model was proposed by Billiard and Laurence [25] with 

improved numerical stability, known as the BL- . The model is based on the elliptic blending method of 
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Manceau and Hanjalic [26] and was validated for pressure induced separated flows, as well as buoyancy impairing 

turbulent flows, with satisfactory results. More detailed evaluation of the model against other turbulence models and 

test cases (e.g. 3-D diffuser and swept wing) is presented in the work of Billiard et al. [27]. A detailed review of - 
 

model evolution may be found in the work of Billiard and Laurence. 

 

 

3.3 Reynolds Stress Models – RSM 

 

The development of Reynolds stress model was performed by Donaldson and Rosenbaum (1968), Daly and Harlow 

(1970), and Launder, Reece, and Rodi (1975). RSM is more advantageous in complex 3D turbulent flows with large 

streamline curvature and swirl, but the model is more complex, computationally intensive, more difficult to 

converge than eddy viscosity models.Due to the increased complexity of this class of turbulence models, 2nd order 

closure models do not share the same wide use as the more popular two-equation models. The latter has become the 

baseline 2nd order closure model, with more recent contributions made by [Lumley (1978)], [Speziale (1985, 1987), 

and many other thereafter, who have added mathematical rigor to the model formulation. 

 

RSM is the most complex of the turbulence models, and was designed to address the problems of the κ-ε 

model (which cannot predict flows in long non-circular duct because of the isotropic modelling of the Reynold‘s 

stresses). The RSM can therefore accurately account for the Reynold‘s stress field directional effects. Because of the 

 

many Reynold‘s stresses to model, there are seven extra partial differential equations to solve, making computing 

costs very high. The Reynolds Stress models, sometimes called stress-equation models, are enforcing to those 

models which do not assume the Boussiqes assumption. Thus it would seems that these are perhaps the ultimate 

models. Nevertheless these models still utilize approximation and assumption in the modeling terms. 

 

Most eddy viscosity models assume isotropic turbulence structures, which could fail for flows with strong 

anisotropic behaviors, such as swirling flows and flows with strong curvatures. Reynolds stress models (RSM), 

instead of calculating turbulence eddy viscosity, explicitly solve the transport equations of Reynolds stresses and 

fluxes. 

 

4. Conclusion 
 

 

This paper describes the advances in turbulent flow model based on RANS modeling. The one-equation model is 

most accurate for free shear and boundary layer flows. The basic differential second-moment (Reynolds-stress) 

models perform better in many flows than any Eddy Viscosity Model. 
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