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Preface
This book has been prepared to provide students with a

clear understanding of important mathematical concepts that
form the foundation for higher studies .The content has been
organized in a simple and systematic manner so that learners
can develop analytical thinking, logical reasoning, and
problem-solving skills through practice-oriented learning.
Emphasis has been given to solving problems step by step,
enabling students to gain confidence in applying
mathematical techniques to real-life situations.

The chapters on Jacobian, Maxima and Minima, and
Finite Differences introduce students to methods that are
widely used in optimization, numerical computation, data
analysis, and industrial applications. Concepts such as
transformation of variables, interpolation, and construction of
difference tables help students understand the practical
importance of mathematics in innovation and technological
development.

The section on Second Order Differential Equations
provides methods for solving equations involving
exponential, polynomial, and trigonometric functions. Such
equations are essential in modeling scientific and engineering
systems including mechanical vibrations, electrical circuits,
and energy-related applications.

The chapters on Laplace Transforms and Inverse
Laplace Transforms are designed to help students simplify
and solve differential equations effectively. This book aims to
inspire students to appreciate the value of mathematics in
building a sustainable and technologically advanced society.
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UnitI
1.1 JACOBIANS

Jacobians were introduced by the German mathematician
C. G. Jacobi in 1182. They are used in Mechanics,
probability, Calculus etc, in evaluating multiple integral
through transformation schemes
Definition (Jacobian)
If uy, u,, ..., u, are differentiable functions of n

independent variables
X1,X3, ..., Xn, then the determinant
6u1 aul aul 6u1
0x; Ox; Ox3 dx,
auz auZ auz auz
Ay, Uy, .., u,) |0%¥1 0xz 0x3 oxy,
= au3 au:; au3 aug
0(xq, x5, ..., X,) . —3
0x; Ox, Ox3 ox,
du, ou, ou, ou,
0x; Ox,; Ox3 ox,
is called the Jacobian of wu4,u,, ..., u,, with respect to

X1, X9, ey Xy
It is denoted by the symbol

a(ul,uz,...,un)
- — —~ Or U, Uy, ..., U, ).
0(x1,x2,...%n) J(uy uy, ... )

Jacobian of Two Functions
fu=fxy), v=gkxy)
are differentiable functions of two independent variables
x and y in a region, then the determinant
Ju Ju
o(u,v) |ox ay
o(x, y) “|ov ov
ax dy
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is called the Jacobian of u, v with respect to x, y.

It is also called the Jacobian of transformation

fy), v=gkxy)

. . a(u,v
and is written as (wv)

a(x,y)

or J(u,v).

Jacobian of Three Functions
Similarly, if u, v, w are functions of x, y, z, then the

Jacobian of
u, v, w with respect to x,y, z

du Ou OJu
ax oy oz
o(wv,w) |(0v dv OV
a(x,y,z) |ox 9y oz|
ow ow Odw
ax 9y oz
Problem 1
Given: x = u(1 + v),
y=v(1+u) Find %.
Solution:
Step 1: Partial derivatives
g—z=1+v, gTi:ug—z:v, %=1+u
Step 2: Determinant
ox Ox
s _[ou
dy 0dy
du v
_|1+v u
v 1+u

is

If u=
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Step 3: Answer

]=(1+v)(1+u)—uv:1+u+v

Problem 2

Given: x = rcosf, y = rsinf
. d(x,

Find %
Solution:
Step 1: Partial derivatives

ox 2

20 = rcos6

= cos0, Py

a
Step 2: Determinant

J=|

X . a .
Z = _rsingZ = sind,
or

cos@ —rsinf
sin@ rcosf

Step 3: Answer

] = r(cos?0 + sin%0) = r

Problem 3
Givenix =u—2v, y=2u-—v
Solution:
Step 1: Partial derivatives
0x _ 0x _ _ 50y _ 9y _ _
E_l' w 26u_2' w 1
Step 2: Determinant
11 =2
/= |2 -1

Step 3: Answer

J=MED - (2@ =3

Problem 4

Given:x = u — 1]2, y=u + 2 Find a(x,y)

a(uv)
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Solution:

Step 1: Partial derivatives
ox 6_x _

dy _ dy _
w7 v Zvau_l' 612_0

Step 2: Determinant
11 =2v

J= |1 0 |

Step 3: Answer

Problem 5
Givennx =u+v+w, y=u+v—w,

.. 0(xy,2)
Flnd.—a o)

Solution:
Step 1: Matrix
1 1 1
‘1 1 —1‘
1 -1 1
Step 2:
=1(1-1D)-11+1D)+1(-1-1)
=-4
Answer |J] =—-4

Problem 6
Given: x = 2u,y = 3v?%,z = 4w?

] =

. 1.0(xy,2)
Find: o)

Solution:
Step 1: Matrix
2 0 0
J= ‘0 6v 0 ‘
0 0 8w
Step 2:
=2(6v)(8w)

Z=Uu—v+w
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Answer

Problem 7

Given: u = acoshxcosy,
v = asinhxsiny

Step 1: Partial derivatives

u )
— = asinhxcosy,
X

d
u_ _ hxsin
3y acos y
W
5, = acoshxsiny,
dav inh
3y asinhxcosy

Step 2: Determinant

_ |asinhxcosy —acoshxsiny
/= |acoshxsiny asinhxcosy
Step 3: Answer

|] = a?(cosh?x — coszy)|
Problem 8

Givenlu =x, v=y,
w=x+y+z?

Step 1: Matrix

1 0 0
J= ‘O 1 0

1 1 2z
Step 2:
=1(1)2z

=2z

Answer
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Problem 9

Ifx=uv, y=u+vfind 9u,v)

axy)

Solution
Givenx =uv, y=u-+v.
First compute partial derivatives:

0x _ 9x _ ., 0y _ 9y _
E_v' 6v_u'6u_1' 617_1'
Now,
ax ox
oxy) _lou ov| _ |V U _ _ o ay —
aaw) = |oy a_y. = |1 1|.— v —u)=v—u=
du Ov
—(u—-v).
Hence,
owv) 1
a(x,y)  0(xy)
o(u,v)
_ 1
T v—u
_ -1
Cu—-v
Problem 10
If u=x%-y2 v=2xy,calculate giig
Solution
Compute partial derivatives:
au _ M, W, v,
ax X ay y'@x_ Y ay x.
Then,

awy) _ |2x =2y
axy) 12y 2x I
= (2x)(2x) — (=2y)(2y)
= 4x* + 4y*?
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= 4(x% + y?).

o(xy) _ 1
Therefore,a(u’v) =T
Problem 11
If u=xyz, v=x%+y%+2z?
_ . 0(x,y,2)
w=x+y+ zfind o’
Solution
First compute:
Ry Bmxg Loy P=2y, L=
ox Y% ay 7 oz YViox = 4% ay
v ow ow ow
Zy, a—z—Zz,a—l, E—l, E_l
vz XZ Xy
Now, 9awrw) _ 19y 2y 2z|.
0(x,y,2)
1 1 1

Expanding the determinant
=yz (2y-2z)-xz(2x-22)-xy(2x-2y) = 2(x — y)(x — z)(y —

z).
Hence,
ox,y,2z) 1
ow,v,w) 2x—-y)x-2)(y—-2)
Problem 12
_ s 0(x,y)
If x =rcosf, y =rsing, show that 30.0)°
Solution
Compute:
ox ax _ o0y . ay _
P cosf, 50 = rsing, P sind, 50 = rcos6.
Thus,
ox o
oxy) _ |ou ov
o(uv) ~ |0y 9y
ou Ov
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__|cosf —rsinf
~ lsin@  rcosf
= rcos?6 — rsin?6
= rcos?6 — rsin?6

=r7.
Problem 13

. B _ .1 0(xYy)
Given x =u (1+v), y =v(1+u) Find a(uv)

Solution:
Expand the given functions
X=u+uv ,y=v+uv

Find first order partial derivatives
0x dx

£:1+V, EZU
9y _ 9y _
P =14+v , e =1+u
ox ox
a(%)’)z ou ov
o(w,v) dy dy
du Ov
1+v u |
1+v 1+u

= (1+v)(1+u)—uv
= 14u+v+uv—uv
= 1+u+tv

Problem 14

[fu=xyz, v=xy+yz+zx, w=x+y+z, compute 9x.y)

a(u,v)

Solution:
u=xyz, v=xy+yz+zx, w=x+y+z
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Given: u = xyz V=Xy +yz+ zx
wW=x+y+z

du/ox=yz, 0u/dy=xz, 0Ju/dz=xy
0v/ox=y+1z0v/0y=x+70v/0z=x+Yy
dw/ox=1, odw/dy=1, odw/oz=1

a(w, v, w) yz Xz xy
—=yt+tz x+z x+y
Wy [ 1 1

= yz[(x+2)- (x+y)] xz((y+2)-(x+y)) +xy((y+2)-(x+2))
=yz (x+2z-X-y)-xz (y+z-x-y)+
xy (y+z-x-z)
= yz (z-y) -xz(z-X) +xy(y-X)
=yz? -zy?-xz?+zx?+xy?-yx?

Problem 15
u=1/x v=x*/y w=x+y+zy* Find: d(u,v,w) /
a(x,vy,2)
Solution
U _ /g2 ou _
ax /%", ay
u
5—0
v _ v _ 2, 2
ax_ZX/Y' ay_ X /y 4
o _
az
ow ow
E—l, $—1+2ZY,
ow _ 2
Oz_y
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du Jdu Jdu
ax dy 0z
ow,v,w) |0v dv dv
a(x,y,z) dx dy 0z
ow dw Jw
ax dy 0z
—1/x2 0 0
= |2x/y —-x*/y* 0
1 1+2zy y?
-1 —x°
=2 Gzy -0

=1

1.2. Maxima and Minima

Find the second order partial derivatives

*f &*f o f
T 7 daty’ Oy*
Evaluate r, s, 1 at the stationary point (a, b).

Compute

rt— &2
frt — s2 > 0and r > 0, then f(a,b) is a minimum.
frt —s2 > 0and r < 0, then f(a,b) is a maximum.

Ifrt — s2 < 0, then (a, b) is a saddle point.

If 7t — s% = 0, the test is inconclusive and further investigation is required.
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Problem 1 Find Maxima and Minima of
fGy) =2(x* —y?) —x* + y*

Solution:

Step 1: First partial derivatives

f = 4x — 4x3
=4x(1 —x?)

fy = —4y +4y3
=4y(y* - 1)

Step 2: Critical points

Setf, =0,f,=0
4x(1-x)=0=>x=0,+14y(ry?-1)=0>y =
0,+1

Critical points:
(0,0),(£1,0),(0,%+1),(£+1,+1)

Step 3: Second derivatives

frx =4 — 12x7 fyy = —4+ 12y? fxy =0D = faxfyy —

(fey)”
Step 4: Test points
At (0,0):

fix=% fyy=—4>D=-16<0
Saddle point

At (£1,0):

fxx = =8, fyy =—4
=>D=32>0, f,, <0
Maximumf = 1
At (0, £1):

fix =% fyy =8=>D=32>0, firry >0

Minimum f = —1
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At (£1,+1):

D < 0 = Saddle

Problem 2
Find Maxima and Minima of

fx,y)=xyla—x-y)
Solution:
Step 1: Expand

f =axy —x*y —xy?
Step 2: First derivatives

2

fi=ay—2xy—y*=yla-2x-y) fy =ax—x* -

2xy = x(a —x — 2y)
Step 3: Critical points
Solve:

yla—2x—-y)=0, x(a—x—-2y)=0

Non-zero solution:

a—2x—-y=0, a—x—-2y=0

Solvex =y = %

Step 4: Second derivatives

fox = =2V, fyy = —2x, fxy =a—2x—2y

At (a/3,a/3):

2a 2a

fxx = —3 fyy = —30 fxy = -3

2
£>0
3
If a > 0: maximum
3

fmax - 2_7
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Problem 3 Find Maxima and Minima of
f,y)=x*+y*—axy+1
Solution

Step 1: First derivatives
fx =4x3 =4y f, = 4y® — 4x
Step 2: Critical points
x3=y, Yy =xx=x"2>x=0,+1
Points:

(0,0),(1,1),(—-1,-1)
Step 3: Second derivatives

fax = 12x2: fyy = 123’2' fxy =—4

Step 4: Test
At (0,0):

D = —16 < 0 = Saddle
At (1,1):

D=144-16=128>0, f,,,, >0
Minimum f = —1
At (—1,—1): same — minimum
Problem 4 Find Maxima and Minima of
f(x,y) = 4x* + 6xy +9y* —8x — 24y + 4
Solution
Step 1: First derivatives
fy=8x+6y—8

fy = 6x + 18y — 24
Step 2: Critical point
Solve:

8x+6y=8 6x+18y=24x=0,y=7
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Step 3: Second derivatives

fxx =8, fyy =18, fyry =6D =144 —-36 =108 >
0, fux >0

Minimum

Step 4: Value

4 —
r(03)=-12
Problem 5 Find Maxima and Minima of f(x,y) =
x? + 5y% — 6x + 10y + 12
Solution
Step 1: First derivatives
fe=2x—-6f, =10y + 10
Step 2: Critical point
x=3,y=-1
Step 3: Second derivatives
fex =2, fyy = 10, fxy =0
D=20>0, f,y >0
Minimum
Step 4: Value f(3,—1)=-2
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Unit 2
2.INEWTON’S FORWARD INTERPOLATION

blem 1 Find y(2.5)
Given:
X 2 3 4 5
y 4 9 |16 25

Solution:
Step 1: Find step size
h=3-2=1
Step 2: Construct Forward Difference Table
X y Ay A%y
2 4
5
3
9 2
4
7
16
5 2
9
25

Step 3: Compute u

_x—x0_2.5—2_05
us——=—7—=0.
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Step 4: Apply Formula
u(u—1)
2!

2

y =Yy +udy, + A%y,

Step 5: Substitute values
0.5(—0.5)
y=4+0.5(5)+T
Step 6: Simplify

:4+2.5+%(2)=4+2.5—0.25=6.25

(2)

Answer
Problem 2
Find y(1.2)
X 1.0 | 1.1 1.2 1.3

y 1 1.21 1.44 1.69

Solution: Step1: h=0.1
Step 2: Difference Table

X Y Ay A%y
1.0 1
0.21
1.1 1.21
0.02
1.44 0.23
1.2 0.02
1.69 0.25
1.3

Ay, = 021, A%y, = 0.02
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1.2-1

Step 3u= o1 =2
Step 4: Formula
u(u—-1) ,
Y =Yo tudyo + ————4%,
Step 5: Substitute
2(1)

y =1+2(0.21) + —=(0.02)

Step 6: Simplify
=1+0.42+0.02 =144

Final Answer

y(1.2) = 1.44

2.2 NEWTON’S BACKWARD INTERPOLATION
Problem 1
Find y(4.8)

X 2 3 4 5

y | 4 9 16 25

Solution:
Stepl: h=1

Step 2: Y Ay A%y
Backw
ard
Differe
ncesx

A3y
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2 4
5
2
3 9
7
0
16 2
4
9
25
5
Uy, =9, Viy,=2,V3y,=0
Step 3:
X=X, 48-5 0.2
us——=—7—=-0
Step 4: Formula
u(u+1)_,
Y =Yn T uVy, +TV Yn
Step 5: Substitute
—0.2(0.8
y=25+(-0.2)(9) + %(2)

Step 6: Simplify
=25—1.8+21°

2
Answer

(2)=25-1.8—0.16 = 23.04

ly(4.8) = 23.04
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Problem 4
Find y(3.6)

x |1 2 3 4

y |1 8 27 64
Solution: Step1l: h=1
Step 2: Difference Table

X Y Ay A%y A3y
1 1
7
12
8
2 19
6
27 18
3
64 37
4

Vv, = 64, Vy, =37,
VZy, = 18, V3y, =6

Step3: u = &1_4 =-0.4

Step 4: Formula
ufu+1)

Y =YntuVy, +
Step 5: Substitute

Y = 64 + (—0.4)(37) + 2209

2

(18)+
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(—0.4)(0.6)(1.6)
6

Step 6: Simplify
-0.24
=64 —148 +

2
46976
Answer

(18) =64 —14.8—-2.16 -0.064 =

ly(3.6) = 46.976

2.3. LAGRANGE INTERPOLATION

Problem 1
X 1 2 3
1 4 9
Find y(1.5) L
Solution:

Step 1: Formula
Y =Yolo+y1L1 +¥,L,

Step 2: Compute terms
L. = (x-2)(x-3) ,  _ (x-Dx=3) , _ (x-D(x-2)
07 (1-20-3"1 T @-DEe-3) ? T 6-1G-2)

Step 3: Substitute x = 1.5

_ (£05)(=15) _ 075 _ _ 05)(=15) _

Ly = O - 2 0.375 L, RO 0.75
_ 0505 _

Ly =m0 = —0.125

Step 4: Compute y
y = 1(0.375) + 4(0.75) + 9(—0.125) = 0.375+ 3 —
1.125 = 2.25
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y(1.5) = 2.25

Problem 2
X |2 3 4
4 1
Find y(2.5) Y o |16
Solution:

Step 1: Formula
_ (x=3)(x—4) (x—=2)(x—4)
I TR IR C ) T
(x—2)(x—3)
(4-2)(4-3)

+16

Step 2: Putx = 2.5
_ (—-0.5)(—1.5) 9(0.5)(—1.5) 1 (0.5)(—0.5)

D2 . MED T om

Step 3: Simplify

=4 (0775) +9(0.75) + 16(=0.125) = 1.5 + 6.75 — 2 =
6.25

Final Answer

v(2.5) = 6.25

(x—=2)(x—4) (x—=2)(x—-3)
Peac-o 't a—a-3
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Unit 3
Second Order Differential Equations
3.1 Particular Integral and Solution of the type: es*
Problem 1
Solve:(D? — 3D + 2)y = e*

Auxiliary Equation
m?—3m+2=0m-1D(Mm-2)=0m=1,2
Complementary Function

CF = Clex + Czezx
Particular Integral

1
Pl = x
D2_3D+2°
Substitute D =1
_ 1 1
T 1-342 0
Multiply by x
x
— X
PI = °D—3 e
Substitute D = 1
- e* = —xe*
2—-13

General Solution
y = Ce* + C,e?* — xe*

Problem 2

Solve(D? + 4D + 4)y = e™%*
Solution:

Auxiliary Equation
m2+4m+4=0
(m+2)?2=0

m=-2,—-2
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Complementary Function
CF = (C, + Cyx)e™%*
Particular Integral
1

Pl=———¢ %
D> +4D +4°
Substitute D = —2
4-8+4
Multiply by x
Again zero - multiply by x again
2
X
Pl=—e™%*
> €

General Solution
2

— —2X x_ —-2X
y=(C;+ Cyx)e " + > €

Problem 3
Solve : (D? + 1)y = e3*
Solution:
Auxiliary Equation
m?+1=0
m = +i
Complementary Function
CF = C;cosx + C,sinx
Particular Integral

Substitute D = 3

1 1
— e3% = L g3x
9+1 10
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General Solution

1
y = Cycosx + C,sinx + Ee?’x

Problem 4

Solve (D? — D — 2)y = e?*
Solution:

Auxiliary Equation

m?2—-m-2=0
(m—-2)(m+1)=0
m=2,-1
Complementary Function
CF = Cie®* + Ce™™
Particular Integral
1

Pl = ——————e?%*
Dz_D_2°¢
Substitute D = 2
T 4-2-2
Multiply by x
Pl =—" ¢
2D —1
Substitute D = 2
_X
3

General Solution
x
y=Ce** + Ce™* + §ez"
Problem 5
Solve (D? + 3D + 2)y = e**
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Solution:
Auxiliary Equation
m?+3m+2=0
m+1)(m+2)=0
m=-1,-2
Complementary Function

CF = Cie™ + Ce™*
Particular Integral

1

- 4%
D?+4+3D+2

PI

Substitute D = 4
1 1 it

T 16+12+42 30
General Solution

1
=Ce X+ C,e %X+ —e*
y 1€ 2€ + 306

Problem 6 (Important Case - Two terms zero)
Solve(D? — 4D + 4)y = e?*

Solution:

Auxiliary Equation

m?—4m+4=0

(m-2)>=0
m=22

Complementary Function
CF = (C1 + sz)ezx
Particular Integral

Substitute D = 2
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1

=— =0
4—-8+4
Multiply by x
Again zero — multiply by x
x%
Pl = —e**
5 €

General Solution
2

_ 2 X ox
y = (Cy + Cyx)e +Ze

3.2. Particular Integral and Solution of the type sin ax or

cos ax
Problem 1
Solve: (D? + 1)y = sinx
Auxiliary equation
m?+1=0

Roots m = *i
Complementary Function

CF = Cicosx + C,sinx
Particular Integral

Pl = D21+ 1sinx
Substitute D = i
11
T 141 0

Since denominator becomes 0, multiply by x
x
Pl =——
5 Cosx
Step 5: General Solution
x
y = C;cosx + C,sinx — Ecosx

Problem 2
Solve (D?+ 4)y = sinx
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Auxiliary equation

m?+4=0
Roots m = t2i
CF Cqcos2x + C,sin2x

PI
Pl = ! i
=071 7 Sinx
Substitute D =i
1 1,
= = =sinx
-1+4 3
Solution
1
y = C;cos2x + C,sin2x + gsinx

Problem 3
Solve (D? 4+ 9)y = sin3x
Augxiliary equation

m?>+9=0
Roots m = +3i
CF:y = C;c0s3x + C,sin3x

Pl
Pl = ! in3
=07+ 9sm X
Substitute D = 3i
=1 —p
—9+49
Multiply by x
x
PI = —=cos3
6cos X
Solution

x
y = Cyc0s3x + C,sin3x — ECOS3X

Problem 4
Solve (D% — 4)y = sinx
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Auxiliary equation

Rootsm = 2,-2

CF Clezx + Cze_zx
1

PI PI = D22

Substitute D = i

1 1.
= ——= —=sinx
-1-4 5

Solution

sinx

1
y=Cie** + C,e %% — Esinx

Problem 5

Solve (D% + 3D + 2)y = sinx

Auxiliary equation m? + 3m+2 =0
m+1)(m+2)=0

Rootsm = —1,-2

CF: Cie™* + Cye™%*

PI= D2+3D+2 sinx
Substitute D =i
1 1

T _1+3i+2  1+3i

Multiply by conjugate

_ 1-—3i
10
1 . 3
PI —Esmx—ﬁcosx
Solution
y=Ce™* +Cre ¥ +isinx —icosx
1 2 10 10
Problem 6

Solve (D% — 3D + 2)y = sinx
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Auxiliary equation
m?2—-3m+2=0
m-1(m-2)=0
Roots m = 1,2
CF C,e* + C,e**

1 .

Pl = 5—55sinx

Substitute D =i
11

T 1342 1-3i
Multiply conjugate

1+ 3i
~ 710
PI 1—10sinx+1iocosx
Solution
— x 2x 1 : 3
y = Cie* + (e + Esmx +Ecosx

3.3. Particular Integral and Solution of the type x"
Problem 1 (D*+D+1)y=x

Auxiliary equation
m>+m+1=0

Roots m = _1J;iﬁ
V3 V3
CF:y = e */2 [Clcos (7x> + C,sin <7x>]
1
PI: y= D2+D+1 (x)
1
T 1+D+D2 ()
=1 -D+D?—-)(x)D(x)

=1,
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D?(x) =0

y=x 1= 1

Problem2 (D?+4)y = x?
Auxiliary equation
m?2+4=0>m=42i
CF: y = (Cycos2x + C,sin2x
1
PL: y = -2 ()
1 D?
=2(1-Z++) @) D)
— =1(2_2
=2¥% = 4 (x 4)
1

x2 1 . x2
= ~5|¥ = Cic0s2x + (psin2x + - — <

[ee}

3.4. Mixed Type Problems:
Problem 1
(D? —2D + 1)y = x* + 1 + sin2x
Auxiliary equation
(m-1)?%=0
CFy = (C; + Cyx)e*

PI:

1 1 _
m (xz +1)+ m (sin2x)
For trigonometric term:

fD) =D -1%f2D)

y:

= (2i— 1)

=—-3—-4iy,

=1 -sin2x
—3—-4i
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25
= 4 2 2
= 5EC0s2x 25sm x
|y = (C1 + Cyx)e” +J’p|

Problem 2

sin2x

(D% — 4D — 12)y = sinxsin2x
1
sinxsin2x = 3 (cosx — cos3x)
CF:
m2—4m—12=0
>m=6,—-2
y = C,e% + C,e™%*

PI:
1
y=- mcosx — mcos3x] f(D)
= D2 4D — 12 f(i)
=—13—4i, f(3iQ)
=-21-12i

[y = % + C,e™%% — 21 — 124

Problem 3 (D? — 3D + 2)y = sinx
CF: iIm—1)(m—-2)=0

Y. = C1e* + C,e?*
PI:

(Slnx) f@®

=1-3iy,= smx =— (smx — 3cosx)

Yo = D?-3D+2

y=y,+ 1—0(sinx — 3cosx)
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Problem 4
(D?-D+1)y=x3-3x*+1

CF:
1+iyV3
m=-—=
v v
y = e*/2|Cycos | —x | + Cpsin| —x
2 2
PI:

1
Vy=mrp P 3%+ 1)

=(1+D+D*+ - )(x*-3x2+1)D(x3) =
3x2, D?(x3) = 6x

y = e*/? [Clcos (\/;x) + C,sin (ﬁx)]

2

Problem 5
(D? + 3D + 2)y = e** + x? + sinx
CF:
m+1)(m+2)=0
Ve = (G + Crx)e*

PI:
For e?*:
eZX e2x
T ie6+2 12
For x?:
— 2
Y2 =pri3p 12>
For sinx:

. . 1 .
f@) =3+3iyps =g 5sinx|y =Y+ yp1 + yp2 + ¥p3
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Unit 4
LAPLACE TRANSFORM
Definition:
Let(t)beafunctionoftdefinedforallt=0.thentheLaplacetra
nsformoff (t),denotedby
L [(t)] is defined by

LIFO)]="e-stf ()t

Provided that the integral exists,

«_n

s” is a parameter
which may be real or complex. Clearly [ (t)] is a
function of s and is briefly written asF(s) (i.e.)
LLf®]=F(s)

4.1. Laplace Transform of Standard Functions (Step-by-

Step Proofs)

Definition

The Laplace Transform of a function f(t),t > 0,is

[o0]

LIF (O} = f et £(£) dt

(@) L{1}

1

)

L{1} = [ et de = [e_“]:o

Ast - o,e75t - 0 (for s > 0):
1 1
s/ s

1
L{t} = S_Z

(if) L{t}

Use integration by parts:
Letu =t,dv = e Stdt

33| Page



L{t} = [" testdt

[t -st]® L st gy r11_1
—[ -e ]0+Sf0 e tdt=0+--=3
(iii) L{t?)

L{tz}zf t2 e stdt
0

Using repeated integration by parts:

2
R
General result:
!
L{t"} = SN+l
(iv) L{e*}
L{e%} = L
s—a
—(s—a)t]1®
ty — (R -st jat g4 — (P ,—(s—a)t 3+ — |€ _
L{e®}= [ e™tedt = [ e" " dt= _(S_a)]o =
L s>a
S—a
(V) L{e™*}
L{e—at} — f e~ (S+a)t gp —
0 s+a
(vi) L{sinat}
L{sinat} =

s2 + g2

(00}
L{sinat} = _[ e Stsinat dt
0
Using standard integration:
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a
T s2 42

(vii) L{cosat}
L{cosat} = ——
{ } s2 + g2

L{cosat} = fooo e St cosat dt = 52:-7

(viii) L{sinhat}

. edt—g—at . 1/ 1 1 a
sinhat = 2 L{smhat} = E (; - E) = m
(ix) L{coshat}

etye—at 1/ 1 1 s
coshat = > L{coshat} = > (; + E) =%

4.2. Properties of Laplace Transform (Proofs)
(i) Linearity Property
L{af(t) + bg(t)} = aF(s) + bG(s)
Proof:
L{af () + bg(D)} = [ e~ (af (1) + bg(1))dt =
af e f()dt+b [, et g(t)dt = aF(s) + bG(s)

(ii) First Shifting Property
L{e®f(t)}=F(s —a)

Proof:

LEe®f(0} = [, e~ e®f(Ddt

= [ e "Dt F(p)at

=F(s—a)
(iii) Second Shifting Property
L{f(t —a)u(t —a)} = e *F(s)
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Proof (brief):
Substitutet —a = x

= faoo e Stf(t — a)dt

=e % J:oe‘sx fx)dx
= e BF(s)

(iv) Change of Scale Property
L{f(at)} = lF(f)
flat)y=—F (-

Proof:

L7 (@) = [ “est f(at)dt
0

Letx=at=>t=§,dt=E

a
= [ W () Z =2 (7 e/ f(x)dx = 2 F (3)

a

Final Summary (Important Results)

n!

. LYY=
o L{e¥}=—
e L{sinat} = Sziaz
e L{cosat} = Sziaz

e Linearity, shifting, and scaling are directly
derived from the definition using algebraic
manipulation and substitution.

Problems
Find Laplace transform of the following:
O3t2+2t+1
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Step 1: Use linearity
L{3t? + 2t + 1} = 3L(t?) + 2L(¢t) + L(1)
Step 2: Apply formulas

¢ L) =2
¢ LBO=3
¢ L)=¢

S

Step 3: Substitute

Final Answer

(i) (t + 2)3
Step 1: Expand
t+2)2=t3+6t2+12t+8
Step 2: Apply linearity
L = L(t3) + 6L(t%) + 12L(¢t) + 8L(1)
Step 3: Use formulas
3y _ 6
o L(t?) =
° L(tz) =
Step 4: Substitute

4
2
53

062412548
T st s3 s2 s
Final Answer
_6 12 12 8
st s3  s2 s
(iii) at
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Step 1: Take constant outside
L(at) = aL(t)
Step 2: Apply formula

Final Answer

(iV) eZt+3

Step 1: Separate exponential

2t43 — g3 . g2t

e
Step 2: Take constant outside
= e3L(e??)

e

Step 3: Apply formula
L(e®) =

s—a
Final Answer

(v) sin(v2t)

Step 1: Use sine formula

L{si -
{sin(at)} 7T 2
Step 2: Substitute a = v2

V2

s242
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(vi) sin(at + b)
Step 1: Use identity

sin(at + b) = sinatcosb + cosatsinb
Step 2: Apply Laplace

= cosb - L(sinat) + sinb - L(cosat)
Step 3: Substitute formulas
a _ s
= COSb‘SZ+—a2+Slnb Sz-l-—az

(vii) sin3t
Step 1: Apply formula

L(sinat) = ——
( ) s2 + g2

Step 2: Substitute a = 3

s2+4+9

Problem 2:
Find the laplace transform of the
following:
(i) te™ 3t
Step 1: Use shifting property
L(e*f(t)) =F(s — a)
Step 2: Start with
1
L@ = ol
Step 3: Replaces —» s + 3
1

~ (s +3)2
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(i) t3e?

Step 1:
5 6
L(t>) = 5—4
Step 2: Apply shiftings - s — 2
6
S (s-2)*
(iii) e**sin2t
Step 1:
L(sin2t) = )
Step 2: Shifts - s — 4
B 2
T (s—4)2+4
(iv) e 5tcos3t
Step 1:
L(cos3t) = 719
Step 2: Shifts > s+ 5
_ s+5
~ (s+5)2+9
(v) sinh2tcos3t
Step 1: Use identity
g2t — g2t
inh2t =
sinhZt 5

Step 2: Multiply

1
=3 (e?tcos3t — e %tcos3t)
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Step 3: Apply Laplace
1 s—2 s+2 ]
T 2l(s—=2)2+9 (s+2)249

(vi) t?e?t
Step 1:
2
L% = P
Step 2: Shift
_ 2
S (s-2)
(vii) t3e7t
Step 1:
3 O
L) = P
Step 2: Shift
_ 6
C(s+ 1D

(viii) e ?!sin3tcos2t
Step 1: Use identity

sinAcosB = %[sin(A + B) +sin(4A — B)] = %(sinSt +

sint)
Step 2: Apply Laplace
1 5 1
2|22 +25 G+ +1
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Problem 3:
Find the Laplace of the following:

(i) cos3t
s
5249
(ii) sin2t
2
Cs2+44
(iii) cos2t
s
Cs2+4

(iv) cos5tcos4t
Step 1: Identity
cosAcosB = %[cos(A + B) + cos(A—B)] = %(cos‘)t +
cost)
Step 2: Apply Laplace
1 S S
=5[52+81+52+1]

IMPORTANT FORMULA (used repeatedly)
d
L =——F
[t£(O)] = = F(s)

Also:
e L[sinat] = #
e L[cosat] = #

o Le¥f®MI=F(s-a)
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1. L[tsin4t]

L[sin4t] = T11c
Differentiate:
) d 4 8s
Ltsin4t] = _d_s(sz n 16) ~ (52 + 16)?
Answer:
8s
(s? +16)2

2. L[tsin2t]

Llsin2t] = 5244 Lltsin2t] = _% (522-I-4) - (S;:-—S‘l)z
Answer:
4s

3. L[tcos2t]
L[cos2t] = —— L[tcos2t] = d( > )— o4

s2+4 T as\sz+a) T (52+4)2
Answer:
s2—4
(s?2 +4)2

4. L[sinh2¢]
L[sinhat] =

a 2
s2-a?|s%—4

5.L[sinat — atcosat]
Split:

s2—q2
s2raz & (s2+a?)?

= L[sinat] — aL[tcosat] =

43 |Page



Simplify:

2

" ey
Answer:

2a3

6. Exponential cases
(i) L[te 3'sin2t]
First:

) 4s

L[tsin2t] = m
Shifts - s + 3:
4(s + 3)

((s+3)2+4)?

(ii) L[te tcosat]
Solution:
First recall: L[cos(at)] =

N

Using first shifting theorem:
_ s+1
L[e tCOS(Clt)] = m

Now use differentiation property:

d
LI O] = ——F(s)

s+1
So.F(s) = (s+1)2+a?
Differentiate:

d [(s+1)?+a?]-2(s+1)?
—F(s) =

ds ((s+1)?2 +a?)?
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Simplify numerator:
a? — (s + 1)?
(s +1)% +a?)?

Therefore,
(s +1)% —a?
((s +1)2 + a?)?

L[te *cos(at)] = —diSF(g) =

Final Answer:

D2 — g2
L[te tcos(at)] = (((ss-l-l_l))z +:2)2

(iii) L[t sinht cos2t]

Solution:

et—e7t

Use identity:sinht =
So,sinhtcos2t = %(et — e YHcos2t
Laplace transform:

s—a
L[e“tcosbt] = m

F(s)=1[( s—1 s+1

2 5—1)2+4_(s+1)2+4]
Now apply:

d
LI O] = ——F(s)

Differentiate first term:

d s—1 4—(s—1)2
E((s —1)2 + 4) s =12 +4]2
Second term:

d s+1 4—(s+1)?
E((s F1)2 + 4) [+ D2 + 42
Therefore,
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L[tsinhtcos2t] = ) —

1[ 4—(s—1)2 4—(s+1)>
[[(s —-1)2+4]2 [(s+1)?%*+ 4]2]

Final Answer:

1
L[tsinhtcos2t] = E[[(s “1DZ+42 [+ 12+ 4]2

(s—1)2%—-4 (s+1)2—4]

7. Second derivative property
2

d
LIEF (O] = 5 F(5)

(i) L[¢*sint]
Solution:
Recall:

L[sint] = m

Using differentiation twice:
2

d
L @) = 5 F )
1
5241

So,F(s) =

First derivative:

, —2s
PO =G
Second derivative:
) 6s%—2
R CEE
Therefore,
2(3s2-1)

L[tZSint] = W
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(i) L[t?cos2t]

Solution:
Recall:
Llcos2t] =
[cos2t] s +4
2
Again,L[t?f(t)] = % F(s)
=5
Let F(s) = "
First derivative:
F(s) = 4 —s?
e
Second derivative:
2s(s? —12
prey - 267 =12)
(s?+4)3
Hence,
2s5(s? —12)
2 —
L[t“cos2t] = W
8. With exponential
(i) L[t? e cost]
Solution:
Using the shifting property:
L{e ™ f(t)}=F(s + a)
First find:
L{t%cost}
-5
We know ,L{cost} = i1
Using L{t"f ()} = (-1)" = [F(s)]
2 _4a*( s
So, L{t*cost} = —— (sz+1)

First derivative:
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d ( S ) _ 1 —S2
ds\s2+1/  (s2 +1)2
Second derivative:

d< 1—s2 )_25(32—3)

ds\(s2+1)2)  (s2+1)3
Hence,
25(s? =3)
2 _
L{t COSt} = W

Now apply the shifts - s + 2:

ey = 25 DE D

Final Answer:

L{t?e™?'cost} = 20s &Szi(gs):__l_z)lz); 3

(i) L[t?e*'sin3t]
Solution:

First:L[sin3t] = >

Using shifting theorem:

L 4t o3 —
[e*'sin3t] G_DZio
3

(s—4)%2+9

142 _ a*
Use:L[t“f(t)] = 7o F(s)
First derivative:

6(s—4)
((s—4)%2+9)2
Second derivative:

18((s —4)*> —3)

((s—4)2+9)3

Let F(s) =

F'(s) =—

F"(s) -
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Therefore,

18((s — 4)?> —3)

2,4t _

L[t“e*'sin3t] = (G219
sin3t

9.L[ t ]

Solution:

Use formula:
@] = L F (u)du

Here,F(s) = L[sin3t] =

L

3
s2+49

Thus,L [Sin3t] = f:o > du

t u?+9
Integrate:

u oo
= [tan_1 —]

315

Since tan~1(o0) =§
we get = g —tan

Using identity:

I8 s 3
s

——tan"1= = tan
2 3

Final Answer:

sin3t
d

3
] =tan"1—
s

FINAL SUMMARY
e Multiply by t — differentiate w.r.t s
e Multiply by t2 - second derivative
e Multiply by e%t - shifts > s —a
e Divide byt — integrate in s
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Unit 5
Inverse Laplace Transform
5.1 BASIC INVERSE LAPLACE TRANSFORM

-1 1 _ "t -1 s—a o
L [(S—a)n]_(n—l)!e L [(s—a)2+b2]_e cosht

-1 b _ ate:
L [—(S_a)2+b2]—e sinbt

-1 1
LL [(s+2)2]
Compare:
1 1 ot
(5+2%  (s-(-2))° te
Answer:
-1 1
2. L [s2—4s+13]
Complete square:
2 _ (e _ 9\2 _ 1 _1 3 _
S 4s+13=(s—2)*+9= G 3 s
%eZtsin?)t
Answer
1
§e2tsin3t
-1 s
3.L [(3—4)3]
Rewrite:
s s—4 4 1 4
s=6-DH G Yo oot T e
Now invert:
-1 1 a4t 1-1 1 _t? a4t _ o at ﬁ at
L [(5_4)2] =te* L [(5_4)3] =—er = te*' +4 S €

=e*(t +2t?)

Answer: |e*t(t + 2t?)
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s2+a?

1. . .
—sinat (using direct formula)

-1 1
5.L [s(sz—az)]
Factor:s(s — a)(s + a)

Use partial fractions:
1 A B C

S ———
s(s?2—a%?) s s—a s+a

Solving:

2a? " 2a?
So:
11 N 1 1 N 1 1
a’s 2a?s—a 2a’s+a
Taking inverse:

—_1 1 at 1 —ac_1
= - t;5e" +5ze7 =—(coshat — 1)

Answer: % (coshat — 1)

6.1 | el

Partial fractions:

_A B Cc
s s+2 s—1
Solve:
A= L B—1 C—1
2’ 6’ 3
So:

11 1 1 11

25 6s+2 35-1
Inverse:
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__§+ge—2t+§et
Answer: |2+ -e72t 4 Z¢t

2 6 3

- 2s5-3
70 [
Partial fractions:
A B c
_s—1+s—2+(s—2)2
Solve:
A=1, B=-1, (C=1

So:

_ 1 1 4 1
T s—1 s—2 (s—2)2
1 1 1
s—1 s-2 (5—2)2:|

= ot — o2t 4 o2t

Inverse: . L™1[

Answer: |e! — 2! + te?|

- 4s+5
8.1 [
Partial fractions:
4s+5 A Bs+C
(s+1)(52+4)_s+1+52+4
Solve:
A=1, B=3, (C=2
So:
1 3s+2
e R
s+1 s2+44
Split:
1 3s 2

= + +
s+1 s244 5244
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Inverse:
= e~ ! + 3cos2t + sin2t

Answer: |e~t 4 3cos2t + sin2t|

5.2. Solving the differential Equation using Laplace

d’y _dy

F -3 E + Zy =2

Given: y(0) =0, y'(0)=5
Solution:

Step 1: Take Laplace
52y—5—3(sy—0)+2y=§(52—3s+2)y—5=E

(s—1(s—2)y==+5

Step 2: Solve for y
2 5

YES6-D6-2)  G-Ds-2)
Step 3: Inverse Laplace
After partial fractions:

y(t) =2 —3et +e?t

ANSWER

|y(t) =2—3et +e%
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