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Preface 

           This book has been prepared to provide students with a 

clear understanding of important mathematical concepts that 

form the foundation for higher studies .The content has been 

organized in a simple and systematic manner so that learners 

can develop analytical thinking, logical reasoning, and 

problem-solving skills through practice-oriented learning. 

Emphasis has been given to solving problems step by step, 

enabling students to gain confidence in applying 

mathematical techniques to real-life situations. 

         The chapters on Jacobian, Maxima and Minima, and 

Finite Differences introduce students to methods that are 

widely used in optimization, numerical computation, data 

analysis, and industrial applications. Concepts such as 

transformation of variables, interpolation, and construction of 

difference tables help students understand the practical 

importance of mathematics in innovation and technological 

development.  

         The section on Second Order Differential Equations 

provides methods for solving equations involving 

exponential, polynomial, and trigonometric functions. Such 

equations are essential in modeling scientific and engineering 

systems including mechanical vibrations, electrical circuits, 

and energy-related applications.  

         The chapters on Laplace Transforms and Inverse 

Laplace Transforms are designed to help students simplify 

and solve differential equations effectively. This book aims to 

inspire students to appreciate the value of mathematics in 

building a sustainable and technologically advanced society. 
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 Unit I 

 1.1 JACOBIANS 

Jacobians were introduced by the German mathematician 

C. G. Jacobi   in 1182. They are used in Mechanics, 

probability, Calculus etc, in evaluating multiple integral 

through transformation schemes 

Definition (Jacobian) 

If 𝑢1, 𝑢2, … , 𝑢𝑛 are differentiable functions of 𝑛 

independent variables 

𝑥1, 𝑥2, … , 𝑥𝑛, then the determinant 

𝛛(𝒖𝟏, 𝒖𝟐, … , 𝒖𝒏)

𝛛(𝒙𝟏, 𝒙𝟐, … , 𝒙𝒏)
=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣𝛛𝒖𝟏

𝛛𝒙𝟏

𝛛𝒖𝟏

𝛛𝒙𝟐

𝛛𝒖𝟏

𝛛𝒙𝟑
⋯

𝛛𝒖𝟏

𝛛𝒙𝒏

𝛛𝒖𝟐

𝛛𝒙𝟏

𝛛𝒖𝟐

𝛛𝒙𝟐

𝛛𝒖𝟐

𝛛𝒙𝟑
⋯

𝛛𝒖𝟐

𝛛𝒙𝒏

𝛛𝒖𝟑

𝛛𝒙𝟏

𝛛𝒖𝟑

𝛛𝒙𝟐

𝛛𝒖𝟑

𝛛𝒙𝟑
⋯

𝛛𝒖𝟑

𝛛𝒙𝒏

⋮ ⋮ ⋮ ⋱ ⋮
𝛛𝒖𝒏

𝛛𝒙𝟏

𝛛𝒖𝒏

𝛛𝒙𝟐

𝛛𝒖𝒏

𝛛𝒙𝟑
⋯

𝛛𝒖𝒏

𝛛𝒙𝒏∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

is called the Jacobian of    𝑢1, 𝑢2, … , 𝑢𝑛 with respect to    

𝑥1, 𝑥2, … , 𝑥𝑛. 

It is denoted by    the symbol 

  
𝛛(𝒖𝟏,𝒖𝟐,…,𝒖𝒏)

𝛛(𝒙𝟏,𝒙𝟐,…,𝒙𝒏)
 or 𝑱(𝒖𝟏, 𝒖𝟐, … , 𝒖𝒏). 

Jacobian  of  Two Functions 

If  𝑢 = 𝑓(𝑥, 𝑦),  𝑣 = 𝑔(𝑥, 𝑦) 

are differentiable functions of two independent variables 

𝑥 and 𝑦 in a region, then the determinant 

𝛛(𝒖, 𝒗)

𝛛(𝒙, 𝒚)
=

∣
∣
∣
∣
∣
∣
∣𝛛𝒖

𝛛𝒙

𝛛𝒖

𝛛𝒚
𝛛𝒗

𝛛𝒙

𝛛𝒗

𝛛𝒚∣
∣
∣
∣
∣
∣
∣
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is called the Jacobian of   𝑢, 𝑣 with respect to 𝑥, 𝑦. 

It is also called the Jacobian of transformation    If   𝑢 =

𝑓(𝑥, 𝑦),  𝑣 = 𝑔(𝑥, 𝑦) 

and is written as       
∂(𝑢,𝑣)

∂(𝑥,𝑦)
 or 𝐽(𝑢, 𝑣). 

 

Jacobian   of  Three  Functions 

Similarly, if 𝑢, 𝑣, 𝑤 are functions of 𝑥, 𝑦, 𝑧, then the 

Jacobian of 

𝑢, 𝑣, 𝑤 with respect to 𝑥, 𝑦, 𝑧 is 

𝛛(𝒖, 𝒗, 𝒘)

𝛛(𝒙, 𝒚, 𝒛)
=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣𝛛𝒖

𝛛𝒙

𝛛𝒖

𝛛𝒚

𝛛𝒖

𝛛𝒛
𝛛𝒗

𝛛𝒙

𝛛𝒗

𝛛𝒚

𝛛𝒗

𝛛𝒛
𝛛𝒘

𝛛𝒙

𝛛𝒘

𝛛𝒚

𝛛𝒘

𝛛𝒛 ∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

. 

Problem 1 

Given: 𝒙 = 𝒖(𝟏 + 𝒗),  

𝒚 = 𝒗(𝟏 + 𝒖)    Find  
𝛛(𝒙,𝒚)

   𝛛(𝒖,𝒗)
. 

Solution: 

Step 1: Partial derivatives 
𝛛𝒙

𝛛𝒖
= 𝟏 + 𝒗, 

𝛛𝒙

𝛛𝒗
= 𝒖 

𝛛𝒚

𝛛𝒖
= 𝒗, 

𝛛𝒚

𝛛𝒗
= 𝟏 + 𝒖 

 

Step 2: Determinant 

𝑱 =

∣
∣
∣
∣
∣
∣
∣𝛛𝒙

𝛛𝒖

𝛛𝒙

𝛛𝒗
𝛛𝒚

𝛛𝒖

𝛛𝐲

𝛛𝐯∣
∣
∣
∣
∣
∣
∣

 

= ∣∣
∣𝟏 + 𝒗 𝒖

𝒗 𝟏 + 𝒖∣∣
∣ 
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Step 3: Answer 

𝑱 = (𝟏 + 𝒗)(𝟏 + 𝒖) − 𝒖𝒗 = 𝟏 + 𝒖 + 𝒗 𝑱 = 𝟏 + 𝒖 + 𝒗  

 

Problem 2 

Given:  𝑥 = 𝑟cos𝜃,  𝑦 = 𝑟sin𝜃 

Find   
∂(𝑥,𝑦)

∂(𝑟,𝜃)
 

Solution: 

  Step 1: Partial derivatives 
∂𝑥

∂𝑟
= cos𝜃, 

∂𝑥

∂𝜃
= −𝑟sin𝜃 

∂𝑦

∂𝑟
= sin𝜃, 

∂𝑦

∂𝜃
= 𝑟cos𝜃 

Step 2: Determinant 

𝐽 = ∣∣
∣cos𝜃 −𝑟sin𝜃
sin𝜃 𝑟cos𝜃 ∣∣

∣ 

 

Step 3: Answer 

𝐽 = 𝑟(cos2𝜃 + sin2𝜃) = 𝑟 𝐽 = 𝑟  

Problem 3 

Given:𝑥 = 𝑢 − 2𝑣,  𝑦 = 2𝑢 − 𝑣 

Solution: 

Step 1: Partial derivatives 
∂𝑥

∂𝑢
= 1, 

∂𝑥

∂𝑣
= −2 

∂𝑦

∂𝑢
= 2, 

∂𝑦

∂𝑣
= −1 

Step 2: Determinant 

𝐽 = ∣∣
∣1 −2
2 −1∣∣

∣ 

Step 3: Answer 

𝐽 = (1)(−1) − (−2)(2) = 3 𝐽 = 3  

Problem 4 

Given:𝑥 = 𝑢 − 𝑣2,  𝑦 = 𝑢 + 2 Find  
𝛛(𝒙,𝒚)

   𝛛(𝒖,𝒗)
. 
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Solution: 

Step 1: Partial derivatives 
∂𝑥

∂𝑢
= 1, 

∂𝑥

∂𝑣
= −2𝑣 

∂𝑦

∂𝑢
= 1, 

∂𝑦

∂𝑣
= 0 

Step 2: Determinant 

𝐽 = ∣∣
∣1 −2𝑣
1 0 ∣∣

∣ 

Step 3: Answer 

𝐽 = 2𝑣  

Problem 5 

Given:𝑥 = 𝑢 + 𝑣 + 𝑤,  𝑦 = 𝑢 + 𝑣 − 𝑤,  𝑧 = 𝑢 − 𝑣 + 𝑤 

Find:
∂(𝑥,𝑦,𝑧)

∂(𝑢,𝑣,𝑤)
 

Solution: 

Step 1: Matrix 

𝐽 =
∣
∣
∣
∣1 1 1
1 1 −1
1 −1 1 ∣

∣
∣
∣
 

Step 2: 

=1(1-1)-1(1+1)+1(-1-1) 

=-4 

 Answer     𝑱 = −𝟒  

Problem 6 

Given:  𝑥 = 2𝑢, 𝑦 = 3𝑣2, 𝑧 = 4𝑤2 

Find:
∂(𝑥,𝑦,𝑧)

∂(𝑢,𝑣,𝑤)
 

Solution: 

Step 1: Matrix 

𝐽 =
∣
∣
∣
∣2 0 0
0 6𝑣 0
0 0 8𝑤∣

∣
∣
∣
 

Step 2:  

=2(6v)(8w) 
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Answer 

𝐽 = 96𝑣𝑤  

Problem 7 

Given:  𝑢 = 𝑎cosh𝑥cos𝑦,  

𝑣 = 𝑎sinh𝑥sin𝑦 

Step 1: Partial derivatives 
∂𝑢

∂𝑥
= 𝑎sinh𝑥cos𝑦,  

∂𝑢

∂𝑦
= −𝑎cosh𝑥sin𝑦   

  
∂𝑣

∂𝑥
= 𝑎cosh𝑥sin𝑦,  

∂𝑣

∂𝑦
= 𝑎sinh𝑥cos𝑦 

Step 2: Determinant 

𝐽 = ∣∣
∣𝑎sinh𝑥cos𝑦 −𝑎cosh𝑥sin𝑦
𝑎cosh𝑥sin𝑦 𝑎sinh𝑥cos𝑦 ∣∣

∣ 

Step 3: Answer 

𝐽 = 𝑎2(cosh2𝑥 − cos2𝑦)  

Problem 8 

Given:𝑢 = 𝑥,  𝑣 = 𝑦,  

𝑤 = 𝑥 + 𝑦 + 𝑧2 

Step 1: Matrix 

𝐽 =
∣
∣
∣
∣1 0 0
0 1 0
1 1 2𝑧∣

∣
∣
∣
 

Step 2: 

=1(1)2z  

=2z 

 Answer  𝑱 = 𝟐𝒛  
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Problem 9 

If 𝑥 = 𝑢𝑣,  𝑦 = 𝑢 + 𝑣,find  
∂(𝑢,𝑣)

∂(𝑥,𝑦)
. 

Solution 

Given 𝑥 = 𝑢𝑣,  𝑦 = 𝑢 + 𝑣. 

First compute partial derivatives: 
∂𝑥

∂𝑢
= 𝑣,  

∂𝑥

∂𝑣
= 𝑢, 

∂𝑦

∂𝑢
= 1,  

∂𝑦

∂𝑣
= 1. 

Now, 

∂(𝑥,𝑦)

∂(𝑢,𝑣)
=

∣
∣
∣
∣
∣∂𝑥

∂𝑢

∂𝑥

∂𝑣
∂𝑦

∂𝑢

∂𝑦

∂𝑣∣
∣
∣
∣
∣

= ∣
∣𝑣 𝑢
1 1∣

∣. = 𝑣(1) − 𝑢(1) = 𝑣 − 𝑢 =

−(𝑢 − 𝑣). 

Hence, 

∂(𝑢, 𝑣)

∂(𝑥, 𝑦)
=

1

∂(𝑥, 𝑦)
∂(𝑢, 𝑣)

 

          =
1

𝑣 − 𝑢
 

          =
−1

𝑢 − 𝑣
. 

Problem 10 

If   𝑢 = 𝑥2 − 𝑦2,  𝑣 = 2𝑥𝑦, calculate   
∂(𝑥,𝑦)

∂(𝑢,𝑣)
. 

Solution 

Compute partial derivatives: 
∂𝑢

∂𝑥
= 2𝑥,  

∂𝑢

∂𝑦
= −2𝑦, 

∂𝑣

∂𝑥
= 2𝑦,  

∂𝑣

∂𝑦
= 2𝑥. 

Then, 

∂(𝑢,𝑣)

∂(𝑥,𝑦)
= ∣∣

∣2𝑥 −2𝑦
2𝑦 2𝑥 ∣∣

∣.  

= (2𝑥)(2𝑥) − (−2𝑦)(2𝑦) 

= 4𝑥2 + 4𝑦2 
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= 4(𝑥2 + 𝑦2). 

Therefore,
∂(𝑥,𝑦)

∂(𝑢,𝑣)
=

1

4(𝑥2+𝑦2)
. 

Problem 11 

If   𝑢 = 𝑥𝑦𝑧,  𝑣 = 𝑥2 + 𝑦2 + 𝑧2,  

𝑤 = 𝑥 + 𝑦 + 𝑧,find  
∂(𝑥,𝑦,𝑧)

∂(𝑢,𝑣,𝑤)
. 

Solution 

First compute: 
∂𝑢

∂𝑥
= 𝑦𝑧, 

∂𝑢

∂𝑦
= 𝑥𝑧, 

∂𝑢

∂𝑧
= 𝑥𝑦, 

∂𝑣

∂𝑥
= 2𝑥, 

∂𝑣

∂𝑦
=

2𝑦, 
∂𝑣

∂𝑧
= 2𝑧, 

∂𝑤

∂𝑥
= 1, 

∂𝑤

∂𝑦
= 1, 

∂𝑤

∂𝑧
= 1. 

Now,     
∂(𝑢,𝑣,𝑤)

∂(𝑥,𝑦,𝑧)
=

∣
∣
∣
∣𝑦𝑧 𝑥𝑧 𝑥𝑦
2𝑥 2𝑦 2𝑧
1 1 1 ∣

∣
∣
∣
. 

Expanding the determinant 

= yz (2y-2z)-xz(2x-2z)-xy(2x-2y) = 2(𝑥 − 𝑦)(𝑥 − 𝑧)(𝑦 −

𝑧). 

Hence, 

∂(𝑥, 𝑦, 𝑧)

∂(𝑢, 𝑣, 𝑤)
=

1

2(𝑥 − 𝑦)(𝑥 − 𝑧)(𝑦 − 𝑧)
. 

 

Problem 12 

If   𝑥 = 𝑟cos𝜃,  𝑦 = 𝑟sin𝜃,  show that   
∂(𝑥,𝑦)

∂(𝑟,𝜃)
. 

Solution 

Compute: 
∂𝑥

∂𝑟
= cos𝜃,  

∂𝑥

∂𝜃
= −𝑟sin𝜃, 

∂𝑦

∂𝑟
= sin𝜃,  

∂𝑦

∂𝜃
= 𝑟cos𝜃. 

Thus, 

      
∂(𝑥,𝑦)

∂(𝑢,𝑣)
=

∣
∣
∣
∣
∣∂𝑥

∂𝑢

∂𝑥

∂𝑣
∂𝑦

∂𝑢

∂𝑦

∂𝑣∣
∣
∣
∣
∣
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                = ∣∣
∣ 

cos𝜃 −𝑟sin𝜃 
sin𝜃 𝑟cos𝜃 ∣∣

∣ 

= 𝑟cos2𝜃 − 𝑟sin2𝜃 

= 𝑟cos2𝜃 − 𝑟sin2𝜃 

= 𝑟. 

 

Problem 13 

Given  x = u (1+v),   y = v(1+u) Find 
∂(𝑥,𝑦)

∂(𝑢,𝑣)
 

Solution: 

Expand the given functions 

x = u + u v   , y = v + u v 

Find first order partial derivatives 
∂𝑥

∂𝑢
= 1 + v  ,    

∂𝑥

∂𝑣
  = u 

∂𝑦

∂u
  =1+v   ,   

∂𝑦

∂v
  =1+u      

      
∂(𝑥,𝑦)

∂(𝑢,𝑣)
=

∣
∣
∣
∣
∣∂𝑥

∂𝑢

∂𝑥

∂𝑣
∂𝑦

∂𝑢

∂𝑦

∂𝑣∣
∣
∣
∣
∣
 

   

                =   ∣∣
∣ 

1 + v u
1 + v   1 + u ∣

∣∣ 

     =   (1+v)(1+u)−u v  

                = 1+u+v+uv−uv 

                 = 1+u+v 

 

Problem 14 

If 𝑢=𝑥𝑦𝑧, 𝑣=𝑥𝑦+𝑦𝑧+𝑧𝑥, 𝑤=𝑥+𝑦+𝑧,   compute  
∂(𝑥,𝑦)

∂(𝑢,𝑣)
 

Solution: 

𝑢=𝑥𝑦𝑧,  𝑣=𝑥𝑦+𝑦𝑧+𝑧𝑥,    𝑤=𝑥+𝑦+𝑧 
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Given:  u = xyz        v = xy + yz + zx    

  w = x + y + z 

∂u/∂x = yz,    ∂u/∂y = xz,    ∂u/∂z = xy 

∂v/∂x = y + z, ∂v/∂y = x + z, ∂v/∂z = x + y 

∂w/∂x = 1,     ∂w/∂y = 1,     ∂w/∂z = 1 

∂(𝑢, 𝑣, 𝑤)

∂(𝑥, 𝑦, 𝑧)
=

∣
∣
∣
∣ 𝑦𝑧 𝑥𝑧 𝑥𝑦
𝑦 + 𝑧 𝑥 + 𝑧 𝑥 + 𝑦

1 1 1 ∣
∣
∣
∣
 

= yz[(x+z)- (x+y)] –xz((y+z)-(x+y))+xy((y+z)-(x+z)) 

= yz (x+z-x-y)-xz (y+z-x-y)+ 

    xy (y+z-x-z) 

 = yz (z-y) –xz(z-x) +xy(y-x) 

=y𝑧2 -z𝑦2-x𝑧2+z𝑥2+x𝑦2-y𝑥2                 

Problem 15 

u = 1/x    v = x² / y   w = x + y + zy²   Find:  ∂(u, v, w) / 

∂(x, y, z) 

Solution 
∂𝑢

∂𝑥
 = −1/x² ,         

∂𝑢

∂𝑦
 = 0,             

  
∂𝑢

∂𝑧
 = 0 

∂𝑣

∂𝑥
 = 2x / y,        

∂𝑣

∂𝑦
 = − x² / y² ,      

    
∂𝑣

∂𝑧
 = 0 

∂𝑤

∂𝑥
 = 1,               

∂𝑤

∂𝑦
 = 1 + 2zy,        

  
∂𝑤

∂𝑧
 = y² 
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∂(𝑢, 𝑣, 𝑤)

∂(𝑥, 𝑦, 𝑧)
=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣∂𝑢

∂𝑥

∂𝑢

∂𝑦

∂𝑢

∂𝑧
∂𝑣

∂𝑥

∂𝑣

∂𝑦

∂𝑣

∂𝑧
∂𝑤

∂𝑥

∂𝑤

∂𝑦

∂𝑤

∂𝑧 ∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

            =   

∣
∣
∣
∣
∣−1/x² 0 0

2𝑥/𝑦 − x² / y² 0

1 1 + 2𝑧𝑦  y²∣
∣
∣
∣
∣

 

          = 
−1

x²
 (

−x²

y²
 y²  -0) 

         =1  

 

1.2. Maxima and Minima 

 



11 | P a g e  
 

Problem 1  𝑭𝒊𝒏𝒅 𝑴𝒂𝒙𝒊𝒎𝒂 𝒂𝒏𝒅 𝑴𝒊𝒏𝒊𝒎𝒂 𝒐𝒇    

𝒇(𝒙, 𝒚) = 𝟐(𝒙𝟐 − 𝒚𝟐) − 𝒙𝟒 + 𝒚𝟒 

Solution: 

 

Step 1: First partial derivatives 

𝑓𝑥 = 4𝑥 − 4𝑥3 

    = 4𝑥(1 − 𝑥2)  

𝑓𝑦 = −4𝑦 + 4𝑦3 

     = 4𝑦(𝑦2 − 1) 

Step 2: Critical points 

Set 𝑓𝑥 = 0, 𝑓𝑦 = 0 

4𝑥(1 − 𝑥2) = 0 ⇒ 𝑥 = 0, ±1 4𝑦(𝑦2 − 1) = 0 ⇒ 𝑦 =

0, ±1 

Critical points: 

(0,0), (±1,0), (0, ±1), (±1, ±1) 

Step 3: Second derivatives 

𝑓𝑥𝑥 = 4 − 12𝑥2 𝑓𝑦𝑦 = −4 + 12𝑦2 𝑓𝑥𝑦 = 0 𝐷 = 𝑓𝑥𝑥𝑓𝑦𝑦 −

(𝑓𝑥𝑦)
2
 

Step 4: Test points 

At (0,0): 

𝑓𝑥𝑥 = 4,  𝑓𝑦𝑦 = −4 ⇒ 𝐷 = −16 < 0 

Saddle point 

At (±1,0): 

𝑓𝑥𝑥 = −8,  𝑓𝑦𝑦 = −4 

⇒ 𝐷 = 32 > 0,  𝑓𝑥𝑥 < 0 

Maximum𝑓 = 1 

At (0, ±1): 

𝑓𝑥𝑥 = 4,  𝑓𝑦𝑦 = 8 ⇒ 𝐷 = 32 > 0,  𝑓𝑥𝑥 > 0 

Minimum  𝑓 = −1 
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At (±1, ±1): 

𝐷 < 0 ⇒ Saddle 

 

Problem 2  

𝑭𝒊𝒏𝒅 𝑴𝒂𝒙𝒊𝒎𝒂 𝒂𝒏𝒅 𝑴𝒊𝒏𝒊𝒎𝒂 𝒐𝒇 

   𝒇(𝒙, 𝒚) = 𝒙𝒚(𝒂 − 𝒙 − 𝒚) 

Solution: 

Step 1: Expand 

𝑓 = 𝑎𝑥𝑦 − 𝑥2𝑦 − 𝑥𝑦2 

Step 2: First derivatives 

𝑓𝑥 = 𝑎𝑦 − 2𝑥𝑦 − 𝑦2 = 𝑦(𝑎 − 2𝑥 − 𝑦) 𝑓𝑦 = 𝑎𝑥 − 𝑥2 −

2𝑥𝑦 = 𝑥(𝑎 − 𝑥 − 2𝑦) 

Step 3: Critical points 

Solve: 

𝑦(𝑎 − 2𝑥 − 𝑦) = 0,  𝑥(𝑎 − 𝑥 − 2𝑦) = 0 

Non-zero solution: 

𝑎 − 2𝑥 − 𝑦 = 0,  𝑎 − 𝑥 − 2𝑦 = 0 

Solve:𝑥 = 𝑦 =
𝑎

3
 

Step 4: Second derivatives 

𝑓𝑥𝑥 = −2𝑦, 𝑓𝑦𝑦 = −2𝑥, 𝑓𝑥𝑦 = 𝑎 − 2𝑥 − 2𝑦 

At (𝑎/3, 𝑎/3): 

𝑓𝑥𝑥 = −
2𝑎

3
, 𝑓𝑦𝑦 = −

2𝑎

3
, 𝑓𝑥𝑦 = −

𝑎

3
 𝐷 =

4𝑎2

9
−

𝑎2

9
=

𝑎2

3
> 0 

If 𝑎 > 0: maximum 

𝑓𝑚𝑎𝑥 =
𝑎3

27
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Problem 3  𝑭𝒊𝒏𝒅 𝑴𝒂𝒙𝒊𝒎𝒂 𝒂𝒏𝒅 𝑴𝒊𝒏𝒊𝒎𝒂 𝒐𝒇   

 𝒇(𝒙, 𝒚) = 𝒙𝟒 + 𝒚𝟒 − 𝟒𝒙𝒚 + 𝟏 

Solution 

Step 1: First derivatives 

𝑓𝑥 = 4𝑥3 − 4𝑦 𝑓𝑦 = 4𝑦3 − 4𝑥 

Step 2: Critical points 

𝑥3 = 𝑦, 𝑦3 = 𝑥 𝑥 = 𝑥9 ⇒ 𝑥 = 0, ±1 

Points: 

(0,0), (1,1), (−1, −1) 

Step 3: Second derivatives 

𝑓𝑥𝑥 = 12𝑥2, 𝑓𝑦𝑦 = 12𝑦2, 𝑓𝑥𝑦 = −4 

Step 4: Test 

At (0,0): 

𝐷 = −16 < 0 ⇒ Saddle 

At (1,1): 

𝐷 = 144 − 16 = 128 > 0,  𝑓𝑥𝑥 > 0 

Minimum  𝑓 = −1 

At (−1, −1): same → minimum 

Problem 4     𝑭𝒊𝒏𝒅 𝑴𝒂𝒙𝒊𝒎𝒂 𝒂𝒏𝒅 𝑴𝒊𝒏𝒊𝒎𝒂 𝒐𝒇    

𝒇(𝒙, 𝒚) = 𝟒𝒙𝟐 + 𝟔𝒙𝒚 + 𝟗𝒚𝟐 − 𝟖𝒙 − 𝟐𝟒𝒚 + 𝟒 

Solution 

Step 1: First derivatives 

𝑓𝑥 = 8𝑥 + 6𝑦 − 8  

𝑓𝑦 = 6𝑥 + 18𝑦 − 24 

Step 2: Critical point 

Solve: 

8𝑥 + 6𝑦 = 8,  6𝑥 + 18𝑦 = 24 𝑥 = 0,  𝑦 =
4

3
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Step 3: Second derivatives 

𝑓𝑥𝑥 = 8,  𝑓𝑦𝑦 = 18,  𝑓𝑥𝑦 = 6 𝐷 = 144 − 36 = 108 >

0,  𝑓𝑥𝑥 > 0 

Minimum 

Step 4: Value 

𝑓 (0,
4

3
) = −12 

Problem 5  𝑭𝒊𝒏𝒅 𝑴𝒂𝒙𝒊𝒎𝒂 𝒂𝒏𝒅 𝑴𝒊𝒏𝒊𝒎𝒂 𝒐𝒇   𝒇(𝒙, 𝒚) =

𝒙𝟐 + 𝟓𝒚𝟐 − 𝟔𝒙 + 𝟏𝟎𝒚 + 𝟏𝟐 

Solution 

Step 1: First derivatives 

𝑓𝑥 = 2𝑥 − 6 𝑓𝑦 = 10𝑦 + 10 

Step 2: Critical point 

𝑥 = 3,  𝑦 = −1 

Step 3: Second derivatives 

𝑓𝑥𝑥 = 2,  𝑓𝑦𝑦 = 10,  𝑓𝑥𝑦 = 0  

𝐷 = 20 > 0,  𝑓𝑥𝑥 > 0 

Minimum 

Step 4: Value   𝒇(𝟑, −𝟏) = −𝟐 

  



15 | P a g e  
 

Unit 2 

2.1NEWTON’S FORWARD INTERPOLATION 

blem 1 Find 𝒚(𝟐. 𝟓) 

Given: 

x   2     3    4   5 

y 4    9 16 25 

 

Solution: 

Step 1: Find step size 

ℎ = 3 − 2 = 1 

Step 2: Construct Forward Difference Table 

x y 𝛥𝑦 𝛥2𝑦 

2 

 

3 

 

4 

 

 

 

5 

4 

 

 

      9 

 

 

     

     16 

 

 

 

 

     25 

 

5 

 

 

 

7 

 

 

 

9 

 

 

 

2 

 

 

 

 

        2 

 

Step 3: Compute 𝒖 

𝑢 =
𝑥 − 𝑥0

ℎ
=

2.5 − 2

1
= 0.5 
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Step 4: Apply Formula 

𝑦 = 𝑦0 + 𝑢𝛥𝑦0 +
𝑢(𝑢 − 1)

2!
𝛥2𝑦0 

 

Step 5: Substitute values 

𝑦 = 4 + 0.5(5) +
0.5(−0.5)

2
(2) 

Step 6: Simplify 

= 4 + 2.5 +
−0.25

2
(2) = 4 + 2.5 − 0.25 = 6.25 

Answer 

𝑦(2.5) = 6.25  

Problem 2  

Find 𝑦(1.2) 

  x 1.0 1.1 1.2 1.3 

  y 1 1.21 1.44 1.69 

Solution:  Step 1:   𝒉 = 𝟎. 𝟏 

Step 2: Difference Table 

x Y 𝛥𝑦 𝛥2𝑦 

1.0 

 

  1.1 

 

 

 

 1.2 

 

 1.3 

      1 

 

    1.21 

 

  1.44 

 

 

   1.69 

 

0.21 

 

 

0.23 

 

 

0.25 

 

 

 

0.02 

 

 

0.02 

𝛥𝑦0 = 0.21, 𝛥2𝑦0 = 0.02 
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Step 3:𝒖 =
𝟏.𝟐−𝟏

𝟎.𝟏
= 𝟐 

Step 4: Formula 

𝑦 = 𝑦0 + 𝑢𝛥𝑦0 +
𝑢(𝑢 − 1)

2
𝛥2𝑦0 

 

Step 5: Substitute 

𝑦 = 1 + 2(0.21) +
2(1)

2
(0.02) 

 

Step 6: Simplify 

= 1 + 0.42 + 0.02 = 1.44 

 

Final Answer 

𝑦(1.2) = 1.44  

 

2.2 NEWTON’S BACKWARD INTERPOLATION 

Problem 1 

Find 𝑦(4.8) 

 

Solution: 

Step 1:    𝒉 = 𝟏 

Step 2: 

Backw

ard 

Differe

ncesx 

Y 𝛥𝑦 𝛥2𝑦 𝛥3𝑦 

x 2 3 4 5 

y 4 9 16 25 
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2 

 

 

    3 

 

 

 

   4 

 

 

 

    5 

      4 

 

 

     9 

 

 

    16 

 

 

       

      25 

 

5 

 

 

7 

 

 

 

 

9 

 

 

2 

 

 

 

2 

 

 

 

 

 

     0 

 

∇𝑦𝑛 = 9, ∇2𝑦𝑛 = 2, ∇3𝑦𝑛=0 

Step 3: 

𝑢 =
𝑥 − 𝑥𝑛

ℎ
=

4.8 − 5

1
= −0.2 

 

Step 4: Formula 

𝑦 = 𝑦𝑛 + 𝑢∇𝑦𝑛 +
𝑢(𝑢 + 1)

2!
∇2𝑦𝑛 

Step 5: Substitute 

𝑦 = 25 + (−0.2)(9) +
−0.2(0.8)

2
(2) 

Step 6: Simplify 

= 25 − 1.8 +
−0.16

2
(2) = 25 − 1.8 − 0.16 = 23.04 

Answer 

𝑦(4.8) = 23.04  
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Problem 4  

Find 𝑦(3.6) 

 

Solution:  Step 1:     𝒉 = 𝟏 

Step 2: Difference Table 

x Y 𝛥𝑦 𝛥2𝑦 𝛥3𝑦 

1 

 

 

 

2 

 

 

 

3 

 

 

 

4 

      1 

 

 

     8 

 

 

    27 

 

 

      64 

    

 

7 

 

 

19 

 

 

 

 

37 

 

 

12 

 

 

 

18 

 

 

 

 

 

   6 

 

𝑦𝑛 = 64,   ∇𝑦𝑛 = 37,  

                 ∇2𝑦𝑛 = 18, ∇3𝑦𝑛 =6 

Step 3:  𝒖 =
𝟑.𝟔−𝟒

𝟏
= −𝟎. 𝟒 

Step 4: Formula 

𝑦 = 𝑦𝑛 + 𝑢∇𝑦𝑛 +
𝑢(𝑢 + 1)

2
∇2𝑦𝑛 

Step 5: Substitute 

𝑦 = 64 + (−0.4)(37) +
−0.4(0.6)

2
(18)+ 

x 1 2 3 4 

y 1 8 27 64 
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(−0.4)(0.6)(1.6)

6
 

Step 6: Simplify 

= 64 − 14.8 +
−0.24

2
(18) = 64 − 14.8 − 2.16 −𝟎. 𝟎𝟔𝟒 =

46.976 

 Answer 

𝑦(3.6) = 46.976  

 

2.3. LAGRANGE INTERPOLATION 

 

Problem 1  

 

 

Find 𝑦(1.5) 

Solution: 

Step 1: Formula 

𝑦 = 𝑦0𝐿0 + 𝑦1𝐿1 + 𝑦2𝐿2 

 

Step 2: Compute terms 

𝐿0 =
(𝑥−2)(𝑥−3)

(1−2)(1−3)
 𝐿1 =

(𝑥−1)(𝑥−3)

(2−1)(2−3)
 𝐿2 =

(𝑥−1)(𝑥−2)

(3−1)(3−2)
 

 

Step 3: Substitute 𝒙 = 𝟏. 𝟓 

𝐿0 =
(−0.5)(−1.5)

(−1)(−2)
=

0.75

2
= 0.375 𝐿1 =

(0.5)(−1.5)

(1)(−1)
= 0.75 

𝐿2 =
(0.5)(−0.5)

(2)(1)
= −0.125 

 

Step 4: Compute y 

𝑦 = 1(0.375) + 4(0.75) + 9(−0.125) = 0.375 + 3 −

1.125 = 2.25 

x 1 2 3 

y 1 4 9 
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𝑦(1.5) = 2.25  

 

Problem 2  

 

 

Find 𝑦(2.5) 

Solution: 

Step 1: Formula 

𝑦 = 4
(𝑥 − 3)(𝑥 − 4)

(2 − 3)(2 − 4)
+ 9

(𝑥 − 2)(𝑥 − 4)

(3 − 2)(3 − 4)

+ 16
(𝑥 − 2)(𝑥 − 3)

(4 − 2)(4 − 3)
 

 

Step 2: Put 𝒙 = 𝟐. 𝟓 

= 4
(−0.5)(−1.5)

(−1)(−2)
+ 9

(0.5)(−1.5)

(1)(−1)
+ 16

(0.5)(−0.5)

(2)(1)
 

 

Step 3: Simplify 

= 4 (
0.75

2
) + 9(0.75) + 16(−0.125) = 1.5 + 6.75 − 2 =

6.25 

Final Answer 

𝑦(2.5) = 6.25  

 

 

+9
(𝑥 − 2)(𝑥 − 4)

(3 − 2)(3 − 4)
+ 16

(𝑥 − 2)(𝑥 − 3)

(4 − 2)(4 − 3)
 

 

  

x 2 3 4 

y 4 9 16 



22 | P a g e  
 

Unit 3 

Second Order Differential Equations 

3.1 Particular Integral and Solution of the type: 𝑒𝑎𝑥 

Problem 1 

Solve:(𝐷2 − 3𝐷 + 2)𝑦 = 𝑒𝑥 

Auxiliary Equation 

𝑚2 − 3𝑚 + 2 = 0 (𝑚 − 1)(𝑚 − 2) = 0 𝑚 = 1,2 

Complementary Function 

𝐶𝐹 = 𝐶1𝑒𝑥 + 𝐶2𝑒2𝑥 

Particular Integral 

𝑃𝐼 =
1

𝐷2 − 3𝐷 + 2
𝑒𝑥 

Substitute 𝐷 = 1 

=
1

1 − 3 + 2
=

1

0
 

Multiply by 𝑥 

𝑃𝐼 =
𝑥

2𝐷 − 3
𝑒𝑥 

Substitute 𝐷 = 1 

=
𝑥

2 − 3
𝑒𝑥 = −𝑥𝑒𝑥 

General Solution 

𝑦 = 𝐶1𝑒𝑥 + 𝐶2𝑒2𝑥 − 𝑥𝑒𝑥 

 

Problem 2 

Solve(𝐷2 + 4𝐷 + 4)𝑦 = 𝑒−2𝑥 

Solution: 

Auxiliary Equation 

𝑚2 + 4𝑚 + 4 = 0  

(𝑚 + 2)2 = 0 

𝑚 = −2, −2 
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Complementary Function 

𝐶𝐹 = (𝐶1 + 𝐶2𝑥)𝑒−2𝑥 

Particular Integral 

𝑃𝐼 =
1

𝐷2 + 4𝐷 + 4
𝑒−2𝑥 

Substitute 𝐷 = −2 

=
1

4 − 8 + 4
= 0 

Multiply by 𝑥 

Again zero → multiply by 𝑥 again 

𝑃𝐼 =
𝑥2

2
𝑒−2𝑥 

General Solution 

𝑦 = (𝐶1 + 𝐶2𝑥)𝑒−2𝑥 +
𝑥2

2
𝑒−2𝑥 

 

Problem 3 

Solve  : (𝐷2 + 1)𝑦 = 𝑒3𝑥 

Solution: 

Auxiliary Equation 

𝑚2 + 1 = 0  

𝑚 = ±𝑖 

Complementary Function 

𝐶𝐹 = 𝐶1cos𝑥 + 𝐶2sin𝑥 

Particular Integral 

𝑃𝐼 =
1

𝐷2 + 1
𝑒3𝑥 

Substitute 𝐷 = 3 

=
1

9+1
𝑒3𝑥 =

1

10
𝑒3𝑥 
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General Solution 

𝑦 = 𝐶1cos𝑥 + 𝐶2sin𝑥 +
1

10
𝑒3𝑥 

 

Problem 4 

Solve (𝐷2 − 𝐷 − 2)𝑦 = 𝑒2𝑥 

Solution: 

Auxiliary Equation 

𝑚2 − 𝑚 − 2 = 0  

(𝑚 − 2)(𝑚 + 1) = 0  

𝑚 = 2, −1 

Complementary Function 

𝐶𝐹 = 𝐶1𝑒2𝑥 + 𝐶2𝑒−𝑥 

Particular Integral 

𝑃𝐼 =
1

𝐷2 − 𝐷 − 2
𝑒2𝑥 

Substitute 𝐷 = 2 

=
1

4 − 2 − 2
= 0 

Multiply by 𝑥 

𝑃𝐼 =
𝑥

2𝐷 − 1
𝑒2𝑥 

Substitute 𝐷 = 2 

=
𝑥

3
𝑒2𝑥 

General Solution 

𝑦 = 𝐶1𝑒2𝑥 + 𝐶2𝑒−𝑥 +
𝑥

3
𝑒2𝑥 

Problem 5 

Solve  (𝐷2 + 3𝐷 + 2)𝑦 = 𝑒4𝑥 
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Solution: 

Auxiliary Equation 

𝑚2 + 3𝑚 + 2 = 0  

(𝑚 + 1)(𝑚 + 2) = 0 

 𝑚 = −1, −2 

Complementary Function 

𝐶𝐹 = 𝐶1𝑒−𝑥 + 𝐶2𝑒−2𝑥 

Particular Integral 

𝑃𝐼 =
1

𝐷2 + 3𝐷 + 2
𝑒4𝑥 

Substitute 𝐷 = 4 

=
1

16+12+2
 =

1

30
𝑒4𝑥 

General Solution 

𝑦 = 𝐶1𝑒−𝑥 + 𝐶2𝑒−2𝑥 +
1

30
𝑒4𝑥 

 

Problem 6 (Important Case – Two terms zero) 

Solve(𝐷2 − 4𝐷 + 4)𝑦 = 𝑒2𝑥 

Solution: 

Auxiliary Equation 

𝑚2 − 4𝑚 + 4 = 0  

(𝑚 − 2)2 = 0  

𝑚 = 2,2 

Complementary Function 

𝐶𝐹 = (𝐶1 + 𝐶2𝑥)𝑒2𝑥 

Particular Integral 

𝑃𝐼 =
1

𝐷2 − 4𝐷 + 4
𝑒2𝑥 

Substitute 𝐷 = 2 
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=
1

4 − 8 + 4
= 0 

Multiply by 𝑥 

Again zero → multiply by 𝑥 

𝑃𝐼 =
𝑥2

2
𝑒2𝑥 

General Solution 

𝑦 = (𝐶1 + 𝐶2𝑥)𝑒2𝑥 +
𝑥2

2
𝑒2𝑥 

3.2. Particular Integral and Solution of the type sin ax or 

cos ax 

Problem 1 

Solve: (𝐷2 + 1)𝑦 = sin𝑥 

 Auxiliary equation 

𝑚2 + 1 = 0 

Roots  𝒎 = ±𝒊 

Complementary Function 

𝐶𝐹 = 𝐶1cos𝑥 + 𝐶2sin𝑥 

 Particular Integral 

𝑃𝐼 =
1

𝐷2 + 1
sin𝑥 

Substitute 𝐷 = 𝑖 

=
1

−1+1
 =

1

0
 

Since denominator becomes 0, multiply by 𝑥 

𝑃𝐼 = −
𝑥

2
cos𝑥 

Step 5: General Solution 

𝑦 = 𝐶1cos𝑥 + 𝐶2sin𝑥 −
𝑥

2
cos𝑥 

Problem 2 

Solve   (𝐷2 + 4)𝑦 = sin𝑥 
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Auxiliary equation 

𝑚2 + 4 = 0 

Roots   𝒎 = ±𝟐𝒊 

CF     𝑪𝟏𝐜𝐨𝐬𝟐𝒙 + 𝑪𝟐𝐬𝐢𝐧𝟐𝒙 

PI 

𝑃𝐼 =
1

𝐷2 + 4
sin𝑥 

Substitute 𝐷 = 𝑖 

=
1

−1+4
 =

1

3
sin𝑥 

Solution 

𝑦 = 𝐶1cos2𝑥 + 𝐶2sin2𝑥 +
1

3
sin𝑥 

Problem 3 

Solve  (𝐷2 + 9)𝑦 = sin3𝑥 

Auxiliary equation 

𝑚2 + 9 = 0 

Roots   𝒎 = ±𝟑𝒊 

CF : 𝒚 = 𝑪𝟏𝐜𝐨𝐬𝟑𝒙 + 𝑪𝟐𝐬𝐢𝐧𝟑𝒙 

PI 

𝑃𝐼 =
1

𝐷2 + 9
sin3𝑥 

Substitute 𝐷 = 3𝑖 

=
1

−9+9
 = 0 

Multiply by 𝑥 

𝑃𝐼 = −
𝑥

6
cos3𝑥 

Solution 

𝑦 = 𝐶1cos3𝑥 + 𝐶2sin3𝑥 −
𝑥

6
cos3𝑥 

Problem 4 

Solve  (𝐷2 − 4)𝑦 = sin𝑥 
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Auxiliary equation 

𝑚2 − 4 = 0 

Roots𝒎 = 𝟐, −𝟐 

CF   𝑪𝟏𝒆𝟐𝒙 + 𝑪𝟐𝒆−𝟐𝒙 

PI   𝑷𝑰 =
𝟏

𝑫𝟐−𝟒
𝐬𝐢𝐧𝒙 

Substitute 𝐷 = 𝑖 

=
1

−1−4
 = −

1

5
sin𝑥 

Solution    

𝒚 = 𝑪𝟏𝒆𝟐𝒙 + 𝑪𝟐𝒆−𝟐𝒙 −
𝟏

𝟓
𝐬𝐢𝐧𝒙 

Problem 5 

Solve  (𝐷2 + 3𝐷 + 2)𝑦 = sin𝑥 

Auxiliary equation  𝒎𝟐 + 𝟑𝒎 + 𝟐 = 𝟎 

(𝑚 + 1)(𝑚 + 2) = 0 

Roots 𝒎 = −𝟏, −𝟐 

CF:   𝑪𝟏𝒆−𝒙 + 𝑪𝟐𝒆−𝟐𝒙 

PI =
𝟏

𝑫𝟐+𝟑𝑫+𝟐
𝐬𝐢𝐧𝒙 

Substitute 𝐷 = 𝑖 

=
1

−1+3𝑖+2
 =

1

1+3𝑖
 

Multiply by conjugate 

=
1 − 3𝑖

10
 

PI   = 
𝟏

𝟏𝟎
𝐬𝐢𝐧𝒙 −

𝟑

𝟏𝟎
𝐜𝐨𝐬𝒙 

Solution 

𝑦 = 𝐶1𝑒−𝑥 + 𝐶2𝑒−2𝑥 +
1

10
sin𝑥 −

3

10
cos𝑥 

Problem 6 

Solve  (𝐷2 − 3𝐷 + 2)𝑦 = sin𝑥 
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Auxiliary equation 

𝑚2 − 3𝑚 + 2 = 0 

(𝒎 − 𝟏)(𝒎 − 𝟐) = 𝟎  

Roots  𝒎 = 𝟏, 𝟐 

CF   𝑪𝟏𝒆𝒙 + 𝑪𝟐𝒆𝟐𝒙 

PI    =  
𝟏

𝑫𝟐−𝟑𝑫+𝟐
𝐬𝐢𝐧𝒙 

Substitute 𝐷 = 𝑖 

=
1

−1−3𝑖+2
 =

1

1−3𝑖
 

Multiply conjugate 

=
1 + 3𝑖

10
 

PI   
𝟏

𝟏𝟎
𝐬𝐢𝐧𝒙 +

𝟑

𝟏𝟎
𝐜𝐨𝐬𝒙 

Solution 

𝑦 = 𝐶1𝑒𝑥 + 𝐶2𝑒2𝑥 +
1

10
sin𝑥 +

3

10
cos𝑥 

 

3.3. Particular Integral and Solution of the type xn 

Problem 1 (𝑫𝟐 + 𝑫 + 𝟏)𝒚 = 𝒙 

 

Auxiliary equation 

𝒎𝟐 + 𝒎 + 𝟏 = 𝟎  

Roots 𝒎 =
−𝟏±𝒊√𝟑

𝟐
  

𝐂𝐅: 𝐲 = 𝒆−𝒙/𝟐 [𝑪𝟏𝐜𝐨𝐬 (
√𝟑

𝟐
𝒙) + 𝑪𝟐𝐬𝐢𝐧 (

√𝟑

𝟐
𝒙)] 

PI:   y =
1

𝐷2+𝐷+1
(𝑥)  

=
1

1+𝐷+𝐷2
(𝑥)  

= (1 − 𝐷 + 𝐷2 − ⋯ )(𝑥) 𝐷(𝑥) 

= 1, 
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 𝐷2(𝑥) = 0 

 y= 𝑥 − 1 𝑦 = +𝑥 − 1  

 

Problem 2    (𝑫𝟐 + 𝟒)𝒚 = 𝒙𝟐 

Auxiliary equation   

𝑚2 + 4 = 0 ⇒ 𝑚 = ±2𝑖 

CF:  y = 𝐶1cos2𝑥 + 𝐶2sin2𝑥 

PI:  y =
1

𝐷2+4
(𝑥2)  

=
1

4
(1 −

𝐷2

4
+ ⋯ ) (𝑥2) 𝐷2(𝑥2) 

= 2 𝑦𝑝 =
1

4
(𝑥2 −

2

4
) 

=
𝑥2

4
−

1

8
 𝑦 = 𝐶1cos2𝑥 + 𝐶2sin2𝑥 +

𝑥2

4
−

1

8
 

 

3.4. Mixed Type Problems: 

Problem 1 

 (𝑫𝟐 − 𝟐𝑫 + 𝟏)𝒚 = 𝒙𝟐 + 𝟏 + 𝐬𝐢𝐧𝟐𝒙 

Auxiliary equation   

(𝑚 − 1)2 = 0  

𝐂𝐅 y = (𝐶1 + 𝐶2𝑥)𝑒𝑥 

 

PI:   

y =
1

(𝐷 − 1)2
(𝑥2 + 1) +

1

(𝐷 − 1)2
(sin2𝑥) 

For trigonometric term: 

𝑓(𝐷) = (𝐷 − 1)2 𝑓(2𝑖) 

= (2𝑖 − 1)2 

= −3 − 4𝑖 𝑦𝑝 

=
1

−3−4𝑖
sin2𝑥  
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=
−3 + 4𝑖

25
sin2𝑥 

=
4

25
cos2𝑥 −

3

25
sin2𝑥 

 𝑦 = (𝐶1 + 𝐶2𝑥)𝑒𝑥 + 𝑦𝑝  

Problem 2 

(𝑫𝟐 − 𝟒𝑫 − 𝟏𝟐)𝒚 = 𝐬𝐢𝐧𝒙𝐬𝐢𝐧𝟐𝒙 

sin𝑥sin2𝑥 =
1

2
(cos𝑥 − cos3𝑥) 

CF: 

𝑚2 − 4𝑚 − 12 = 0 

⇒ 𝑚 = 6, −2 

 y = 𝐶1𝑒6𝑥 + 𝐶2𝑒−2𝑥 

PI: 

y =
1

2
[

1

𝑓(𝐷)
cos𝑥 −

1

𝑓(𝐷)
cos3𝑥] 𝑓(𝐷) 

= 𝐷2 − 4𝐷 − 12 𝑓(𝑖) 

= −13 − 4𝑖,  𝑓(3𝑖) 

= −21 − 12𝑖 

 𝑦 = 𝐶1𝑒6𝑥 + 𝐶2𝑒−2𝑥 − 21 − 12𝑖  

 

Problem 3  (𝑫𝟐 − 𝟑𝑫 + 𝟐)𝒚 = 𝐬𝐢𝐧𝒙 

CF:  (𝑚 − 1)(𝑚 − 2) = 0 

 𝑦𝑐 = 𝐶1𝑒𝑥 + 𝐶2𝑒2𝑥 

PI: 

𝑦𝑝 =
1

𝐷2−3𝐷+2
(sin𝑥) 𝑓(𝑖) 

= 1 − 3𝑖 𝑦𝑝 =
1

1−3𝑖
sin𝑥 =

1

10
(sin𝑥 − 3cos𝑥) 

 𝑦 = 𝑦𝑐 +
1

10
(sin𝑥 − 3cos𝑥)  

 



32 | P a g e  
 

Problem 4 

 (𝑫𝟐 − 𝑫 + 𝟏)𝒚 = 𝒙𝟑 − 𝟑𝒙𝟐 + 𝟏 

CF: 

𝑚 =
1±𝑖√3

2
  

y = 𝑒𝑥/2 [𝐶1cos (
√3

2
𝑥) + 𝐶2sin (

√3

2
𝑥)] 

PI: 

y =
1

𝐷2−𝐷+1
(𝑥3 − 3𝑥2 + 1)  

= (1 + 𝐷 + 𝐷2 + ⋯ )(𝑥3 − 3𝑥2 + 1) 𝐷(𝑥3) =

3𝑥2, 𝐷2(𝑥3) = 6𝑥 

 𝑦 = 𝑒𝑥/2 [𝐶1cos (
√3

2
𝑥) + 𝐶2sin (

√3

2
𝑥)]  

 

Problem 5 

  (𝑫𝟐 + 𝟑𝑫 + 𝟐)𝒚 = 𝒆𝟐𝒙 + 𝒙𝟐 + 𝐬𝐢𝐧𝒙 

CF: 

(𝑚 + 1)(𝑚 + 2) = 0  

𝑦𝑐 = (𝐶1 + 𝐶2𝑥)𝑒𝑥 

PI: 

For 𝑒2𝑥: 

𝑦𝑝1 =
𝑒2𝑥

4 + 6 + 2
=

𝑒2𝑥

12
 

For 𝑥2: 

𝑦𝑝2 =
1

𝐷2 + 3𝐷 + 2
(𝑥2) 

For sin𝑥: 

𝑓(𝑖) = 3 + 3𝑖 𝑦𝑝3 =
1

3+3𝑖
sin𝑥 𝑦 = 𝑦𝑐 + 𝑦𝑝1 + 𝑦𝑝2 + 𝑦𝑝3  
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0 

 Unit  4 

LAPLACE    TRANSFORM 

Definition: 

Let(𝑡)beafunctionoftdefinedforall𝑡≥0.thentheLaplacetra

nsformof𝑓(𝑡),denotedby 

𝐿 [(𝑡)] is defined by 

    𝐿[𝑓(𝑡)]=∫
∞

𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡 

Provided that the integral exists, “s” is a parameter 

which may be real or complex.  Clearly [ (𝑡)] is a 

function of s and is briefly written as𝐹(𝑠) (𝑖.𝑒.) 

 𝐿[ 𝑓(𝑡)]=𝐹(𝑠) 

   4.1. Laplace Transform of Standard Functions (Step-by-

Step Proofs) 

Definition 

The Laplace Transform of a function  𝑓(𝑡), 𝑡 ≥ 0, is 

L{𝑓(𝑡)} = ∫ 𝑒−𝑠𝑡
∞

0

𝑓(𝑡) 𝑑𝑡 

 

(i) 𝐋{𝟏} 

L{1} =
1

𝑠
 

L{1} = ∫ 𝑒−𝑠𝑡∞

0
𝑑𝑡 = [

𝑒−𝑠𝑡

−𝑠
]

0

∞

 

As 𝑡 → ∞, 𝑒−𝑠𝑡 → 0 (for 𝑠 > 0): 

= 0 − (−
1

𝑠
) =

1

𝑠
 

(ii) 𝐋{𝒕} 

L{𝑡} =
1

𝑠2
 

Use integration by parts: 

Let 𝑢 = 𝑡, 𝑑𝑣 = 𝑒−𝑠𝑡𝑑𝑡 
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L{𝑡} = ∫ 𝑡
∞

0
𝑒−𝑠𝑡𝑑𝑡  

= [−
𝑡

𝑠
𝑒−𝑠𝑡]

0

∞
+

1

𝑠
∫ 𝑒−𝑠𝑡∞

0
𝑑𝑡 = 0 +

1

𝑠
⋅

1

𝑠
=

1

𝑠2 

(iii) 𝐋{𝒕𝟐} 

L{𝑡2} = ∫ 𝑡2
∞

0

𝑒−𝑠𝑡𝑑𝑡 

Using repeated integration by parts: 

=
2

𝑠3
 

General result: 

L{𝑡𝑛} =
𝑛!

𝑠𝑛+1
 

 

(iv) 𝐋{𝒆𝒂𝒕} 

L{𝑒𝑎𝑡} =
1

𝑠 − 𝑎
 

L{𝑒𝑎𝑡} = ∫ 𝑒−𝑠𝑡∞

0
𝑒𝑎𝑡𝑑𝑡 = ∫ 𝑒−(𝑠−𝑎)𝑡∞

0
𝑑𝑡 = [

𝑒−(𝑠−𝑎)𝑡

−(𝑠−𝑎)
]

0

∞

=

1

𝑠−𝑎
,  𝑠 > 𝑎 

 

(v) 𝐋{𝒆−𝒂𝒕} 

L{𝑒−𝑎𝑡} = ∫ 𝑒−(𝑠+𝑎)𝑡
∞

0

𝑑𝑡 =
1

𝑠 + 𝑎
 

 

(vi) 𝐋{𝐬𝐢𝐧𝒂𝒕} 

L{sin𝑎𝑡} =
𝑎

𝑠2 + 𝑎2
 

L{sin𝑎𝑡} = ∫ 𝑒−𝑠𝑡
∞

0

sin𝑎𝑡 𝑑𝑡 

Using standard integration: 
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=
𝑎

𝑠2 + 𝑎2
 

 

(vii) 𝐋{𝐜𝐨𝐬𝒂𝒕} 

L{cos𝑎𝑡} =
𝑠

𝑠2 + 𝑎2
 

L{cos𝑎𝑡} = ∫ 𝑒−𝑠𝑡∞

0
cos𝑎𝑡 𝑑𝑡 =

𝑠

𝑠2+𝑎2 

 

(viii) 𝐋{𝐬𝐢𝐧𝐡𝒂𝒕} 

sinh𝑎𝑡 =
𝑒𝑎𝑡−𝑒−𝑎𝑡

2
 L{sinh𝑎𝑡} =

1

2
(

1

𝑠−𝑎
−

1

𝑠+𝑎
) =

𝑎

𝑠2−𝑎2 

 

(ix) 𝐋{𝐜𝐨𝐬𝐡𝒂𝒕} 

cosh𝑎𝑡 =
𝑒𝑎𝑡+𝑒−𝑎𝑡

2
 L{cosh𝑎𝑡} =

1

2
(

1

𝑠−𝑎
+

1

𝑠+𝑎
) =

𝑠

𝑠2−𝑎2 

 

4.2. Properties of Laplace Transform (Proofs) 

(i) Linearity Property 

L{𝑎𝑓(𝑡) + 𝑏𝑔(𝑡)} = 𝑎𝐹(𝑠) + 𝑏𝐺(𝑠) 

Proof: 

L{𝑎𝑓(𝑡) + 𝑏𝑔(𝑡)} = ∫ 𝑒−𝑠𝑡∞

0
(𝑎𝑓(𝑡) + 𝑏𝑔(𝑡))𝑑𝑡 =

𝑎 ∫ 𝑒−𝑠𝑡∞

0
𝑓(𝑡)𝑑𝑡 + 𝑏 ∫ 𝑒−𝑠𝑡∞

0
𝑔(𝑡)𝑑𝑡 = 𝑎𝐹(𝑠) + 𝑏𝐺(𝑠) 

 

(ii) First Shifting Property 

L{𝑒𝑎𝑡𝑓(𝑡)} = 𝐹(𝑠 − 𝑎) 

Proof: 

L{𝑒𝑎𝑡𝑓(𝑡)} = ∫ 𝑒−𝑠𝑡∞

0
𝑒𝑎𝑡𝑓(𝑡)𝑑𝑡  

= ∫ 𝑒−(𝑠−𝑎)𝑡∞

0
𝑓(𝑡)𝑑𝑡  

= 𝐹(𝑠 − 𝑎) 

(iii) Second Shifting Property 

L{𝑓(𝑡 − 𝑎)𝑢(𝑡 − 𝑎)} = 𝑒−𝑎𝑠𝐹(𝑠) 
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Proof (brief): 

Substitute 𝑡 − 𝑎 = 𝑥 

= ∫ 𝑒−𝑠𝑡∞

𝑎
𝑓(𝑡 − 𝑎)𝑑𝑡  

= 𝑒−𝑎𝑠 ∫ 𝑒−𝑠𝑥
∞

0

𝑓(𝑥)𝑑𝑥 

= 𝑒−𝑎𝑠𝐹(𝑠) 

 

(iv) Change of Scale Property 

L{𝑓(𝑎𝑡)} =
1

𝑎
𝐹 (

𝑠

𝑎
) 

Proof: 

L{𝑓(𝑎𝑡)} = ∫ 𝑒−𝑠𝑡
∞

0

𝑓(𝑎𝑡)𝑑𝑡 

Let 𝑥 = 𝑎𝑡 ⇒ 𝑡 =
𝑥

𝑎
, 𝑑𝑡 =

𝑑𝑥

𝑎
 

= ∫ 𝑒−𝑠(𝑥/𝑎)∞

0
𝑓(𝑥)

𝑑𝑥

𝑎
 =

1

𝑎
∫ 𝑒−(𝑠/𝑎)𝑥∞

0
𝑓(𝑥)𝑑𝑥 =

1

𝑎
𝐹 (

𝑠

𝑎
) 

 

Final Summary (Important Results) 

• L{𝑡𝑛} =
𝑛!

𝑠𝑛+1 

• L{𝑒𝑎𝑡} =
1

𝑠−𝑎
 

• L{sin𝑎𝑡} =
𝑎

𝑠2+𝑎2 

• L{cos𝑎𝑡} =
𝑠

𝑠2+𝑎2 

• Linearity, shifting, and scaling are directly 

derived from the definition using algebraic 

manipulation and substitution. 

Problems 

Find Laplace transform of the following: 

(i) 𝟑𝒕𝟐 + 𝟐𝒕 + 𝟏 
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Step 1: Use linearity 

L{3𝑡2 + 2𝑡 + 1} = 3L(𝑡2) + 2L(𝑡) + L(1) 

Step 2: Apply formulas 

• L(𝑡2) =
2

𝑠3 

• L(𝑡) =
1

𝑠2 

• L(1) =
1

𝑠
 

Step 3: Substitute 

= 3 (
2

𝑠3
) + 2 (

1

𝑠2
) +

1

𝑠
 

Final Answer 

=
6

𝑠3
+

2

𝑠2
+

1

𝑠
 

 

(ii) (𝒕 + 𝟐)𝟑 

Step 1: Expand 

(𝑡 + 2)3 = 𝑡3 + 6𝑡2 + 12𝑡 + 8 

Step 2: Apply linearity 

L = L(𝑡3) + 6L(𝑡2) + 12L(𝑡) + 8L(1) 

Step 3: Use formulas 

• L(𝑡3) =
6

𝑠4 

• L(𝑡2) =
2

𝑠3 

Step 4: Substitute 

=
6

𝑠4
+ 6 ⋅

2

𝑠3
+ 12 ⋅

1

𝑠2
+

8

𝑠
 

Final Answer 

=
6

𝑠4
+

12

𝑠3
+

12

𝑠2
+

8

𝑠
 

(iii) 𝒂𝒕 
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Step 1: Take constant outside 

L(𝑎𝑡) = 𝑎L(𝑡) 

Step 2: Apply formula 

= 𝑎 ⋅
1

𝑠2
 

Final Answer 

=
𝑎

𝑠2
 

 

(iv) 𝒆𝟐𝒕+𝟑 

Step 1: Separate exponential 

𝑒2𝑡+3 = 𝑒3 ⋅ 𝑒2𝑡 

Step 2: Take constant outside 

= 𝑒3L(𝑒2𝑡) 

Step 3: Apply formula 

L(𝑒𝑎𝑡) =
1

𝑠 − 𝑎
 

Final Answer 

=
𝑒3

𝑠 − 2
 

 

(v) 𝐬𝐢𝐧(√𝟐𝒕) 

Step 1: Use sine formula 

L{sin(𝑎𝑡)} =
𝑎

𝑠2 + 𝑎2
 

Step 2: Substitute 𝒂 = √𝟐 

=
√2

𝑠2 + 2
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(vi) 𝐬𝐢𝐧(𝒂𝒕 + 𝒃) 

Step 1: Use identity 

sin(𝑎𝑡 + 𝑏) = sin𝑎𝑡cos𝑏 + cos𝑎𝑡sin𝑏 

Step 2: Apply Laplace 

= cos𝑏 ⋅ L(sin𝑎𝑡) + sin𝑏 ⋅ L(cos𝑎𝑡) 

Step 3: Substitute formulas 

= cos𝑏 ⋅
𝑎

𝑠2 + 𝑎2
+ sin𝑏 ⋅

𝑠

𝑠2 + 𝑎2
 

 

(vii) 𝐬𝐢𝐧𝟑𝒕 

Step 1: Apply formula 

L(sin𝑎𝑡) =
𝑎

𝑠2 + 𝑎2
 

Step 2: Substitute 𝒂 = 𝟑 

=
3

𝑠2 + 9
 

 

Problem 2: 

Find the laplace transform of the  

following: 

(i) 𝒕𝒆−𝟑𝒕 

Step 1: Use shifting property 

L(𝑒𝑎𝑡𝑓(𝑡)) = 𝐹(𝑠 − 𝑎) 

Step 2: Start with 

L(𝑡) =
1

𝑠2
 

Step 3: Replace 𝒔 → 𝒔 + 𝟑 

=
1

(𝑠 + 3)2
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(ii) 𝒕𝟑𝒆𝟐𝒕 

Step 1: 

L(𝑡3) =
6

𝑠4
 

Step 2: Apply shifting 𝒔 → 𝒔 − 𝟐 

=
6

(𝑠 − 2)4
 

 

(iii) 𝒆𝟒𝒕𝐬𝐢𝐧𝟐𝒕 

Step 1: 

L(sin2𝑡) =
2

𝑠2 + 4
 

Step 2: Shift 𝒔 → 𝒔 − 𝟒 

=
2

(𝑠 − 4)2 + 4
 

 

(iv) 𝒆−𝟓𝒕𝐜𝐨𝐬𝟑𝒕 

Step 1: 

L(cos3𝑡) =
𝑠

𝑠2 + 9
 

Step 2: Shift 𝒔 → 𝒔 + 𝟓 

=
𝑠 + 5

(𝑠 + 5)2 + 9
 

 

(v) 𝐬𝐢𝐧𝐡𝟐𝒕𝐜𝐨𝐬𝟑𝒕 

Step 1: Use identity 

sinh2𝑡 =
𝑒2𝑡 − 𝑒−2𝑡

2
 

Step 2: Multiply 

=
1

2
(𝑒2𝑡cos3𝑡 − 𝑒−2𝑡cos3𝑡) 
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Step 3: Apply Laplace 

=
1

2
[

𝑠 − 2

(𝑠 − 2)2 + 9
−

𝑠 + 2

(𝑠 + 2)2 + 9
] 

 

(vi) 𝒕𝟐𝒆𝟐𝒕 

Step 1: 

L(𝑡2) =
2

𝑠3
 

Step 2: Shift 

=
2

(𝑠 − 2)3
 

 

(vii) 𝒕𝟑𝒆−𝒕 

Step 1: 

L(𝑡3) =
6

𝑠4
 

Step 2: Shift 

=
6

(𝑠 + 1)4
 

 

(viii) 𝒆−𝟐𝒕𝐬𝐢𝐧𝟑𝒕𝐜𝐨𝐬𝟐𝒕 

Step 1: Use identity 

sin𝐴cos𝐵 =
1

2
[sin(𝐴 + 𝐵) + sin(𝐴 − 𝐵)] =

1

2
(sin5𝑡 +

sin𝑡) 

Step 2: Apply Laplace 

=
1

2
[

5

(𝑠 + 2)2 + 25
+

1

(𝑠 + 2)2 + 1
] 
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Problem 3: 

Find the Laplace of  the following: 

(i) 𝐜𝐨𝐬𝟑𝒕 

=
𝑠

𝑠2 + 9
 

 

(ii) 𝐬𝐢𝐧𝟐𝒕 

=
2

𝑠2 + 4
 

 

(iii) 𝐜𝐨𝐬𝟐𝒕 

=
𝑠

𝑠2 + 4
 

 

(iv) 𝐜𝐨𝐬𝟓𝒕𝐜𝐨𝐬𝟒𝒕 

Step 1: Identity 

cos𝐴cos𝐵 =
1

2
[cos(𝐴 + 𝐵) + cos(𝐴 − 𝐵)] =

1

2
(cos9𝑡 +

cos𝑡) 

Step 2: Apply Laplace 

=
1

2
[

𝑠

𝑠2 + 81
+

𝑠

𝑠2 + 1
] 

 

 IMPORTANT FORMULA (used repeatedly) 

L[𝑡𝑓(𝑡)] = −
𝑑

𝑑𝑠
𝐹(𝑠) 

Also: 

• L[sin𝑎𝑡] =
𝑎

𝑠2+𝑎2 

• L[cos𝑎𝑡] =
𝑠

𝑠2+𝑎2 

• L[𝑒𝑎𝑡𝑓(𝑡)] = 𝐹(𝑠 − 𝑎) 
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1. 𝐋[𝒕𝐬𝐢𝐧𝟒𝒕] 

L[sin4𝑡] =
4

𝑠2 + 16
 

Differentiate: 

L[𝑡sin4𝑡] = −
𝑑

𝑑𝑠
(

4

𝑠2 + 16
) =

8𝑠

(𝑠2 + 16)2
 

Answer: 

8𝑠

(𝑠2 + 16)2
 

 

 2. 𝐋[𝒕𝐬𝐢𝐧𝟐𝒕] 

L[sin2𝑡] =
2

𝑠2+4
 L[𝑡sin2𝑡] = −

𝑑

𝑑𝑠
(

2

𝑠2+4
) =

4𝑠

(𝑠2+4)2 

Answer: 

4𝑠

(𝑠2 + 4)2
 

 

3. 𝐋[𝒕𝐜𝐨𝐬𝟐𝒕] 

L[cos2𝑡] =
𝑠

𝑠2+4
 L[𝑡cos2𝑡] = −

𝑑

𝑑𝑠
(

𝑠

𝑠2+4
) =

𝑠2−4

(𝑠2+4)2 

Answer: 

𝑠2 − 4

(𝑠2 + 4)2
 

 

4. 𝐋[𝐬𝐢𝐧𝐡𝟐𝒕] 

L[sinh𝑎𝑡] =
𝑎

𝑠2−𝑎2 
2

𝑠2−4
 

5. 𝐋[𝐬𝐢𝐧𝒂𝒕 − 𝒂𝒕𝐜𝐨𝐬𝒂𝒕] 

Split: 

= L[sin𝑎𝑡] − 𝑎L[𝑡cos𝑎𝑡] =
𝑎

𝑠2+𝑎2 − 𝑎 ⋅
𝑠2−𝑎2

(𝑠2+𝑎2)2 
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Simplify: 

=
2𝑎3

(𝑠2 + 𝑎2)2
 

Answer: 

2𝑎3

(𝑠2 + 𝑎2)2
 

 

6. Exponential cases 

(i) 𝐋[𝒕𝒆−𝟑𝒕𝐬𝐢𝐧𝟐𝒕] 

First: 

L[𝑡sin2𝑡] =
4𝑠

(𝑠2 + 4)2
 

Shift 𝑠 → 𝑠 + 3: 

4(𝑠 + 3)

((𝑠 + 3)2 + 4)2
 

 

(ii) 𝐋[𝒕𝒆−𝒕𝐜𝐨𝐬𝒂𝒕] 

Solution:  

First recall: 𝐿[cos(𝑎𝑡)] =
𝑠

𝑠2+𝑎2 

Using first shifting theorem: 

𝐿[𝑒−𝑡cos(𝑎𝑡)] =
𝑠 + 1

(𝑠 + 1)2 + 𝑎2
 

Now use differentiation property: 

𝐿[𝑡𝑓(𝑡)] = −
𝑑

𝑑𝑠
𝐹(𝑠) 

So,𝐹(𝑠) =
𝑠+1

(𝑠+1)2+𝑎2 

Differentiate: 

𝑑

𝑑𝑠
𝐹(𝑠) =

[(𝑠 + 1)2 + 𝑎2] − 2(𝑠 + 1)2

((𝑠 + 1)2 + 𝑎2)2
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Simplify numerator: 

=
𝑎2 − (𝑠 + 1)2

((𝑠 + 1)2 + 𝑎2)2
 

Therefore, 

𝐿[𝑡𝑒−𝑡cos(𝑎𝑡)] = −
𝑑

𝑑𝑠
𝐹(𝑠) =

(𝑠 + 1)2 − 𝑎2

((𝑠 + 1)2 + 𝑎2)2
 

Final Answer: 

𝐿[𝑡𝑒−𝑡cos(𝑎𝑡)] =
(𝑠 + 1)2 − 𝑎2

((𝑠 + 1)2 + 𝑎2)2
 

 

(iii) 𝐋[𝒕 𝐬𝐢𝐧𝐡𝒕 𝐜𝐨𝐬𝟐𝒕] 

Solution: 

Use identity:sinh𝑡 =
𝑒𝑡−𝑒−𝑡

2
 

So,sinh𝑡cos2𝑡 =
1

2
(𝑒𝑡 − 𝑒−𝑡)cos2𝑡 

Laplace transform: 

𝐿[𝑒𝑎𝑡cos𝑏𝑡] =
𝑠 − 𝑎

(𝑠 − 𝑎)2 + 𝑏2
 

Hence, 

𝐹(𝑠) =
1

2
[

𝑠 − 1

(𝑠 − 1)2 + 4
−

𝑠 + 1

(𝑠 + 1)2 + 4
] 

Now apply: 

𝐿[𝑡𝑓(𝑡)] = −
𝑑

𝑑𝑠
𝐹(𝑠) 

Differentiate first term: 

𝑑

𝑑𝑠
(

𝑠 − 1

(𝑠 − 1)2 + 4
) =

4 − (𝑠 − 1)2

[(𝑠 − 1)2 + 4]2
 

Second term: 

𝑑

𝑑𝑠
(

𝑠 + 1

(𝑠 + 1)2 + 4
) =

4 − (𝑠 + 1)2

[(𝑠 + 1)2 + 4]2
 

Therefore, 
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𝐿[𝑡sinh𝑡cos2𝑡] = −
1

2
[

4 − (𝑠 − 1)2

[(𝑠 − 1)2 + 4]2
−

4 − (𝑠 + 1)2

[(𝑠 + 1)2 + 4]2
] 

Final Answer: 

𝐿[𝑡sinh𝑡cos2𝑡] =
1

2
[

(𝑠 − 1)2 − 4

[(𝑠 − 1)2 + 4]2
−

(𝑠 + 1)2 − 4

[(𝑠 + 1)2 + 4]2
]  

 7. Second derivative property 

L[𝑡2𝑓(𝑡)] =
𝑑2

𝑑𝑠2
𝐹(𝑠) 

(i) 𝐋[𝒕𝟐𝐬𝐢𝐧𝒕] 

Solution: 

Recall: 

𝐿[sin𝑡] =
1

𝑠2 + 1
 

Using differentiation twice: 

𝐿[𝑡2𝑓(𝑡)] =
𝑑2

𝑑𝑠2
𝐹(𝑠) 

So,𝐹(𝑠) =
1

𝑠2+1
 

 

First derivative: 

𝐹′(𝑠) =
−2𝑠

(𝑠2 + 1)2
 

Second derivative: 

𝐹″(𝑠) =
6𝑠2 − 2

(𝑠2 + 1)3
 

Therefore, 

𝑳[𝒕𝟐𝐬𝐢𝐧𝒕] =
𝟐(𝟑𝒔𝟐 − 𝟏)

(𝒔𝟐 + 𝟏)𝟑
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(ii) 𝐋[𝒕𝟐𝐜𝐨𝐬𝟐𝒕] 

Solution: 

Recall: 

𝐿[cos2𝑡] =
𝑠

𝑠2 + 4
 

Again,𝐿[𝑡2𝑓(𝑡)] =
𝑑2

𝑑𝑠2 𝐹(𝑠) 

Let  𝐹(𝑠) =
𝑠

𝑠2+4
 

First derivative: 

𝐹′(𝑠) =
4 − 𝑠2

(𝑠2 + 4)2
 

Second derivative: 

𝐹″(𝑠) =
2𝑠(𝑠2 − 12)

(𝑠2 + 4)3
 

Hence, 

𝐿[𝑡2cos2𝑡] =
2𝑠(𝑠2 − 12)

(𝑠2 + 4)3
 

 

8. With exponential 

(i) 𝐋[𝒕𝟐𝒆−𝟐𝒕𝐜𝐨𝐬𝒕] 

Solution: 

Using the shifting property: 

𝐿{𝑒−𝑎𝑡𝑓(𝑡)} = 𝐹(𝑠 + 𝑎) 

First find: 

𝐿{𝑡2cos𝑡} 

We know ,𝐿{cos𝑡} =
𝑠

𝑠2+1
 

Using  𝐿{𝑡𝑛𝑓(𝑡)} = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛
[𝐹(𝑠)] 

So, 𝐿{𝑡2cos𝑡} =
𝑑2

𝑑𝑠2 (
𝑠

𝑠2+1
) 

First derivative: 
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𝑑

𝑑𝑠
(

𝑠

𝑠2 + 1
) =

1 − 𝑠2

(𝑠2 + 1)2
 

Second derivative: 

𝑑

𝑑𝑠
(

1 − 𝑠2

(𝑠2 + 1)2) =
2𝑠(𝑠2 − 3)

(𝑠2 + 1)3
 

Hence, 

𝐿{𝑡2cos𝑡} =
2𝑠(𝑠2 − 3)

(𝑠2 + 1)3
 

Now apply the shift 𝑠 → 𝑠 + 2: 

𝐿{𝑡2𝑒−2𝑡cos𝑡} =
2(𝑠 + 2)((𝑠 + 2)2 − 3)

((𝑠 + 2)2 + 1)3
 

Final Answer: 

𝐿{𝑡2𝑒−2𝑡cos𝑡} =
2(𝑠 + 2)((𝑠 + 2)2 − 3)

((𝑠 + 2)2 + 1)3
 

 (ii) 𝐋[𝒕𝟐𝒆𝟒𝒕𝐬𝐢𝐧𝟑𝒕] 

Solution: 

First:𝐿[sin3𝑡] =
3

𝑠2+9
 

Using shifting theorem: 

𝐿[𝑒4𝑡sin3𝑡] =
3

(𝑠 − 4)2 + 9
 

Let  𝐹(𝑠) =
3

(𝑠−4)2+9
 

Use:𝐿[𝑡2𝑓(𝑡)] =
𝑑2

𝑑𝑠2 𝐹(𝑠) 

First derivative: 

𝐹′(𝑠) = −
6(𝑠 − 4)

((𝑠 − 4)2 + 9)2
 

Second derivative: 

𝐹″(𝑠) =
18((𝑠 − 4)2 − 3)

((𝑠 − 4)2 + 9)3
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Therefore, 

𝐿[𝑡2𝑒4𝑡sin3𝑡] =
18((𝑠 − 4)2 − 3)

((𝑠 − 4)2 + 9)3
 

 

9. 𝐋 [
𝐬𝐢𝐧𝟑𝒕

𝒕
] 

Solution: 

Use formula: 

𝐿 [
𝑓(𝑡)

𝑡
] = ∫ 𝐹

∞

𝑠

(𝑢) 𝑑𝑢 

Here,𝐹(𝑠) = 𝐿[sin3𝑡] =
3

𝑠2+9
 

Thus,𝐿 [
sin3𝑡

𝑡
] = ∫

3

𝑢2+9

∞

𝑠
 𝑑𝑢 

Integrate: 

= [tan−1
𝑢

3
]

𝑠

∞

 

Since  tan−1(∞) =
𝜋

2
 

we get                  =
𝜋

2
− tan−1 𝑠

3
 

Using identity: 
𝜋

2
− tan−1

𝑠

3
= tan−1

3

𝑠
 

Final Answer: 

𝐿 [
sin3𝑡

𝑡
] = tan−1

3

𝑠
 

 FINAL SUMMARY  

• Multiply by 𝑡 → differentiate w.r.t 𝑠 

• Multiply by 𝑡2 → second derivative 

• Multiply by 𝑒𝑎𝑡 → shift 𝑠 → 𝑠 − 𝑎 

• Divide by 𝑡 → integrate in 𝑠 
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Unit 5 

Inverse Laplace Transform 

5.1 BASIC   INVERSE LAPLACE TRANSFORM 

L−1 [
1

(𝑠−𝑎)𝑛] =
𝑡𝑛−1

(𝑛−1)!
𝑒𝑎𝑡 L−1 [

𝑠−𝑎

(𝑠−𝑎)2+𝑏2] = 𝑒𝑎𝑡cos𝑏𝑡 

L−1 [
𝑏

(𝑠−𝑎)2+𝑏2] = 𝑒𝑎𝑡sin𝑏𝑡 

1.  𝐋−𝟏 [
𝟏

(𝒔+𝟐)𝟐] 

Compare: 
1

(𝑠+2)2 =
1

(𝑠−(−2))
2 = 𝑡𝑒−2𝑡 

Answer: 

𝑡𝑒−2𝑡  

2.  𝐋−𝟏 [
𝟏

𝒔𝟐−𝟒𝒔+𝟏𝟑
] 

Complete square: 

𝑠2 − 4𝑠 + 13 = (𝑠 − 2)2 + 9 =
1

(𝑠−2)2+32 =
1

3
⋅

3

(𝑠−2)2+9
 =

1

3
𝑒2𝑡sin3𝑡 

Answer 

1

3
𝑒2𝑡sin3𝑡  

 

3. 𝐋−𝟏 [
𝒔

(𝒔−𝟒)𝟑] 

Rewrite: 

𝑠 = (𝑠 − 4) + 4 
𝑠

(𝑠−4)3 =
𝑠−4

(𝑠−4)3 +
4

(𝑠−4)3 =
1

(𝑠−4)2 +
4

(𝑠−4)3 

Now invert: 

L−1 [
1

(𝑠−4)2] = 𝑡𝑒4𝑡 L−1 [
1

(𝑠−4)3] =
𝑡2

2
𝑒4𝑡 = 𝑡𝑒4𝑡 + 4 ⋅

𝑡2

2
𝑒4𝑡 

= 𝑒4𝑡(𝑡 + 2𝑡2) 

Answer:   𝑒4𝑡(𝑡 + 2𝑡2)  
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 4. 𝐋−𝟏 [
𝟏

𝒔𝟐+𝒂𝟐] 

1

𝑎
sin𝑎𝑡  (using direct formula) 

 5. 𝐋−𝟏 [
𝟏

𝒔(𝒔𝟐−𝒂𝟐)
] 

Factor:𝑠(𝑠 − 𝑎)(𝑠 + 𝑎) 

Use partial fractions: 
1

𝑠(𝑠2 − 𝑎2)
=

𝐴

𝑠
+

𝐵

𝑠 − 𝑎
+

𝐶

𝑠 + 𝑎
 

Solving: 

𝐴 = −
1

𝑎2
,  𝐵 =

1

2𝑎2
,  𝐶 =

1

2𝑎2
 

So: 

= −
1

𝑎2

1

𝑠
+

1

2𝑎2

1

𝑠 − 𝑎
+

1

2𝑎2

1

𝑠 + 𝑎
 

Taking inverse: 

= −
1

𝑎2 +
1

2𝑎2 𝑒𝑎𝑡 +
1

2𝑎2 𝑒−𝑎𝑡 =
1

𝑎2
(cosh𝑎𝑡 − 1) 

Answer:   
1

𝑎2
(cosh𝑎𝑡 − 1)  

 

6. 𝐋−𝟏 [
𝟏

𝒔(𝒔+𝟐)(𝒔−𝟏)
] 

Partial fractions: 

=
𝐴

𝑠
+

𝐵

𝑠 + 2
+

𝐶

𝑠 − 1
 

Solve: 

𝐴 = −
1

2
,  𝐵 =

1

6
,  𝐶 =

1

3
 

So: 

= −
1

2

1

𝑠
+

1

6

1

𝑠 + 2
+

1

3

1

𝑠 − 1
 

Inverse: 
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= −
1

2
+

1

6
𝑒−2𝑡 +

1

3
𝑒𝑡 

Answer:   −
1

2
+

1

6
𝑒−2𝑡 +

1

3
𝑒𝑡  

 

7. 𝐋−𝟏 [
𝟐𝒔−𝟑

(𝒔−𝟏)(𝒔−𝟐)𝟐] 

Partial fractions: 

=
𝐴

𝑠 − 1
+

𝐵

𝑠 − 2
+

𝐶

(𝑠 − 2)2
 

Solve: 

𝐴 = 1,  𝐵 = −1,  𝐶 = 1 

So: 

=
1

𝑠 − 1
−

1

𝑠 − 2
+

1

(𝑠 − 2)2
 

Inverse: . 𝐋−𝟏[
1

𝑠−1
−

1

𝑠−2
+

1

(𝑠−2)2] 

        = 𝑒𝑡 − 𝑒2𝑡 + 𝑡𝑒2𝑡 

Answer:   𝑒𝑡 − 𝑒2𝑡 + 𝑡𝑒2𝑡  

 

8. 𝐋−𝟏 [
𝟒𝒔+𝟓

(𝒔+𝟏)(𝒔𝟐+𝟒)
] 

Partial fractions: 
4𝑠 + 5

(𝑠 + 1)(𝑠2 + 4)
=

𝐴

𝑠 + 1
+

𝐵𝑠 + 𝐶

𝑠2 + 4
 

Solve: 

𝐴 = 1,  𝐵 = 3,  𝐶 = 2 

So: 

=
1

𝑠 + 1
+

3𝑠 + 2

𝑠2 + 4
 

Split: 

=
1

𝑠 + 1
+

3𝑠

𝑠2 + 4
+

2

𝑠2 + 4
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Inverse: 

= 𝑒−𝑡 + 3cos2𝑡 + sin2𝑡 

Answer:   𝑒−𝑡 + 3cos2𝑡 + sin2𝑡  

 

5.2. Solving the differential Equation using Laplace 

𝑑2𝑦

𝑑𝑡2
− 3

𝑑𝑦

𝑑𝑡
+ 2𝑦 = 2 

Given: 𝑦(0) = 0,  𝑦′(0) = 5 

Solution: 

Step 1: Take Laplace 

𝑠2𝑦 − 5 − 3(𝑠𝑦 − 0) + 2𝑦 =
2

𝑠
 (𝑠2 − 3𝑠 + 2)𝑦 − 5 =

2

𝑠
 

(𝑠 − 1)(𝑠 − 2)𝑦 =
2

𝑠
+ 5 

 

Step 2: Solve for 𝒚 

𝑦 =
2

𝑠(𝑠 − 1)(𝑠 − 2)
+

5

(𝑠 − 1)(𝑠 − 2)
 

Step 3: Inverse Laplace 

After partial fractions: 

𝑦(𝑡) = 2 − 3𝑒𝑡 + 𝑒2𝑡 

 ANSWER  

𝑦(𝑡) = 2 − 3𝑒𝑡 + 𝑒2𝑡  
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