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PREFACE 

Statistics plays a vital role in understanding, analyzing, and 

interpreting data arising in industries, business, science, 

engineering, and social sciences. The subject Industrial 

Statistics provides students with the fundamental concepts of 

combinatorial methods, probability theory, conditional 

probability, probability distributions, and mathematical 

expectations, which form the backbone of modern statistical 

analysis and decision-making. 

These notes have been prepared for the students of the 

Department of Mathematics, in accordance with the syllabus 

prescribed for Mathematics in Industrial Statistics. The content 

is presented in a simple, systematic, and student-friendly 

manner to help learners clearly understand both theoretical 

concepts and problem-solving techniques. The notes are 

mainly based on the prescribed textbook: John E. Freund, 

Mathematical Statistics, Prentice Hall of India, New Delhi. 

Every effort has been made to present the material accurately 

and clearly for effective classroom learning, self-study, and 

examination preparation. It is hoped that these notes will serve 

as a useful guide for students in developing analytical thinking 

and statistical reasoning skills. 

 

 

 



v 

 

Table of Contents 

 

Topic                Pg. No. 

SYLLABUS…………………………………………………. 1  

UNIT: I ………………………………………………...……. 2  

UNIT: II ……………………………………………………. 18 

UNIT: III …………………………………………………… 34 

UNIT: IV……………………………………………………. 49 

UNIT: V ……………………………………………..…….... 71 

MCQ’s …………………………………………………...…. 95  



1 | P a g e  
 

MATHEMATICS IN INDUSTRIAL STATISTICS 

UNIT-I: Introduction- Combinatorial Methods- Binomial coefficients.  

(Chapter1: Section-1.1, 1.2, 1.3.)  

UNIT-II: Probability - Introduction-Sample spaces- Events –The 

Probability of event- Some Rules of Probability.  

(Chapter2: Section-2.1, 2.2, 2.3, 2.4, 2.5.)  

UNIT-III: Conditional Probability- Independent Events- Baye’s 

Theorem(Only problems).  

(Chapter2: Section-2.6, 2.7, 2.8.)  

UNIT-IV: Probability Distributions and Probability Densities – 

Introduction - Probability Distributions-Continuous Random variables - 

Probability Density functions-Multivariate Distributions.  

(Chapter3: Section-3.1, 3.2, 3.3, 3.4, 3.5.)  

UNIT-V: Marginal Distributions - Conditional Distributions - 

Mathematical Expectations- Introduction- The Expected value of a 

Random variable- Moments.  

(Chapter3: Section-3.6, 3.7 and Chapter4: Section- 4.1, 4.2, 4.3.) 

Recommended Text : 

Fruend John E, Mathematical Statistics, Prentice Hall of India, New Delhi. 

  



2 | P a g e  
 

UNIT-I 

Introduction to Combinatorial Methods 

Combinatorics is a branch of mathematics concerned with counting, 

arranging, and selecting objects according to specified rules. It plays a 

vital role in algebra, probability, number theory, graph theory, and 

computer science. 

In discrete mathematics and number theory (which you are currently 

focusing on), combinatorial methods are used to: 

• Count the number of possible outcomes. 

• Prove identities. 

• Solve recurrence relations. 

• Analyze algorithms. 

• Study integer partitions and generating functions. 

Definition of Combinatorial Method 

A combinatorial method is a mathematical technique used to count, 

arrange, and analyze discrete structures without necessarily listing all 

possibilities explicitly. 

It involves the systematic use of: 

• Counting principles 

• Permutations 

• Combinations 

• Binomial coefficients 

• Generating functions 

• Recurrence relations 

to determine the number of ways certain arrangements or selections 

can be made under given conditions. 
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Formal Definition 

A combinatorial method is a branch of discrete mathematics concerned 

with solving problems related to the enumeration, construction, and 

optimization of finite or countable discrete objects. 

Key Idea 

Instead of writing all possibilities manually, combinatorial methods 

provide formulas and logical principles to count efficiently. 

Example 

If we want to select 3 students from 10 students, instead of listing all 

groups, we use: 

(
10

3
) =

10!

3! 7!
= 120 

Thus, combinatorial methods simplify complex counting problems. 

Where It Is Used 

• Probability theory 

• Number theory 

• Algebra 

• Graph theory 

• Computer science 

• Optimization problems 

THEOREM :1 

If an operation consists of two steps, of which the first can be done in 𝑛1 

ways and for each of these the second can be done in 𝑛2ways, then the 

whole operation ca be done in 𝑛1. 𝑛2 ways. 
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Example : 1 Suppose that someone wants to go by bus, train, or plane on 

a week’s vacation to one of the five East North Central States. Find the 

number of different ways in which this can be done. 

Solution: 

The particular state can be chosen in 𝑛₁ = 5 ways and the means of 

transportation can be chosen in 𝑛2 = 3  ways. Therefore, the trip can be 

carried out in 5.3 = 15 possible ways. If an actual listing of all the 

possibilities is desirable, a tree diagram like that in Figure 1 provides a 

systematic approach. This diagram shows that there are 𝑛₁ =  5 

branches (possibilities) for the number of states, and for each of these 

branches there are 𝑛₂ =  3 branches (possibilities) for the different 

means of transportation. It is apparent that the 15 possible ways of 

taking the vacation are repre-sented by the 15 distinct paths along the 

branches of the tree. 

 

EXAMPLE : 2 

How many possible outcomes are there when we roll a pair of dice, one 

red and one green? 
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Solution: 

The red die can land in any one of six ways, and for each of these six ways 

the green die can also land in six ways. Therefore, the pair of dice can 

land in 6 × 6 = 36 ways. 

THEOREM : 2 

If an operation consists of k steps, of which the first can be done in n₁ 

ways, for each of these the second step can be done in 12 ways, for each 

of the first two the third step can be done in n3 ways, and so forth, then 

the whole operation can be done in n₁₂nk ways. 

EXAMPLE 3 

A quality control inspector wishes to select a part for inspection from 

each of four different bins containing 4, 3, 5, and 4 parts, respectively. In 

how many different ways can she choose the four parts? 

Solution 

The total number of ways is 4 × 3 × 5 × 4 =  240. 

EXAMPLE 4 

In how many different ways can one answer all the questions of a true 

false test consisting of 20 questions? 

Solution 

Altogether there are 2.2.2.2…… .2.2 = 220 = 1048576 different ways in 

which one can answer all the questions; only one of these corresponds 

to the case where all the questions are correct and only one corresponds 

to the case where all the answers are wrong. 
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DEFINITION : 

PERMUTATIONS: A permutation is a distinct arrangement of n different 

elements of a set. 

THEOREM 3. The number of permutations of n distinct objects is 𝑛!. 

EXAMPLE 5 

How many permutations are there of the letters a, b, and c? 

Solution 

The possible arrangements are abc, acb, bac, bca, cab, and cha, so the 

number of distinct permutations is six. Using Theorem 2, we could have 

arrived at this answer without actually listing the different 

permutations. Since there are three choices to select a letter for the first 

position, then two for the second positiononly one letter for the third 

position, the total number of permutations is 3 * 2 * 1 = 6 

EXAMPLE : 6 

In how many different ways can the five starting players of a basketball 

team be introduced to the public? 

Solution 

There are 5! = 5 * 4 * 3 * 2 * 1 = 120 ways in which they can be 

introduced. 

EXAMPLE 7 

The number of permutations of the four letters a, b, c, and d is 24, but 

what is the number of permutations if we take only two of the four 

letters or, as it is usually put, if we take the four letters two at a time? 
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Solution 

We have two positions to fill, with four choices for the first and then 

three choices for the second. Therefore, by Theorem 1, the number of 

permutations is 4.3 = 12. 

THEOREM 4.  

The number of permutations of a distinct objects taken r at a time is  

𝑛𝑝𝑟 =
𝑛!

(𝑛 − 𝑟)!
 

For 𝑟 = 0,1,2…… . 𝑛 

Proof: 

The formula 𝑛𝑝𝑟 = 𝑛(𝑛 − 1)… . . (𝑛 − 𝑟 − 1) cannot be used for 𝑟 = 0, 

but we do have 

𝑛𝑝0 =
𝑛!

(𝑛−0)!
= 1. 

For 𝑟 = 0,1,2…… . . , 𝑛 we have  

𝑛𝑝𝑟 = 𝑛(𝑛 − 1)(𝑛 − 2)…… . . (𝑛 − 𝑟 − 1). 

                                                  =
𝑛(𝑛−1)(𝑛−2)……..(𝑛−𝑟−1)(𝑛−𝑟)!

(𝑛−𝑟)!
 

                                                  =
𝑛!

(𝑛−𝑟)!
. 

EXAMPLE 8 

Four names are drawn from among the 24 members of a club for the 

offices of president, vice president, treasurer, and secretary. In how 

many different ways can this be done? 

Solution 

The number of permutations of 24 distinct objects taken four at a time 

is  
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24𝑃4 =
24!

20!
= 24.23.22.21 = 2,55,024 

EXAMPLE 9 

In how many ways can a local chapter of the American Chemical Society 

schedule three speakers for three different meetings if they are all 

available on any of five possible dates? 

Solution 

Since we must choose three of the five dates and the order in which they 

are chosen (assigned to the three speakers) matters, we get 

5𝑃3 =
5!

2!
=
120

2
= 60. 

We might also argue that the first speaker can be scheduled in five ways, 

the second speaker in four ways, and the third speaker in three ways, so 

that the answer is 5 ∗ 4 ∗ 3 = 60. 

EXAMPLE I0 

How many circular permutations are there of four persons playing 

bridge? 

 

Solution 

If we arbitrarily consider the position of one of the four players as fixed, 

we can seat (arrange) the other 3 players in 3! = 6 different ways. In 

other words, there are six different circular permutations. 

THEOREM 5.  

The number of permutations of n distinct objects arranged in a circle is 

(𝑛 − 1)!. 
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EXAMPLE 11 

How many different permutations are there of the letters in the word 

"book"? 

Solution 

If we distinguish for the moment between the two o's by labelling them 

𝑂1 𝑎𝑛𝑑 𝑂2, there are 4! . (4! = 24) different permutations 𝑏, 𝑂1, 𝑂2 and 

𝑘. However if we drop the subscripts then symbols and k. However, if we 

drop the subscripts, then 𝑏𝑂1𝐾𝑂2 and 𝑏𝑂2𝐾𝑂1 for instance, both yield 

𝑏𝑜𝑘𝑜, and since each pair of permutations subscripts yields but one 

arrangement without subscripts, the total number of arrangements of 

the letters in the word "book" is 
24

2
= 12. 

EXAMPLE 12 

In how many different ways can three copies of one novel and one copy 

each of four other novels be arranged on a shelf? 

Solution 

If we denote the three copies of the first novel by 𝑎1, 𝑎2 and 𝑎3 and the 

other four novels by b, c, d, and e, we find that with subscripts, there are 

7! different permutations of 𝑎1, 𝑎2, 𝑎3, 𝑎, 𝑏, 𝑐, 𝑑 𝑎𝑛𝑑 𝑒. However, since 

there are 3! permutations of 𝑎1, 𝑎2 and 𝑎3 that lead to the same 

permutation of a, a, a, b, c, d, and e. we find that there are only 
7!

3!
=

7.6.5.4 = 840 ways in which the seven books can be arranged on a shelf. 

THEOREM 6. The number of permutations of 𝑛 objects of which 𝑛1 are 

of one kind, 𝑛2  are of a second kind ,……𝑛𝑘 are of a 𝑘
𝑡ℎ kind, and 

𝑛1 + 𝑛2 + ……….+𝑛𝑘 = 𝑛 𝑖𝑠 
𝑛!

𝑛1!𝑛2! ……….𝑛𝑘!
. 

 



10 | P a g e  
 

EXAMPLE:13 

In how many ways can two paintings by Monet, three paintings by 

Renoir, and two paintings by Degas be hung side by side on a museum 

wall if we do not distinguish between the paintings by the same artists? 

Solution 

Substituting 𝑛 = 7, 𝑛1 = 2, 𝑛2 = 3 𝑎𝑛𝑑 𝑛3 = 2 into the formula of 

Theorem 6, we get 

7!

2! 3! 2!
= 210 

DEFINITION 2. COMBINATIONS A combination is a selection of 𝑟 objects 

taken from n distinct objects without regard to the order of selection. 

EXAMPLE 14 

In how many different ways can a person gathering data for a market 

research organization select three of the 20 households living in a 

certain apartment complex? 

Solution 

If we care about the order in which the households are selected, the 

answer is 

20𝑃3 = 20.19.18 = 6840 

but each set of three households would then be counted 3! = 6 times. If 

we do not care about the order in which the households are selected, 

there are only  
6840

6
= 1140 ways in which the person gathering the data 

can do his or her job.  

THEOREM 7. The number of combinations of n distinct objects taken r 

at a time is  
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𝑛𝐶𝑟 =
𝑛!

𝑟!(𝑛−𝑟)!
 For 𝑟 = 0,1,2,……… , 𝑛. 

EXAMPLE 15 

In how many different ways can six tosses of a coin yield two heads and 

four tails? 

Solution 

This question is the same as asking for the number of ways in which we 

can select the two tosses on which heads is to occur. Therefore, applying 

Theorem 7, we find that the answer is 

6𝐶2 =
6!

2! 4!
= 15 

This result could also have been obtained by the rather tedious process 

of enumerating the various possibilities, HHTTTT, TTHTHT, HTHTT 

where H stands for head and T for tail. 

EXAMPLE 16 

How many different committees of two chemists and one physicist can 

be formed from the four chemists and three physicists on the faculty of 

a small college? 

Solution 

Since two of four chemists can be selected in 4𝐶2 =
4!

2!2!
= 6 ways and one 

of the three physicists can be selected 3𝐶1 =
3!

1!2!
= 3 ways Theorem 1 

shows that the number of committiees is 6 × 3 = 18. 

 

EXAMPLE 17 

In how many ways can a set of four objects be partitioned into three 

subsets containing, respectively, two, one, and one of the objects? 
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Solution: 

Denoting the four objects by a, b, c, and d, we find by enumeration that 

there are the following 12 possibilities: 

𝑎𝑏|𝑐|𝑑              𝑎𝑏|𝑑|𝑐              𝑎𝑐|𝑏|𝑑                  𝑎𝑐|𝑑|𝑏 

𝑎𝑑|𝑏|𝑐              𝑎𝑑|𝑐|𝑑              𝑏𝑐|𝑎|𝑑                  𝑏𝑐|𝑑|𝑎 

𝑏𝑑|𝑎|𝑐              𝑏𝑑|𝑐|𝑎              𝑐𝑑|𝑎|𝑏                  𝑐𝑑|𝑏|𝑎 

The number of partitions for this example is denoted by the symbol 

( 4
2,1,1

) = 12 

where the number at the top represents the total number of objects and 

the numbers at the bottom represent the number of objects going into 

each subset. 

THEOREM 8. The number of ways in which a set of n distinct objects can 

be partitioned into k subsets with 𝑛1objects in the first subset, 𝑛2 objects 

in the second subset, and 𝑛𝑘 objects in the kth subset is  (
𝑛

𝑛1,𝑛2……𝑛𝑘
) =

𝑛!

𝑛1!𝑛2!…..𝑛𝑘!
 

Proof:  

Since then 𝑛1 objects going into the first subset can be chosen in 

( 𝑛
𝑛1
)ways, the 𝑛2 objects going into the second subset can then be chosen 

in (𝑛−𝑛1
𝑛2
) ways, the 𝑛3 objects going into the third subset can then be 

chosen in (𝑛−𝑛1−𝑛2
𝑛3

) ways, and so forth, it follows by Theorem 2 that the 

total number of partitions is  

 ( 𝑛
𝑛1.𝑛2…..𝑛𝑘

) = ( 𝑛
𝑛1
) (𝑛−𝑛1

𝑛2
)……… . . (𝑛−𝑛1−𝑛2−⋯−𝑛𝑘−1

𝑛𝑘
) 

                    =
𝑛!

𝑛1.𝑛2…𝑛𝑘
.

(𝑛−𝑛1)!

𝑛2!(𝑛−𝑛1−𝑛2)!
…
(𝑛−𝑛1−𝑛2−⋯−𝑛𝑘−1)!

𝑛𝑘!0!
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                    =
𝑛!

𝑛1!.𝑛2!…𝑛𝑘!
. 

EXAMPLE 18 

In how many ways can seven businessmen attending a convention be 

assigned to one triple and two double hotel rooms? 

 

Solution: 

 Substituting 𝑛 = 7, 𝑛1 = 3, 𝑛2 = 2, 𝑎𝑛𝑑  𝑛3 = 2, into the formula of 

Theorem 8, we get  

(
7

3, 2, 2
) =

7!

3! 2! 2!
= 210 

DEFINITION 3. BINOMIAL COEFFICIENTS. The coefficient of 𝑥𝑛−𝑟𝑦𝑟 in 

the binomial expression of (𝑥 + 𝑦)𝑛 is called the binomial coefficient (𝑛
𝑟
). 

THEOREM: 9 

(𝑥 + 𝑦)𝑛 = ∑ (𝑛
𝑟
)𝑥𝑛−𝑟𝑦𝑟𝑛

𝑟=0  for any positive integer 𝑛. 

THEOREM 10 

For any positive integers 𝑛 and 𝑟 = 0,1,2…… . 𝑛. 

 (𝑛
𝑟
)  = ( 𝑛

𝑛−𝑟
)  

Proof : 

We might argue that when we select a subset of 𝑟 objects from a set of a 

𝑛 distinct objects, we leave a subset of 𝑛 − 𝑟 objects; hence, there are as 

many ways of selecting 𝑟 objects as there are ways of leaving (or 

selecting) 𝑛 − 𝑟 objects. To prove the Theorem algebrically, we write 

 ( 𝑛
𝑛−𝑟

) =
𝑛!

(𝑛−𝑟)![𝑛−(𝑛−𝑟)]!
 

           =
𝑛!

(𝑛−𝑟)!𝑟!
 



14 | P a g e  
 

           =
𝑛!

𝑟!(𝑛−𝑟)!
 

           = (𝑛
𝑟
) 

EXAMPLE 19 

Given (4
0
) = 1, (4

1
) = 4 𝑎𝑛𝑑 (4

2
) = 6, Find (4

3
) 𝑎𝑛𝑑 (4

4
) 

Solution: 

 (4
3
) = ( 4

4−3
) = (4

1
) = 4 & 

 (4
4
) = ( 4

4−4
) = (4

0
) = 1. 

EXAMPLE : 20 

Given(5
0
) = 1, (5

1
) = 5 𝑎𝑛𝑑 (5

2
) = 10, Find (5

3
)  (5

4
)𝑎𝑛𝑑 (5

5
) 

Solution: 

 (5
3
) = ( 5

5−3
) = (5

2
) = 10 & 

 (5
4
) = ( 5

5−4
) = (5

1
) = 5. & 

 (5
5
) = ( 5

5−5
) = (5

0
) = 1.  

EXAMPLE : 21 

Since  (20
12
) is not given in the table, we make use of the fact that  (20

12
) =

 (20
8
), and get  (20

12
) = 125970. Similarly, to find  (17

10
) we make use of the 

fact that  (17
10
) =  (17

7
), look up  (17

7
) and get  (17

10
) = 19448. 

Theorem:11 

For any positive integer 𝑛 and 𝑟, 𝑟 = 1,2,… , 𝑛 − 1, (𝑛
𝑟
)  =  (𝑛−1

𝑟
) + (𝑛−1

𝑟−1
). 

Proof: 

By Binomial Expansion 

(𝑥 + 𝑦)𝑛 =∑(
𝑛

𝑟
)𝑥𝑛−𝑟𝑦𝑟

𝑛

𝑟−0
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Now substitute 𝑥 = 1: 

(1 + 𝑦)𝑛 =∑(
𝑛

𝑟
)𝑦𝑟

𝑛

𝑟−0

 

So, 

The Coefficient of 𝑦𝑟 in (1 + 𝑦)𝑛 

(
𝑛

𝑟
) 

Rewrite (1 + 𝑦)𝑛 

(1 + 𝑦)𝑛 = (1 + 𝑦)(1 + 𝑦)𝑛 

Now Expand: 

(1 + 𝑦)𝑛 = (1 + 𝑦)𝑛−1 + 𝑦(1 + 𝑦)𝑛−1 

Compare coefficients of 𝑦𝑟, we compare the coefficient of 𝑦𝑟 on both 

sides. 

Left Side: Coefficient of 𝑦𝑟 in (1 + 𝑦)𝑛 is 

(
𝑛

𝑟
) 

Right side:  

(1 + 𝑦)𝑛−1 + 𝑦(1 + 𝑦)𝑛−1 

Now,  

1. Coefficient of 𝑦𝑟 in (1 + 𝑦)𝑛−1is:  

(
𝑛 − 1

𝑟
) 

2. In 𝑦(1 + 𝑦)𝑛−1, multiplying by 𝑦increases the power by 1. So to 

get 𝑦𝑟, we look at coefficient of 𝑦𝑟−1in (1+𝑦)𝑛−1: 

(
𝑛 − 1

𝑟 − 1
) 

Therefore, total coefficient of 𝑦𝑟on right side is: 
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(
𝑛 − 1

𝑟
) + (

𝑛 − 1

𝑟 − 1
) 

Equate Coefficients 

Since both expressions represent (1+𝑦)𝑛, their coefficients of 𝑦𝑟must 

be equal. 

(𝑛
𝑟
)=(𝑛−1

𝑟
) + (𝑛−1

𝑟−1
) 

Hence proved. 

Theorem: 12 

∑ (
𝑚

𝑟
) (

𝑛

𝑘 − 𝑟
) =  (

𝑚 + 𝑛

𝑘
)

𝑘

𝑟=0

 

Proof: 

Using the same technique as in the proof of Theorem 11, let us prove this 

theorem by equating the coefficients of 𝑦𝑘 in the expressions on both 

sides of the equation. 

 (1 + 𝑦)𝑚+𝑛 = (1 + 𝑦)𝑚(1 + 𝑦)𝑛 

The coefficient of 𝑦𝑘 in  (1 + 𝑦)𝑚+𝑛 is (𝑚+𝑛
𝑘
) and the coefficient of 𝑦𝑘 in 

(1 + 𝑦)𝑚(1 + 𝑦)𝑛

= [(
𝑚

0
) + (

𝑚

1
)𝑦 +⋯+ (

𝑚

𝑚
)𝑦𝑚]

× [(
𝑛

0
) + (

𝑛

1
)𝑦 +⋯+ (

𝑛

𝑛
)𝑦𝑛] 

 is the sum of the products that we obtain by multiplying  the constant 

term of the first factor by the coefficient of 𝑦𝑘 in the second factor, the 

coefficient 𝑦𝑘−1 in the second factor,….., and the coefficient of 𝑦𝑘  in the 

first factor by the constant term of the second factor. Thus the coefficient 

of 𝑦𝑘 in (1 + 𝑦)𝑚(1 + 𝑦)𝑛 is  
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(
𝑚

0
) (
𝑛

𝑘
) + (

𝑚

1
) (

𝑛

𝑘 − 1
) + (

𝑚

2
) (

𝑛

𝑘 − 2
) +⋯+ (

𝑚

𝑘
) (
𝑛

0
)

=∑ (
𝑚

𝑟
) (

𝑛

𝑘 − 𝑟
)

𝑘

𝑟=0

 

And it completes the proof. 

EXAMPLE 22 

Verify Theorem 12 numerically for 𝑚 = 2, 𝑛 = 3 & 𝑘 = 4 

Solution: 

Substituting these values, we get  

(2
0
) (3

4
) + (2

1
) (3

3
) + (2

2
) (3

2
) + (2

3
) (3

1
) + (2

4
) (3

0
) = (5

4
) and since (3

4
),

(2
3
) 𝑎𝑛𝑑  (2

4
) equal 0 according to the definition on the previous page, the 

equation reduces to (2
1
) (3

3
) + (2

2
) (3

2
) = (5

4
) which checks, since 2 × 1 +

1 × 3 = 5.   

Note : 

Using Theorem 8, we can extend our discussion to multinomial 

coefficients, that is, to the coefficients that arise in the expansion of 

(𝑥1 + 𝑥2 +⋯+ 𝑥𝑘)
𝑛The multi-nomial coefficient of the term 

𝑥1
𝑟1 . 𝑥2

𝑟2 … . . 𝑥𝑘
𝑟𝑘  is ( 𝑛

𝑟1,𝑟2,𝑟3,…𝑟𝑘
) =

𝑛!

𝑟1!,𝑟2!,𝑟3!,…𝑟𝑘!
. 

EXAMPLE 23 

What is the coefficient of xxx in the expansion of 𝑥1
3 𝑥2 𝑥3

2 in the 

expansion of (𝑥1 + 𝑥2 + 𝑥3)
6? 

Solution 

Substituting 𝑛 = 6, 𝑟1 = 3, 𝑟2 = 1 and 𝑟3 = 2 into the preceding formula, 

we get 
6!

3!×1!×2!
= 60 
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UNIT-II 

         Basic Definitions in Probability 

1. Random Experiment 

An experiment whose outcome cannot be predicted with certainty in 

advance. 

Examples: 

• Tossing a coin 

• Rolling a die 

• Drawing a card from a deck 

2. Trial 

A single performance of a random experiment. 

Example: 

One toss of a coin = one trial. 

3. Outcome (Sample Point) 

A possible result of a random experiment. 

Example: 

Tossing a coin → Outcomes: Head (H), Tail (T) 

4. Sample Space (S) 

The set of all possible outcomes of a random experiment. 

Examples: 

• Tossing a coin 

S = {H, T} 

• Rolling a die 

S = {1,2,3,4,5,6} 

5. Event 

Any subset of the sample space. 
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• Simple (Elementary) Event – contains only one outcome. 

• Compound Event – contains more than one outcome. 

Example (Die): 

Event A = Getting an even number 

A = {2,4,6} 

6. Favourable Outcomes 

Outcomes that satisfy the given event. 

Example: 

Event = Getting an even number on a die 

Favourable outcomes = {2, 4, 6} 

7. Equally Likely Events 

Events having the same chance of occurring. 

Example: 

For a fair die, each number (1–6) is equally likely. 

8. Probability of an Event 

If an experiment has n equally likely outcomes and an event A has m 

favourable outcomes, then 

𝑷(𝑨) =
𝑵𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒇𝒂𝒗𝒐𝒖𝒓𝒂𝒃𝒍𝒆 𝒐𝒖𝒕𝒄𝒐𝒎𝒆𝒔

𝑻𝒐𝒕𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒐𝒖𝒕𝒄𝒐𝒎𝒆𝒔
 

𝑷(𝑨) =
𝒎

𝒏
 

9. Impossible Event 

An event that cannot occur. 

  P(Impossible Event) = 0 

Example: 

Getting 7 on a standard die. 
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10. Sure (Certain) Event 

An event that is sure to happen. 

     P(Sure Event) = 1 

Example: 

Getting a number less than 7 on a die. 

11. Complement of an Event 

If ( A ) is an event, then its complement ( A' ) consists of outcomes not in 

( A ). 

     P(A') = 1 - P(A) 

12. Mutually Exclusive Events 

Two events that cannot occur at the same time. 

𝑷(𝑨 ∩ 𝑩) = 𝟎 

 

Example: 

Getting Head and Tail in a single coin toss. 

13. Independent Events 

Two events are independent if the occurrence of one does not affect the 

other. 

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴)𝑃(𝐵) 

Example: 

Tossing two coins. 

14. Conditional Probability 

Probability of event ( A ) given that event ( B ) has occurred. 

𝑷(𝑨|𝑩) =
𝑷(𝑨 ∩ 𝑩)

𝑷(𝑩)
, 𝑷(𝑩) ≠ 𝟎 
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EXAMPLE 1 

What is the probability of drawing an ace from an ordinary deck of 52 

playing cards? 

Solution: 

Since there are n = 4 aces among the N = 52 cards, the probability of 

drawing an ace is 
4

52
=

1

13
. (It is assumed, of course, that each card has 

the same chance of being drawn.) 

Frequency Interpretation: 

According to which the probability of an event (outcome or happening) 

is the proportion of the time that events of the same kind will occur in 

the long run. 

DEFINITION 1. SAMPLE SPACE. The set of all possible outcomes of an 

experiment is called the sample space and it is usually denoted by the 

letter S. Each outcome in a sample space is called an element of the 

sample space, or simply a sample point. 

EXAMPLE 2 

Describe a sample space that might be appropriate for an experiment in 

which we roll a pair of dice, one red and one green. (The different colors 

are used to emphasize that the dice are distinct from one another.) 

Solution 

The sample space that provides the most information consists of the 36 

points given by 

𝑆1 = {(𝑥, 𝑦)|𝑥 = 1,2, … ,6; 𝑦 = 1,2, …6} 

where 𝑥 represents the number turned up by the red die and 𝑦 

represents the number turned up by the green die. A second sample 
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space, adequate for most purposes (though less desirable in general as 

it provides less information), is given by  

𝑆2 = {2,3,4,… ,12} 

where the elements are the totals of the numbers turned up by the two 

dice. 

EXAMPLE 3 

With reference to the first sample space 𝑆1 on the previous page, 

describe the event A that the number of points rolled with the die is 

divisible by 3. 

Solution 

Among 1, 2, 3, 4, 5, and 6, only 3 and 6 are divisible by 3. Therefore, A is 

represented by the subset {3, 6} of the sample space 𝑆1 

EXAMPLE 4 

With reference to the sample space 𝑆1 of Example 2, describe the event 

B that the total number of points rolled with the pair of dice is 7. 

Solution 

Among the 36 possibilities, only (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), and (6, 

1) yield a total of 7. So, we write, B = ((1,6), (2,5), (3,4), (4,3), (5,2), (6, 

1)) 

Note that in Figure 1 the event of rolling a total of 7 with the two dice is 

represented by the set of points inside the region bounded by the dotted 

line. 
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Figure 1. Rolling a total of 7 with a pair of dice. 

DEFINITION 3 EVENT. An event is a subset of a sample space 

EXAMPLE 5 

If someone takes three shots at a target and we care only whether each 

shot is a hit de a miss, describe a suitable sample space, the elements of 

the sample space that constitute event M that the person will miss the 

target three times in a row, and the elements of event N that the person 

will hit the target once and miss it twice. 

Solution 

If we let 0 and 1 represent a miss and a hit, respectively, the eight 

possibilities (0,0,0), (1,0,0), (0,1,0), (0, 0, 1), (1, 1, 0), (1, 0, 1), (0, 1, 1), 

and (1, 1, 1) may be displayed as in Figure 2. Thus, it can be seen that 

M = {(0,0,0)} 

N = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} 
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Figure 2. Sample space for Example 5 

EXAMPLE 6 

Construct a sample space for the length of the useful life of a certain 

electronic component and indicate the subset that represents the event 

F that the component fails before the end of the sixth year. 

Solution 

If 𝑡 is the length of the component's useful life in years, the sample space 

may be written  

𝑆 = {𝑡|𝑡 ≥ 0}and the subset 𝐹 = {𝑡|0 ≤ 𝑡 ≤ 6} is the event that the 

component fails before the end of the sixth year. 

DEFINITION 3. MUTUALLY EXCLUSIVE EVENTS. Two events having no 

elements in common are said to be mutually exclusive events. When A 

and B are mutually exclusive, we write  

𝐴 ∩ 𝐵 ≠ 𝜙, where 𝜙denotes the empty set, which has no elements at all. 

The diagram on the right serves to indicate that A is contained in B, and 

symbolically we express this by writing 𝐴∁𝐵. 
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The Probability of an Event: 

POSTULATE 1 The probability of an event is a nonnegative real number; 

that is, P(A) ≥ 0 for  

      any subset A of S. 

POSTULATE 2 P(S) = 1. 

POSTULATE 3 If 𝐴1,𝐴2,𝐴3,…. is a finite or infinite sequence of mutually 

exclusive events of  

     S, then 𝑃(𝐴1 ∪ 𝐴2 ∪ 𝐴3…)=𝑃(𝐴1) + 𝑃(𝐴2) +

𝑃(𝐴3) + ⋯ 

EXAMPLE 7 

An experiment has four possible outcomes, A, B, C, and D, that are 

mutually exclusive. Explain why the following assignments of 

probabilities are not permissible: 

a. 𝑃(𝐴) = 0.12, 𝑃(𝐵) = 0.63, 𝑃(𝐶) = 0.45, 𝑃(𝐷) =

−0.20: 

b. 𝑃(𝐴) =
9

120
, 𝑃(𝐵) =

45

120
, 𝑃(𝐶) =

27

120
, 𝑃(𝐷) =

46

120
. 

Solution: 

a. 𝑃(𝐷) = −0.20 violates postulate 1. 

b. 𝑃(𝑆) = 𝑃(𝐴 ∪ 𝐵 ∪ 𝐶 ∪ 𝐷) 

         =
9

120
+

45

120
+

27

120
+

46

120
 

         =
127

120
≠ 1, and this violates postulate 2. 
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THEOREM 1. If A is an event in a discrete sample space S, then P(A) 

equals the sum of the probabilities of the individual outcomes 

comprising A. 

Proof  

Let 𝑂1, 𝑂2, 𝑂3, …be the finite or infinite sequence of outcomes that 

comprise the event A. Thus, 

𝐴 = 𝑂1 ∪ 𝑂2 ∪ 𝑂3… 

and since the individual outcomes, the O's, are mutually exclusive, the 

third postulate of probability yields,  

𝑃(𝐴) = 𝑃(𝑂1) + 𝑃(𝑂2) + 𝑃(𝑂3) + ⋯ 

This completes the proof. 

 

EXAMPLE 8 

If we twice flip a balanced coin, what is the probability of getting at least 

one head? 

Solution 

The sample space is S = {HH, HT, TH, TT}, where H and T denote head 

and tail. Since we assume that the coin is balanced, these outcomes are 

equally likely and we assign to each sample point the probability ¼ . 

Letting A denote the event that we will get at least one head, we get A = 

{HH, HT, TH} and 

𝑃(𝐴) = 𝑃(𝐻𝐻) + 𝑃(𝐻𝑇) + 𝑃(𝑇𝐻) 

=
1

4
+
1

4
+
1

4
 

=
3

4
. 
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EXAMPLE 9 

A die is loaded in such a way that each odd number is twice as likely to 

occur as each even number. Find P(G), where G is the event that a 

number greater than 3 occurs on a single roll of the die. 

Solution 

The sample space is S = {1,2,3,4,5,6}. Hence, if we assign probability w 

to each even number and probability 2𝑤 to each odd number, we find 

that 2𝑤 + 𝑤 + 2𝑤 +  𝑤 + 2𝑤 + 𝑤 = 9𝑤 = 1 in accordance with 

Postulate 2. It follows that 𝑤 =
1

9
 𝑎𝑛𝑑 𝑃(𝐺) =

1

9
+
2

9
+
1

9
=

4

9
. 

EXAMPLE 10 

If for a given experiment,𝑂1, 𝑂2, 𝑂3, … is an infinite sequence of 

outcomes, verify that 𝑃(𝑂𝑖) = (
1

2
)
𝑖
 for 𝑖 = 1,2,3,… is, indeed, a 

probability measure. 

Solution 

Since the probabilities are all positive, it remains to be shown that P(S) 

= 1.  

Getting 𝑃(𝑆) =
1

2
+
1

4
+
1

8
+

1

16
+⋯ and making use of the formula for the 

sum of the terms of an infinite geometric progression, we find that  

𝑃(𝑆) =
1

2

1−
1

2

= 1. 

THEOREM 2. If an experiment can result in any one of N different equally 

likely outcomes, and if 𝑛 of these outcomes together constitute event A, 

then the probability of event A is n 𝑃(𝐴) =
𝑛

𝑁
. 
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Proof 

Let 𝑂1, 𝑂2, 𝑂3, … . 𝑂𝑁 represent the individual outcomes in S, each with 

probability 
1

𝑁
. If A is the union of n of these mutually exclusive outcomes, 

and it does not matter which ones, then 

𝑃(𝐴) = 𝑃(𝑂1 ∪ 𝑂2 ∪… .∪ 𝑂𝑛) 

                             = 𝑃(𝑂1) + 𝑃(𝑂2) + ⋯+ 𝑃(𝑂𝑛). 

=
1

𝑁
+
1

𝑁
+⋯+

1

𝑁
. 

        =
𝑛

𝑁
. 

EXAMPLE 11 

A five-card poker hand dealt from a deck of 52 playing cards is said to be 

a full house if it consists of three of a kind and a pair. If all the five-card 

hands are equally likely, what is the probability of being dealt a full 

house? 

Solution 

The number of ways in which we can be dealt a particular full house, say 

three kings and two aces, is is (4
3
) (4

2
). Since there are 13 ways of selecting 

the face value for the three of a kind and for each of these there are 12 

ways of selecting the face value for the pair, there are altogether 

𝑛 = 13.12 (
4

3
) (
4

2
). 

different full houses. Also, the total number of equally likely five-card 

poker hands is 𝑁 =  (52
5
) 

and it follows by Theorem 2 that the probability of getting a full house is 

𝑃(𝐴) =
𝑛

𝑁
=
13.12. (4

3
) (4

2
)

 (52
5
)
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=
3744

2598960
. 

=
6

4165
. 

= 0.0014 

SOME RULES OF PROBABILITY 

THEOREM 3.  

If A and A' are complementary events in a sample space S, then 

𝑃(𝐴′) = 1 − 𝑃(𝐴) 

Proof 

In the second and third steps of the proof that follows, we make use of 

the definition of a complement, according to which A and A' are mutually 

exclusive and AUA' S. Thus, we write 

1 =  𝑃(𝑆) →(by Postulate 2) 

    =  𝑃(𝐴𝑈𝐴′)      

   = 𝑃(𝐴) + 𝑃(𝐴′) →(by Postulate 3) 

and it follows that 𝑃(𝐴′) = 1 − 𝑃(𝐴). 

THEOREM 4.  

𝑃(𝜙)  =  0 for any sample space S. 

Proof  

Since S and Ø are mutually exclusive and 𝑆𝑈Ø =  𝑆 in accordance with 

the definition of the empty set Ø, it follows that 

𝑃(𝑆)  =  𝑃(𝑆𝑈Ø)  =  𝑃(𝑆)  +  𝑃(Ø) (by Postulate 3) and,  

hence, that 𝑃(Ø)  =  0. 

THEOREM 5. If A and B are events in a sample space S and 𝐴𝐶𝐵, then 

𝑃(𝐴)  ≤ 𝑃(𝐵). 
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Proof  

Since 𝐴𝐶𝐵, we can write 

𝐵 =  𝐴𝑈 (𝐴′ ∩ 𝐵) as can easily be verified by means of a Venn diagram.  

Then, since A and 𝐴′ ∩ 𝐵 are mutually exclusive,  

we get 𝑃(𝐵)  =  𝑃(𝐴)  +  𝑃(𝐴′ ∩ 𝐵) → (by Postulate 3) 

                      ≥  𝑃(𝐴) → (by Postulate 1) 

In words, this theorem states that if A is a subset of B, then 𝑃(𝐴) cannot 

be greater than 𝑃(𝐵). For instance, the probability of drawing a heart 

from an ordinary deck of 52 playing cards cannot be greater than the 

probability of drawing a red card. Indeed the probability of drawing a 

heart is ¼, compared with ½, the probability of drawing a red card. 

THEOREM 6 

0 ≤ 𝑃(𝐴)  ≤  1 for any event A. 

Proof  

Using Theorem 5 and the fact that 𝜙𝐶𝐴𝐶𝑆 for any event A in S, we have 

𝑃(𝜙)  ≤ 𝑃(𝐴)  ≤ 𝑃(𝑆) 

Then, 𝑃(𝜙)  =  0 and 𝑃(𝑆)  =  1 leads to the result that 0 ≤ 𝑃(𝐴)  ≤ 1 

THEOREM 7.  

If A and B are any two events in a sample space S, then 

 𝑃(𝐴𝑈𝐵)  =  𝑃(𝐴)  +  𝑃(𝐵)  −  𝑃(𝐴 ∩ 𝐵) 

Proof  

Assigning the probabilities a, b, and c to the mutually exclusive 

events 𝐴 ∩ 𝐵, 𝐴 ∩ 𝐵′, 𝑎𝑛𝑑 𝐴′ ∩ 𝐵 as in the Venn diagram of Figure 6, we 

find that 

𝑃(𝐴𝑈𝐵) =  𝑎 + 𝑏 + 𝑐 

                             = (𝑎 + 𝑏) + (𝑐 + 𝑎) − 𝑎  
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                                                           =  𝑃(𝐴) + 𝑃(𝐵) −  𝑃(𝐴 ∩ 𝐵) 

 

 

 

 

EXAMPLE 12 

In a large metropolitan area, the probabilities are 0.86, 0.35, and 0.29, 

respectively, that a family (randomly chosen for a sample survey) owns 

a color television set, a HDTV set, or both kinds of sets. What is the 

probability that a family owns either or both kinds of sets? 

Solution 

If A is the event that a family in this metropolitan area owns a color 

television set and B is the event that it owns a HDTV set, we have 𝑃(𝐴)  =

 0.86, 𝑃(𝐵) =  0.35, 𝑎𝑛𝑑 𝑃(𝐴 ∩ 𝐵)  =  0.29; substitution into the 

formula of Theorem 7 yields 

𝑃(𝐴𝑈𝐵) = 0.86 + 0.35 − 0.29 =  0.92 

EXAMPLE 13 

Near a certain exit of I -17, the probabilities are 0.23 and 0.24, 

respectively, that a truck stopped at a roadblock will have faulty brakes 

or badly worn tires. Also, the probability is 0.38 that a truck stopped at 

the roadblock will have faulty brakes the probability that a truck 

stopped at this roadblock and/or badly worn tires. What is the will have 

faulty brakes as well as badly worn tires? 

Solution 

If B is the event that a truck stopped at the roadblock will have faulty 

brakes and T is the event that it will have badly worn tires, we have 
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𝑃(𝐵) = 0.23, 𝑃(𝑇)  =  0.24, 𝑎𝑛𝑑 𝑃(𝐵𝑈𝑇) = 0.38; substitution into the 

formula of Theorem 7 yields  

0.38 = 0.23 + 0.24 − 𝑃(𝐵 ∩ 𝑇) 

Solving for 𝑃(𝐵 ∩ 𝑇), we thus get  

𝑃(𝐵 ∩ 𝑇) =  0.23 + 0.24 − 0.38 =  0.09 

 

 

THEOREM 8.  

If A, B, and C are any three events in a sample space S, then 

𝑃(𝐴 ∪  𝐵 ∪ =  𝑃(𝐴)  +  𝑃(𝐵)  +  𝑃(𝐶)  − 𝑃(𝐴 ∩ 𝐵) − 𝑃(𝐴 ∩ 𝐶).−𝑃( 𝐵

∩ 𝐶) + 𝑃(𝐴 ∩ 𝐵 ∩ 𝐶) 

Proof  

Writing 𝐴 ∪ 𝐵 ∪ 𝐶 as 𝐴 ∪ (𝐵 ∪ 𝐶) and using the formula of Theorem 7 

twice, once for  

𝑃[ 𝐴 ∪ (𝐵 ∪ 𝐶)] once for 𝑃(𝐵 ∪ 𝐶)  Then, using the distributive law that 

the reader was asked to verify in part (b) of Exercise 1, we find that  

𝑃[ 𝐴 ∩ (𝐵 ∪  𝐶)] = 𝑃[(𝐴 ∩  𝐵) ∪ (𝐴 ∩  𝐶)]    

                                 

= 𝑃( 𝐴 ∩  𝐵) + 𝑃(𝐴 ∩  𝐶)

− 𝑃[(𝐴 ∩  𝐵) ∩ (𝐴 ∩  𝐶)]         

                                 = 𝑃( 𝐴 ∩  𝐵) + 𝑃(𝐴 ∩  𝐶) − 𝑃(𝐴 ∩  𝐵 ∩  𝐶). 

and hence that,  

𝑃(𝐴 ∩  𝐵 ∩  𝐶)

= 𝑃(𝐴) +  𝑃(𝐵) +  𝑃(𝐶) − 𝑃(𝐴 ∩  𝐵) − 𝑃(𝐴 ∩  𝐶)

− 𝑃( 𝐵 ∩  𝐶) + 𝑃(𝐴 ∩  𝐵 ∩  𝐶) 
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EXAMPLE 14 

If a person visits his dentist, suppose that the probability that he will 

have his teeth cleaned is 0.44, the probability that he will have a cavity 

filled is 0.24, the probability that he will have a tooth extracted is 0.21, 

the probability that he will have his teeth cleaned and a cavity filled is 

0.08, the probability that he will have his teeth cleaned and a tooth 

extracted is 0.11, the probability that he will have a cavity filled and a 

tooth extracted is 0.07, and the probability that he will have his teeth 

cleaned, a cavity filled, and a tooth extracted is 0.03. What is the 

probability that a person visiting his dentist will have at least one of 

these things done to him? 

Solution 

If C is the event that the person will have his teeth cleaned, F is the event 

that he will have a cavity filled, and E is the event that he will have a tooth 

extracted, we are given  

𝑃(𝐶) =  0.44, 𝑃(𝐹) =  0.24, 𝑃(𝐸) =  0.21, 𝑃(𝐶𝑁𝐹) =  0.08, 𝑃(𝐶𝑂𝐸)

=  0.11, 

 𝑃(𝐹𝑂𝐸) =  0.07, 𝑎𝑛𝑑 𝑃(𝐶𝑂𝐹𝑂𝐸)  =  0.03, and substitution into the 

formula of Theorem 8 yields 

𝑃(𝐶𝑈𝐹𝑈𝐸)  =  0.44 + 0.24 + 0.21 − 0.08 − 0.11 − 0.07 + 0.03 

=  0.66 
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UNIT-III 

Conditional Probability 

Difficulties can easily arise when probabilities are quoted without 

specification of the sample space. For instance, if we ask for the 

probability that a lawyer makes more than $75,000 per year, we may 

well get several different answers, and they may all be correct. One of 

them might apply to all those who are engaged in the private practice of 

law, another might apply to lawyers employed by corporations, and so 

forth. Since the choice of the sample space (that is, the set of all 

possibilities under consideration) is by no means always self-evident, it 

often helps to use the symbol P(A/S) to denote the conditional 

probability of event A relative to the sample space S or, as we also call it, 

"the probability of A given S." The symbol P(AIS) makes it explicit that 

we are referring to a particular sample space S, and it is preferable to the 

abbreviated notation P(A) unless the tacit choice of S is clearly 

understood. It is also preferable when we want to refer to several sample 

spaces in the same example. If A is the event that a person makes more 

than $75,000 per year, G is the event that a person is a law school 

graduate, L is the event that a person is licensed to practice law, and E is 

the event that a person is actively engaged in the practice of law, then 

P(AIG) is the probability that a law school graduate makes more than 

$75,000 per year, P(A/L) is the probability that a person licensed to 

practice law makes more than $75,000 per year, and P(AIE) is the 

probability that a person actively engaged in the practice of law makes 

more than $75,000 per year. Some ideas connected with conditional 

probabilities are illustrated in the fol-lowing example. 
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EXAMPLE 15 

A consumer research organization has studied the services under 

warranty provided by the 50 new-car dealers in a certain city, and its 

findings are summarized in the following table. 

 
Good service under 

warranty 

Poor service under 

warranty 

In business 10 yrs 

or more 
16 4 

In business less 

than 10 yrs 
10 20 

If a person randomly selects one of these new-car dealers, what is the 

probability that he gets one who provides good service under warranty? 

Also, if a person randomly selects one of the dealers who has been in 

business for 10 years or more, what is the probability that he gets one 

who provides good service under warranty? 

Solution 

By "randomly" we mean that, in each case, all possible selections are 

equally likely, and we can therefore use the formula of Theorem 2. If we 

let G denote the selection of a dealer who provides good service under 

warranty, and if we let 𝑛(𝐺) denote the number of elements in 𝐺 and 

𝑛(𝑆) the number of elements in the whole sample space, we get 

𝑃(𝐺) =
𝑛(𝐺)

𝑛(𝑆)
=
16 + 10

50
=  0.52 

This answers the first question. 
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For the second question, we limit ourselves to the reduced sample space, 

which consists of the first line of the table, that is, the 16 + 4 =  20 

dealers who have been in business 10 years or more of these, 16 provide 

good service under warranty, and we get 

𝑃(𝐺|𝑇) =
16

20
= 0.80 

where T denotes the selection of a dealer who has been in business 10 

years or more. This answers the second question and, as should have 

been expected, 𝑃(𝐺𝐼𝑇) is considerably higher than 𝑃(𝐺). 

Formula: 

𝑷(𝑮|𝑻) =
𝒏(𝑻 ∩ 𝑮)/𝒏(𝑺)

𝒏(𝑻)/𝒏(𝑺)
=
𝑷(𝑻 ∩ 𝑮)

𝑷(𝑻)
. 

 

DEFINITION 4.  

CONDITIONAL PROBABILITY.  

If A and B are any two events in a sample space S and 𝑃(𝐴) ≠ 0, the 

conditional probability of B given A is  

𝑃(𝐵|𝐴) =
𝑃(𝐴 ∩ 𝐵)

𝑃(𝐴)
 

EXAMPLE 16 

With reference to Example 15, what is the probability that one of the 

dealers who has been in business less than 10 years will provide good 

service under warranty? 
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Solution: 

Since 𝑃(𝑇′ ∩ 𝐺) =
10

50
=  0.20 and 𝑃(𝑇′) =

10+20

50
=  0.60, substitution 

into the  

𝑃(𝐺|𝑇′) =
𝑃(𝑇 ∩ 𝐺)

𝑃(𝑇)
=
0.20

0.60
=
1

3
. 

which the possibilities were all equally likely, this is not a requirement 

for its use. 

EXAMPLE 17 

With reference to the loaded die of Example 9, what is the probability 

that the number of points rolled is a perfect square? Also, what is the 

probability that it is a perfect square given that it is greater than 3? 

Solution 

If A is the event that the number of points rolled is greater than 3 and B 

is the event that it is a perfect square, we have 𝐴 = {4,5,6}, 𝐵 =

{1,4}, 𝑎𝑛𝑑 𝐴 ∩ 𝐵 = {4}. Since the probabilities of rolling a 1, 2, 3, 4, 5, or 

6 with the die are 
2

9
,
1

9
,
2

9
,
1

9
,
2

9
𝑎𝑛𝑑

1

9
,  we find that the answer to the first 

question is 

𝑃(𝐵) =
2

9
+
1

9
=
1

3
. 

To determine 𝑃(𝐵|𝐴), we first calculate  𝑃(𝐴 ∩ 𝐵) =
1

9
  and 𝑃(𝐴) =

1

9
+

2

9
+
1

9
=

4

9
  

Then, substituting into the formula of Definition 4, we get   

𝑃(𝐵|𝐴) =
𝑃(𝐴 ∩ 𝐵)

𝑃(𝐴)
=

1
9
4
9

=
1

4
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EXAMPLE 18 

A manufacturer of airplane parts knows from past experience that the 

probability is 0.80 that an order will be ready for shipment on time, and 

it is 0.72 that an order will be ready for shipment on time and will also 

be delivered on time. What is the probability that such an order will be 

delivered on time given that it was ready for shipment on time? 

Solution: 

If we let R stand for the event that an order is ready for shipment on time 

and D be the event that it is delivered on time, we have 𝑃(𝑅)  =  0.80 and 

𝑃(𝑅 ∩ 𝐷)  =  0.72, and it follows that  

𝑃(𝐷|𝑅) =
𝑃(𝑅 ∩ 𝐷)

𝑃(𝑅)
=
0.72

0.80
= 0.90. 

Thus, 90 percent of the shipments will be delivered on time provided 

they are shipped on time. Note that 𝑃(𝑅|𝐷), the probability that a 

shipment that is delivered on time was also ready for shipment on time, 

cannot be determined without further informa-tion; for this purpose we 

would also have to know 𝑃(𝐷). 

Multiplication Rule: 

If we multiply the expression on both sides of the formula of definition 

4 by 𝑃(𝐴), we obtain the following multiplication rule. 

THEOREM 9.  

If A and B are any two events in a sample space S and 𝑃(𝐴)  ≠  0, then 

𝑃(𝐴 ∩ 𝐵)  =  𝑃(𝐴). 𝑃(𝐵|𝐴).  
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EXAMPLE 19 

If we randomly pick two television sets in succession from a shipment of 

240 television sets of which 15 are defective, what is the probability that 

they will both be defective? 

Solution: 

If we assume equal probabilities for each selection (which is what we 

mean by "randomly" picking the sets), the probability that the first set 

will be defective is 
15

240
,  and the probability that the second set will be 

defective given that the first set is defective is 
14

239
. Thus, the probability 

that both sets will be defective is 
15

240
×

14

239
=

7

1912
.This assumes that we 

are sampling without replacement; that is, the first set is not replaced 

before the second set is selected. 

EXAMPLE 20: 

Find the probabilities of randomly drawing two aces in succession from 

an ordinary deck of 52 playing cards if we sample 

(a) without replacement; 

(b) with replacement. 

Solution 

(a) If the first card is not replaced before the second card is drawn, the 

probability of getting two aces in succession is 

4

52
×
3

51
=

1

221
. 

(b) If the first card is replaced before the second card is drawn, the 

corresponding probability is 

4

52
×
4

52
=

1

169
. 
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THEOREM 10.  

If A, B, and C are any three events in a sample space S such that 

P(A∩B)≠0, then 

𝑃(𝐴 ∩ 𝐵 ∩ 𝐶) =  𝑃(𝐴). 𝑃(𝐵|𝐴). 𝑃(𝐶𝐴 ∩ 𝐵) 

Proof:  

Writing 𝐴 ∩ 𝐵 ∩ 𝐶 as (𝐴 ∩ 𝐵) ∩ 𝐶 and using the formula of Theorem 9 

twice, we get 

 𝑃(𝐴 ∩ 𝐵 ∩ 𝐶) =  𝑃[(𝐴 ∩ 𝐵) ∩ 𝐶] 

                        =  𝑃(𝐴 ∩ 𝐵)𝑃(𝐶|𝐴 ∩ 𝐵) 

                        =  𝑃(𝐴) 𝑃(𝐵|𝐴). 𝑃(𝐶|𝐴 ∩ 𝐵) 

EXAMPLE 2 

A box of fuses contains 20 fuses, of which 5 are defective. If 3 of the fuses 

are selected at random and removed from the box in succession without 

replacement, what is the probability that all 3 fuses are defective? 

Solution 

If A is the event that the first fuse is defective, B is the event that the 

second fuse is defective, and C is the event that the third fuse is defective, 

then 𝑃(𝐴) =
5

20
 , 𝑃(𝐵|𝐴) =

4

19
, 𝑃(𝐶|𝐴 ∩ 𝐵) =

3

18
, and substitution into 

the formula yields 

𝑃(𝐴 ∩ 𝐵 ∩ 𝐶) =
5

20
×
4

19
×
3

18
. 

    =
1

114
. 

DEFINITION 5.  

INDEPENDENCE. Two events A and B are independent if and only if 

𝑃(𝐴 ∩ 𝐵)  =  𝑃(𝐴). 𝑃(𝐵) 
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EXAMPLE 22 

A coin is tossed three times and the eight possible outcomes, HHH, HHT, 

HTH, THH. HTT, THT, TTH, and TTT, are assumed to be equally likely. If 

A is the event that a head occurs on each of the first two tosses, B is the 

event that a tail occurs on the third toss, and C is the event that exactly 

two tails occur in the three tosses, show that 

(a) events A and B are independent; 

(b) events B and C are dependent. 

Solution  

Since 

𝐴 =  {𝐻𝐻𝐻,𝐻𝐻𝑇} 

𝐵 =  {𝐻𝐻𝑇,𝐻𝑇𝑇, 𝑇𝐻𝑇, 𝑇𝑇𝑇} 

𝐶 = {𝐻𝑇𝑇, 𝑇𝐻𝑇, 𝑇𝑇𝐻} 

𝐴 ∩ 𝐵 = {𝐻𝐻𝑇} 

𝐵 ∩ 𝐶 = {𝐻𝑇𝑇, 𝑇𝐻𝑇} 

the assumption that the eight possible outcomes are all equiprobable 

yields  

𝑃(𝐴) =
1

4
, 𝑃(𝐵) =

1

2
, 𝑃(𝐶) =

3

8
, 𝑃(𝐴 ∩ 𝐵) =

1

8
, 𝑃(𝐵 ∩ 𝐶) =

1

4
. 

(a) Since 𝑃(𝐴). 𝑃(𝐵) =
1

4
×
1

2
=

1

8
= 𝑃(𝐴 ∩ 𝐵), events A and B are 

independent. 

(b) Since 𝑃(𝐵). 𝑃(𝐶) =
1

2
×
3

8
=

3

16
≠  𝑃(𝐵 ∩ 𝐶), events B and C are not 

independent. 

 



42 | P a g e  
 

THEOREM 11.  

If A and B are independent, then A and B' are also independent. 

Proof  

Since 𝐴 =  (𝐴 ∩ 𝐵) 𝑈 (𝐴 ∩ 𝐵′), as the reader was asked to show in part 

(a) of Exercise 3, 𝐴 ∩  𝐵 and 𝐴 ∩  𝐵′ are mutually exclusive, and A and B 

are independent by assumption, we have 

𝑃(𝐴)  =  𝑃(𝐴 ∩ 𝐵) 𝑈 (𝐴 ∩ 𝐵′)]  

               =  𝑃(𝐴 ∩  𝐵)  +  𝑃(𝐴 ∩ 𝐵′) 

               =  𝑃(𝐴). 𝑃(𝐵) + 𝑃(𝐴 ∩ 𝐵′) 

It follows that, 

𝑃(𝐴 ∩ 𝐵′)  =  𝑃(𝐴)  −  𝑃(𝐴). 𝑃(𝐵)  

                                                                   = 𝑃(𝐴) [1 − 𝑃(𝐵)]  

                                                                   =  𝑃(𝐴) 𝑃(𝐵′) 

and hence that A and B' are independent. 

DEFINITION 6. INDEPENDENCE OF MORE THAN TWO EVENTS. Events 

𝐴1, 𝐴2, . . ., and 𝐴𝐾 are independent if and only if the probability of the 

intersections of any 2, 3,... or k of these events equals the product of their 

respective probabilities. 

 For three events A, B & C for examples, independent requires 

that 

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴). 𝑃(𝐵) 

𝑃(𝐴 ∩ 𝐶) = 𝑃(𝐴). 𝑃(𝐶) 

𝑃(𝐵 ∩ 𝐶) = 𝑃(𝐵). 𝑃(𝐶) 

𝑃(𝐴 ∩ 𝐵 ∩ 𝐶) = 𝑃(𝐴). 𝑃(𝐵). 𝑃(𝐶) 

It is of interest to note that three or more events can be pairwise 

independent without being independent. 
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EXAMPLE 23 

Figure 8 shows a Venn diagram with probabilities assigned to its various 

regions. Verify that A and B are independent, A and C are independent, 

and B and C are independent, but A, B, and C are not independent. 

Solution 

As can be seen from the diagram, 𝑃(𝐴) =  𝑃(𝐵) =  𝑃(𝐶) =
1

2
 

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴 ∩ 𝐶) =  𝑃(𝐵 ∩ 𝐶) =
1

4
, 𝑎𝑛𝑑 𝑃(𝐴 ∩ 𝐵 ∩ 𝐶)  =

1

4
 .  

Thus,  

𝑃(𝐴). 𝑃(𝐵) =
1

4
= 𝑃(𝐴 ∩ 𝐵) 

𝑃(𝐴). 𝑃(𝐶) =
1

4
 =  𝑃(𝐴 ∩ 𝐶) 

𝑃(𝐵). 𝑃(𝐶) =
1

4
 =  𝑃(𝐵 ∩ 𝐶) 

But 𝑃(𝐴). 𝑃(𝐵). 𝑃(𝐶) =
1

8
≠ 𝑃(𝐴 ∩ 𝐵 ∩ 𝐶) 

 

EXAMPLE 24 

Find the probabilities of getting 

(a) three heads in three random tosses of a balanced coin; 
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(b) Four sixes and then another number in five random rolls of a 

balanced die. 

Solution 

(a) The probability of a head on each toss is 
1

2
 and the three outcomes 

are independent. Thus we can multiply, obtaining 
1

2
×
1

2
×
1

2
=

1

8
. 

(b) The probability of a six on each toss is 
1

6
 thus the probability of 

tossing a number other than 6 is 
5

6
. In as much as the tosses are 

independent, we can multiply the respective probabilities to obtain  

1

6
×
1

6
×
1

6
×
1

6
×
5

6
=

5

7776
. 

 

EXAMPLE 25 

The completion of a construction job may be delayed because of a strike. 

The probabilities are 0.60 that there will be a strike, 0.85 that the 

construction job will be completed on time if there is no strike, and 0.35 

that the construction job will be completed on time if there is a strike. 

What is the probability that the construction job will be completed on 

time? 

Solution: 

If A is the event that the construction job will be completed on time and 

B is the event that there will be a strike, we are given 𝑃(𝐵) =

 0.60, 𝑃(𝐴\𝐵′)  =  0.85, 𝑎𝑛𝑑 𝑃(𝐴/𝐵)  =  0.35. Making use of the formula 

of part (a) of Exercise 3, the fact that 𝐴 ∩  𝐵and 𝐴 ∩  𝐵′ are mutually 

exclusive, and the alternative form of the multiplication rule, we can 

write) 
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𝑃(𝐴)  =  𝑃(𝐴 ∩ 𝐵)𝑈(𝐴 ∩ 𝐵′)]  

                                               =  𝑃(𝐴 ∩ 𝐵) +  𝑃(𝐴 ∩ 𝐵′)  

                                               =  𝑃(𝐵). 𝑃(𝐴\𝐵) + 𝑃(𝐵′). 𝑃(𝐴\𝐵′) 

Then, substituting the given numerical values, we get  

𝑃(𝐴)  =  (0.60)(0.35) + (1 − 0.60) (0.85)  =  0.55 

THEOREM 12.  

If the events 𝐵1, 𝐵2, . . . , 𝑎𝑛𝑑 𝐵𝑘 constitute a partition of the sample space 

S and 𝑃(𝐵𝑖)  ≠ 0 for i = 1,2, . . . , 𝑘, then for any event A in S 

𝑃(𝐴) =∑𝑃(𝐵𝑖). 𝑃(𝐴|𝐵𝑖)

𝑘

𝑖=1

 

EXAMPLE 26 

The members of a consulting firm rent cars from three rental agencies: 

60 percent from agency 1, 30 percent from agency 2, and 10 percent 

from agency 3. If 9 percent of the cars from agency 1 need an oil change, 

20 percent of the cars from agency 2 need an oil change, and 6 percent 

of the cars from agency 3 need an oil change, what is the probability that 

a rental car delivered to the firm will need an oil change? 

Solution 

If A is the event that the car needs an oil change, and 𝐵1, 𝐵2, 𝑎𝑛𝑑 𝐵3 are 

the events that the car comes from rental agencies 1, 2, or 3, we have  

𝑃(𝐵1) =  0.60, 𝑃(𝐵2) =  0.30, 𝑃(𝐵3) =  0.10, 

𝑃(𝐴\𝐵1) =  0.09, 𝑃(𝐴\𝐵2)  =  0.20, 𝑎𝑛𝑑 𝑃(𝐴\𝐵3)  =  0.06. 

Substituting these values into the formula of Theorem 12, we get 

𝑃(𝐴)  =  (0.60)(0.09) + (0.30) (0.20) + (0.10) (0.06)  =  0.12 
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Thus, 12 percent of all the rental cars delivered to this firm will need an 

oil change. 

THEOREM 13.  

If 𝐵1, 𝐵2, . . . , 𝐵𝑘constitute a partition of the sample space S and 𝑃(𝐵𝑖) ≠

0 for 𝑖 =  1, 2 , . . . , 𝑘, then for any event A in S such that 𝑃 (𝐴) ≠  0 

𝑃(𝐵𝑟|𝐴) =
𝑃(𝐵𝑟). 𝑃(𝐴|𝐵𝑟)

∑ 𝑃(𝐵𝑖). 𝑃(𝐴|𝐵𝑖)
𝑘
𝑖=1

. 

For 𝑟 =  1, 2 , . . . , 𝑘 

NOTE: 

In words, the probability that event A was reached via the rth branch of 

the tree diagram of Figure 9, given that it was reached via one of its k 

branches, is the ratio of the probability associated with the rth branch to 

the sum of the probabilities associated with all k branches of the tree. 

Proof  

Writing 𝑃(𝐵𝑟|𝐴) =
𝑃(𝐴∩𝐵𝑟)

𝑃(𝐴)
 in accordance with the definition of 

conditional to substitute 𝑃(𝐵𝑟), 𝑃(𝐴|𝐵r ) for 𝑃(𝐴 ∩ 𝐵𝑟) and the formula 

of Theorem 12 for 𝑃(𝐴).  

EXAMPLE 27 

With reference to Example 26, if a rental car delivered to the consulting 

firm needs an oil change, what is the probability that it came from rental 

agency 2? 

Solution 

Substituting the probabilities on the previous page into the formula of 

Theorem 13, 

we get 
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𝑃(𝐵2|𝐴) =
(0.30)(0.20)

(0.60)(0.09) + (0.30)(0.20) + (0.10)(0.06)
 =  

0.060 

0.120
 

=  0.5 

Observe that although only 30 percent of the cars delivered to the firm 

come from agency 2, 50 percent of those requiring an oil change come 

from that agency.  

 

EXAMPLE 28 

A rare but serious disease, D has been found in 0.01 percent of a certain 

population. A test has been developed that will be positive P for 98 

percent of those who have the disease and be positive for only 3 percent 

of those who do not have the disease. Find the probability that a person 

tested as positive does not have the disease. 

Solution: 

Let 𝐷̅ and 𝑝̅ represent the events that a person randomly selected from 

the given population, respectively, does not have the disease and is found 

negative for the disease by the test. Substituting the given probabilities 

into the formula of Theorem 13, we get 
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                                             𝑃(𝐷̅|𝑝) =
𝑃(𝐷̅)𝑃(𝑝|𝐷̅)

𝑃(𝐷)𝑃(𝑝\𝐷)+𝑃(𝐷̅)𝑃(𝑝|𝐷̅)
 

                                                           =
(0.9999)(0.03)

(0.0001)(0.98)+(0.9999)(0.03)
 

                             = 0.997 

This example demonstrates the near impossibility of finding a test for a 

rare disease that does not have an unacceptably high probability of false 

positives. 
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UNIT-IV 

Definition of Probability Distribution 

A probability distribution describes how the values of a random variable 

are distributed and how probabilities are assigned to those values. 

In simple words: 

A probability distribution tells us what values a random variable can 

take and how likely each value is. 

1. Types of Probability Distributions 

i) Discrete Probability Distribution 

Used when the random variable takes countable values  

(0, 1, 2, 3, …). 

Definition: 

A discrete probability distribution assigns a probability to each possible 

value of a discrete random variable such that: 

• Each probability is between 0 and 1 

• The sum of all probabilities equals 1 

Examples: 

• Tossing a coin 

• Rolling a dice 

• Number of students present in a class 

Some common discrete distributions: 

• Binomial Distribution 

• Poisson Distribution 

• Geometric Distribution 

ii)  Continuous Probability Distribution 
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Used when the random variable takes uncountable values (like height, 

weight, time, etc.). 

Definition: 

A continuous probability distribution describes probabilities using a 

probability density function (PDF), where: 

• Probability at a single point is 0 

• Total area under the curve equals 1 

Examples: 

• Height of students 

• Time taken to complete an exam 

• Temperature measurements 

Some common continuous distributions: 

• Normal Distribution 

• Exponential Distribution 

• Uniform Distribution 

Probability Distributions and Probaility Densitites. 

𝑥 𝑃(𝑋 = 𝑥) 

2 
1

36
 

3 
2

36
 

4 
3

36
 

5 
4

36
 

6 
5

36
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7 
6

36
 

8 
5

36
 

9 
4

36
 

10 
3

36
 

11 
2

36
 

12 
1

36
 

𝑓(𝑥) =
6−|𝑥−7|

36
 for 𝑥 = 2, 3, … , 12 

𝑓(2) =
6 − |2 − 7|

36
=
6 − 5

36
=
1

36
 

𝑓(3) =
6 − |3 − 7|

36
=
6 − 4

36
=
2

36
 

. 

. 

. 

𝑓(12) =
6 − |12 − 7|

36
=
6 − 5

36
=
1

36
 

 DEFINITION 2. PROBABILITY DISTRIBUTION.  

If X is a discrete random variable, the function given by 𝑓(𝑥)  =  𝑃(𝑋 =

 𝑥) for each x within the range of X is called the probability distribution 

of X. 

 THEOREM 1.  

A function can serve as the probability distribution of a discrete random 

variable X if and only if its values, 𝑓(𝑥), satisfy the conditions 
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1. 𝑓(𝑥)  ≥  0 for each value within its domain; 

2. 𝑓(𝑥)  =  1, where the summation extends over all the values within its 

domain. 

EXAMPLE 3 

Find a formula for the probability distribution of the total number of 

heads obtained in four tosses of a balanced coin. 

Solution: 

Based on the probabilities in the table, we find that 𝑃(𝑋 =  0) =

1

16
 , 𝑃(𝑋 =  1) =

4

16
, 

 𝑃(𝑋 =  2) =
6

16
, 𝑃(𝑋 =  3) =

4

16
 , and𝑃(𝑋 = 4) =

1

16
 Observing that, the 

numerators of these five fractions, 1,4,6,4, 𝑎𝑛𝑑 1 are the binomial 

coefficients (4
0
), (4

1
), (4

2
), (4

3
), 𝑎𝑛𝑑(4

4
) we find that the formula for the 

probability distributions can be written as 

𝑓(𝑥) =
(4
𝑥
)

16
 𝑓𝑜𝑟 𝑥 = 0,1,2,3,4 

EXAMPLE 4 

Check whether the function given by 𝑓(𝑥) =
𝑥+2

25
 for 𝑥 =  1, 2, 3, 4, 5 can 

serve as the probability distribution of a discrete random variable.  

Solution: 

Substituting the different values of 𝑥, we get 

𝑓(1) =
3

25
, 𝑓(2) =

4

25
, 𝑓(3) =

5

25
, 𝑓(4) =

6

25
 𝑎𝑛𝑑 𝑓(5) =

7

25
 

Since these values are nonnegative, the first condition of theorem 1 is 

and since   

𝑓(1) +  𝑓(2) +  𝑓(3) +  𝑓(4) +  𝑓(5) =
3

25
 +

4

25
 +

5

25
 +

6

25
 +

7

25
= 1. 
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the second condition of Theorem 1 is satisfied. Thus, the given function 

can serve as the probability distribution of a random variable having the 

range {1,2,3,4,5}. Of course, whether any given random variable actually 

has this probability distribution is an entirely different matter. 

In some problems it is desirable to present probability distributions 

graphically, and two kinds of graphical presentations used for this 

purpose are shown in Figures 2 and 3. The one shown in Figure 2, called 

a probability histogram. 

 

 

DEFINITION 3. DISTRIBUTION FUNCTION. If 𝑋 is a discrete random 

variable, the func-tion given by 

𝐹(𝑥)  =  𝑃(𝑋 ≤  𝑥)  = ∑ 𝑓(𝑡)𝑡≤𝑥   for − ∞ < 𝑥 < ∞ where 𝑓(𝑡) is the 

value of the probability distribution of X at t, is called the distribution 

function, or the cumulative distribution of X. 

 

THEOREM 2 

The values 𝐹(𝑥) of the distribution function of a discrete random 

variable 𝑋 satisfy the conditions 
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1. 𝐹(−∞) = 0 and 𝐹(∞) = 1; 

2. If 𝑎 < 𝑏, then 𝐹(𝑎) ≤ 𝐹(𝑏) for any real numbers 𝑎 and 𝑏. 

EXAMPLE 5 

Find the distribution function of the total number of heads obtained in 

four tosses of a balanced coin. 

Solution 

Given 𝑓(0) =
1

16
, 𝑓(1) =

4

16
, 𝑓(2) =

6

16
, 𝑓(3) =

4

16
, 𝑎𝑛𝑑 𝑓(4) =

1

16
 

from Example 3, it follows 

𝐹(0) =  𝑓(0) =
1

16
 

𝐹(1) =  𝑓(0) +  𝑓(1) =
5

16
 

𝐹(2) =  𝑓(0) +  𝑓(1) +  𝑓(2) =
11

16
 

𝐹(3) =  𝑓(0) +  𝑓(1) +  𝑓(2) +  𝑓(3) =
15

16
 

𝐹(4)  =  𝑓(0)  +  𝑓(1)  +  𝑓(2)  +  𝑓(3)  +  𝑓(4)  =  1  

Hence, the distribution function is given by    

𝐹(𝑥) =

{
 
 
 
 

 
 
 
 
0          𝑓𝑜𝑟 𝑥 < 0
1

16
 𝑓𝑜𝑟 0 ≤ 𝑥 < 1

5

16
 𝑓𝑜𝑟 1 ≤ 𝑥 < 2

11

16
 𝑓𝑜𝑟 2 ≤ 𝑥 < 3

15
16
 𝑓𝑜𝑟 3 ≤ 𝑥 < 4

  1           𝑓𝑜𝑟 𝑥 ≥ 4

 

Observe that this distribution function is defined not only for the values 

taken on by the given random variable, but for all real numbers. For 
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instance, we can write F(1.7) = 5/16 and F(100) = 1, although the 

probabilities of getting "at most 1.7 heads" or 100 heads" in four tosses 

of a balanced coin may not be of any real significance. 

EXAMPLE  6 

Find the distribution function of the random variable W of Example 1 

and plot its graph 

Solution  

Based on the probabilities given in the table in Section 1, we can write 

𝑓(0) =
3

28
,  

 𝑓(1) =
15

56
 +

15

56
 =

15

28
 . and 𝑓(2)  =

5

14
 so that  

𝐹(0) =  𝑓(0) =
3

28
  

𝐹(1) =  𝑓(0) +  𝑓(1) =
9

14
  

𝐹(2)  =  𝑓(0)  +  𝑓(1)  +  𝑓(2)  =  1  

Hence, the distribution function of W is given by  

𝐹(𝑤) =

{
 
 

 
 
0           𝑓𝑜𝑟 𝑤 < 0
3

28
 𝑓𝑜𝑟 0 ≤ 𝑤 < 1

9

14
 𝑓𝑜𝑟 1 ≤ 𝑤 < 2

1            𝑓𝑜𝑟 𝑤 ≥ 2

 

The graph of this distribution function, shown in Figure 5, was obtained 

by first plotting the points (𝑤, 𝐹(𝑤)) for 𝑤 =  0, 1 𝑎𝑛𝑑 2 and then 

completing the step function as indicated. Note that at all discontinuity 

the distribution function takes on the greater of the two values, as 

indicated by the heavy dots in Figure 5.          
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THEOREM 3.  

If the range of a random variable 𝑋 consists of the values 𝑥1 < 𝑥2 < 𝑥3 <

⋯ < 𝑥𝑛 , then 𝑓(𝑥𝑖) = 𝐹(𝑥1) and 𝑓(𝑥𝑖) = 𝐹(𝑥1) − 𝐹(𝑥𝑖 − 1) for 𝑖 =

 2, 3 , . . . , 𝑛 

 

EXAMPLE 7 

If the distribution function of 𝑋 is given by 
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𝐹(𝑥) =

{
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
0 , 𝑓𝑜𝑟 𝑥 < 2
1

36
        , 𝑓𝑜𝑟 2 ≤ 𝑥 < 3

3

36
      , 𝑓𝑜𝑟 3 ≤ 𝑥 < 4

6

36
      , 𝑓𝑜𝑟 4 ≤ 𝑥 < 5

10

36
       , 𝑓𝑜𝑟 5 ≤ 𝑥 < 6

15

36
       , 𝑓𝑜𝑟 6 ≤ 𝑥 < 7

21

36
        , 𝑓𝑜𝑟 7 ≤ 𝑥 < 8

26

36
        , 𝑓𝑜𝑟 8 ≤ 𝑥 < 9

30

36
      , 𝑓𝑜𝑟 9 ≤ 𝑥 < 10

33

36
     , 𝑓𝑜𝑟 10 ≤ 𝑥 < 11

35

36
     , 𝑓𝑜𝑟 11 ≤ 𝑥 < 12

1 , 𝑓𝑜𝑟 𝑥 ≥ 12

 

Find the probability distribution of this random variable. 

 

Solution. 

Making use of Theorem 3, we get  𝑓(2) =
1

36
, 𝑓(3) =

3

36
 −

1

36
 =

2

36
, 𝑓(4) =

6

36
−

3

56
=

3

36
, 𝑓(5) =

10

36
 −

6

36
 =

4

36
 , … , 𝑓(12) = 1 −

35

36
 =

1

6
 

comparison with the probabilities in the table is section 2 reveals that 

the random variable with which we are concerned here is the total 

number of points rolled with a pair of dice.  
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DEFINITION 4. PROBABILITY DENSITY FUNCTION.  

A function with values 𝑓(𝑥), defined over the set of all real numbers, is 

called a probability density function of the continuous random variable 

𝑋 if and only if 𝑃(𝑎 ≤  𝑋 ≤  𝑏)  = ∫ 𝑓(𝑥)𝑑𝑥.
𝑏

𝑎
 

for any real constants a and b with 𝑎 ≤  𝑏  

THEOREM 4.  

If X is a continuous random variable and a and b are real constants with 

𝑎 ≤  𝑏, then  

𝑃(𝑎 ≤  𝑋 ≤  𝑏)  =  𝑃(𝑎 ≤  𝑋 <  𝑏)  =  𝑃(𝑎 <  𝑋 ≤  𝑏)  =  𝑃(𝑎 <  𝑋 

<  𝑏) 

 

THEOREM 5.  

A function can serve as a probability density of a continuous random 

variable 𝑋 if its values, 𝑓(𝑥) satisfy the conditions! 

1.  𝑓(𝑥) ≥  0 𝑓𝑜𝑟 −  ∞ <  𝑥 <  ∞ 

2. ∫ 𝑓(𝑥)𝑑𝑥
∞

−∞
=  1 

EXAMPLE 8 

If 𝑋 has the probability density 

𝑓(𝑥) = {
𝑘. 𝑒−3𝑥, 𝑓𝑜𝑟 𝑥 > 0
0,          𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒     

 

Find 𝑘 and 𝑃( 0.5 ≤ 𝑋 ≤ 1). 

Solution:   

To satisfy the second condition of Theorem 5, we must have  

∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑘. 𝑒−3𝑥𝑑𝑥

∞

0

∞

−∞
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Take the constant outside 

= 𝑘∫ 𝑒−3𝑥
∞

0

 𝑑𝑥 

Find the antiderivative 

∫ 𝑒−3𝑥  𝑑𝑥 = −
1

3
𝑒−3𝑥 

Apply the limits 0 to ∞ 

𝑘 [−
1

3
𝑒−3𝑥]

0

∞

 

Substitute the limits 

As 𝑥 → ∞, 𝑒−3𝑥 → 0. 

= 𝑘 [0 − (−
1

3
𝑒0)] = 𝑘 (

1

3
) 

∫ 𝑘
∞

0

𝑒−3𝑥 𝑑𝑥 =
𝑘

3
 

𝑘

3
= 1 

so 

𝑘 = 3 

 

and it follows that 3. For the probability we get  
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𝑃(0.5 ≤ 𝑋 ≤ 1) = ∫3𝑒−3𝑥𝑑𝑥

1

0.5

 

∫ 3
1

0.5

𝑒−3𝑥𝑑𝑥 = [−𝑒−3𝑥]0.5
1  

Substitute the limits 

= −𝑒−3(1) − (−𝑒−3(0.5)) = −𝑒−3 + 𝑒−1.5 

𝑒−1.5 − 𝑒−3  

∫ 3
1

0.5

𝑒−3𝑥𝑑𝑥 = 𝑒−1.5 − 𝑒−3 ≈ 0.17334 

DEFINITION 3. DISTRIBUTION FUNCTION. If 𝑋 is a continuous random 

variable and the value of its probability density at 𝑡 is 𝑓(𝑡), then the 

function given by for𝐹(𝑋) = 𝑃(𝑋 ≤ 𝑥) = ∫ 𝑓(𝑡)𝑑𝑡 𝑓𝑜𝑟 − ∞ < 𝑥 < ∞.
𝑥

−∞
 

is called the distribution function or the cumulative distribution 

function of 𝑋 

THEOREM 6. If 𝑓(𝑥) and 𝐹(𝑥) are the values of the probability density 

and the distribution function of 𝑋 at 𝑥, then 𝑃(𝑎 ≤  𝑋 ≤  𝑏)  =  𝐹(𝑏)  −

 𝐹(𝑎) for any real constants a and b with 𝑎 ≤ 𝑏 and 𝑓(𝑥) =
𝑑𝐹(𝑥)

𝑑𝑥
 where 

the derivative exists.  

EXAMPLE 9 

Find the distribution function of the random variable 𝑋 of Example 9, 

and use it to reevaluate  

𝑃(0.5 ≤  𝑋 ≤  1) 
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Solution  

For 𝑥 >  0, 

𝐹(𝑥) = ∫𝑓(𝑡)𝑑𝑡 = ∫3𝑒−3𝑡𝑑𝑡 = [−𝑒−3𝑡]0
𝑥

𝑥

0

𝑥

−∞

= 1 − 𝑒−3𝑥 

and since 𝐹(𝑥)  =  0 for 𝑥 ≤ 0, we can write  

𝐹(𝑥) = {
0, 𝑥 ≤ 0

1 − 𝑒−3𝑥, 𝑥 > 0
 

To determine the probability 𝑃(0.5 ≤  𝑋 ≤  1) we use the first part of 

Theorem 6 getting 𝑃(0.5 ≤ 𝑋 ≤ 1) = 𝐹(1) − 𝐹(0.5) 

                            = (1 − 𝑒−3) − (1 − 𝑒−1.5) 

                            = 0.173 

This agrees with the result obtained by using the probability density 

directly in Example 9. 

EXAMPLE 10 

Find a probability density function for the random variable whose 

distribution function is given by  

𝐹(𝑥) = {
0 , 𝑥 ≤ 0
𝑥        ,0 < 𝑥 < 1
1 , 𝑥 ≥ 1

 

and plot its graph. 

Solution 

Since the given density function is differentiable everywhere except at 

𝑥 =  0 and 𝑥 =  1, we differentiate for 𝑥 <  0 , 0 <  𝑥 <  1 and 𝑥 >  1 

getting 0, 1, and 0. Thus, according to the second part of Theorem 6, we 

can write  
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𝐹(𝑥) = {
0 , 𝑥 < 0
1        ,0 < 𝑥 < 1
0 , 𝑥 > 1

 

To fill the gaps at 𝑥 =  0 and 𝑥 =  1 we let 𝑓(0) and 𝑓(1) both equal 

zero. Actually, it does not matter how the probability density is defined 

at these two points, but there are certain advantages for choosing the 

values in such a way that the probability density is nonzero over an open 

interval. Thus, we can write the probability density of the original 

random variable as  

𝑓(𝑥) = {
1, 0 < 𝑥 < 1
0,        𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

Its graph is shown in Figure 7. 

 

MULTIVARIATE DISTRIBUTIONS 

EXAMPLE 11 

Two caplets are selected at random from a bottle containing 3 aspirin, 2 

sedative, and 4 laxative caplets. If 𝑋 and 𝑌 are, respectively, the numbers 

of aspirin and sedative caplets included among the 2 caplets drawn from 

the bottle, find the probabilities associated with all possible pairs of 

values of 𝑋 and 𝑌. 
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Solution 

The possible pairs are (0, 0), (0, 1), (1, 0), (1, 1), (0, 2), 𝑎𝑛𝑑 (2, 0). To find 

the probability associated with (1, 0), for example, observe that we are 

concerned with the event of getting one of the 3 aspirin caplets, none of 

the 2 sedative caplets, and, hence, one of the 4 laxative caplets. The 

number of ways in which this can be done is (3
1
)(2
0
)(4
1
) = 12, and the 

total number of ways in which 2 of the 9 caplets can be selected is (9
2
)  =

 36. Since those possibilities are all equally likely by virtue of the 

assumption that the selection is random, it follows from a theorem (If an 

experiment can result in any one of N different equally likely outcomes, 

and if n of these out-comes together constitute event A, then the 

probability of event A is 𝑃(𝐴) =
𝑛

𝑁
 ) that the probability associated with 

(1,0) is 
12

36
=

1

3
. Similarly, the probability associ-ated with (1, 1) is 

(3
1
)(2
1
)(4
0
)

36
=
6

36
=
1

6
 

and, continuing this way, we obtain the values shown in the following 

table: 

  0 1 2 

 0 
1

6
 

1

3
 

1

12
 

𝑦 1 
2

9
 

1

6
  

 2 
1

36
   

DEFINITION 6. JOINT PROBABILITY DISTRIBUTION. If 𝑋 and 𝑌 are 

discrete random variables, the function given by 𝑓(𝑥, 𝑦)  =  𝑃(𝑋 =
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 𝑥, 𝑌 =  𝑦) for each pair of values (𝑥, 𝑦) within the range of 𝑋 and 𝑌 the 

joint probability distribution of 𝑋 and 𝑌. 

THEOREM 7.  

A bivariate function can serve as the joint probability distribution of a 

pair of discrete random variables 𝑋 and 𝑌 if and only if its values, 𝑓(𝑥, 𝑦) 

satisfy the conditions 

1. 𝑓(𝑥, 𝑦)  ≥  0 for each pair of values (𝑥, 𝑦) within its 

domain; 

2.  ∑ ∑ 𝑓(𝑥, 𝑦)𝑦𝑥  =  𝑖 where the double summation 

extends over all possible pairs  (𝑥, 𝑦) within its domain. 

EXAMPLE 12 

Determine the value of 𝑘 for which the function given by 𝑓(𝑥, 𝑦)  =  𝑘𝑥𝑦 

for  

𝑥 =  1.2, 3 𝑦 =  1, 2, 3 can serve as a joint probability distribution. 

Solution:  

Substituting the various values of 𝑥 and 𝑦, we get 

𝑓(1, 1) =  𝑘, 𝑓(1, 2) =  2𝑘, 𝑓(1, 3) = 3𝑘, 𝑓(2, 1) =  2𝑘, 𝑓(2, 2)

=  4𝑘, 𝑓(2,3) = 6𝑘,

𝑓(3, 1) =  3𝑘 , 𝑓(3,2) = 6𝑘, 𝑎𝑛𝑑 𝑓(3, 3)  =  9𝑘 

To satisfy the second condition of Theorem 7, the constant 𝑘 must be 

non-negative and to statisfy the second condition, 

 𝑘 +  2𝑘 +  3𝑘 +  2𝑘 +  4𝑘 +  6𝑘 +  3𝑘 +  6𝑘 +  9𝑘 

=  1 𝑠𝑜 𝑡ℎ𝑎𝑡 36𝑘 =  1 𝑎𝑛𝑑 𝑘 =
1

8
 

DEFINITION T. JOINT DISTRIBUTION FUNCTION. If 𝑋 and 𝑌 are discrete 

random vari-ables, the function given by  



65 | P a g e  
 

𝐹(𝑥, 𝑦) = 𝑃(𝑋 ≤ 𝑥, 𝑌 ≤ 𝑦) 

                                                 = ∑ ∑ 𝑓(𝑠, 𝑡)𝑡≤𝑦𝑠≤𝑥   𝑓𝑜𝑟 −  ∞ <  𝑥 <  ∞ 

                                                                                                    −∞ < 𝑦 < ∞ 

where 𝑓(𝑠, 𝑡) is the value of the joint probability distribution of 𝑋 and 𝑌 

at ( 𝑠, 𝑡), is called the joint distribution function, or the joint cumulative 

distribution of X and Y.  

EXAMPLE 13 

With reference to Example 12, find 𝐹(1, 1) 

Solution 

                                                     𝐹(1, 1) =  𝑃(𝑋 ≤ 1, 𝑌 ≤  1) 

                                                                  =  𝑓(0, 0) +  𝑓(0, 1) +  𝑓(1, 0) +

 𝑓(1, 1)                                    

                                                                  =
1

6
+
2

9
+
1

3
+
1

6
 

                                                                 =
8

9
  

DEFINITION 8. JOINT PROBABILITY DENSITY FUNCTION. A bivariate 

function with values f(x, y) defined over the xy-plane is called a joint 

probability density function of the continuous random variables X and Y 

if and only if 𝑃(𝑥, 𝑦) ∈ 𝐴 = ∬ 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝐴

 for any region A in the xy-

plane. 

THEOREM 8.  

A bivariate function can serve as a joint probability density function of a 

pair of continuous random variables 𝑋 and 𝑌 if its values, 𝑓(𝑥, 𝑦) satisfy 

the conditions 

1. 𝑓(𝑥, 𝑦) ≥  0 for − ∞ <  𝑥 <  ∞,  − ∞ <  𝑦 <  ∞ 

2. ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑥 𝑑𝑦 = 1
∞

−∞

∞

−∞
 



66 | P a g e  
 

EXAMPLE 14 

Given the joint probability density function  

𝑓(𝑥) =

{
 

 3

5

𝑥(𝑦+𝑥)

, 0 < 𝑥 < 1

                        0 < 𝑦 < 2
0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

of two random variables 𝑋 and 𝑌, find 𝑃[(𝑥, 𝑦) ∈ 𝐴], where A is the 

region  

{(𝑥, 𝑦)|0 < 𝑥 <
1

2
, 1 < 𝑦 < 2} 

Solution: 

𝑃[(𝑥, 𝑦) ∈ 𝐴] = 𝑃(0 < 𝑋 <
1

2
, 1 < 𝑌 < 2) 

= ∫∫
3

5
𝑥(𝑦 + 𝑥)𝑑𝑥 𝑑𝑦

1
2

0

2

1

 

= ∫[
3𝑥2𝑦

10
+
3𝑥3

15
]

𝑥=
1
2

𝑑𝑦

2

1

 

= ∫(
3𝑦

40
+
1

40
)𝑑𝑦

2

1

 

= [
3𝑦2

80
+
𝑦

40
]
1

2

 

=
11

80
 

 

DEFINITION 9. JOINT DISTRIBUTION FUNCTION. If X and Y are 

continuous random variables, the function given by  
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                                                   𝐹(𝑥, 𝑦) = 𝑃(𝑋 ≤ 𝑥, 𝑌 ≤ 𝑦) 

                                        = ∫ ∫ 𝑓(𝑠, 𝑡)𝑑𝑠 𝑑𝑡 
𝑥

−∞

𝑦

−∞
 for −∞ <

𝑥 < ∞,−∞ < 𝑦 < ∞ 

where 𝑓(𝑠, 𝑡) is the joint probability density of X and Y at (𝑠, 𝑡), is called 

the joint distribution function of X and Y. 

EXAMPLE 15 

If the joint probability density of X and Y is given by  

𝑓(𝑥) = {
𝑥 + 𝑦, 0 < 𝑥 < 1, 0 < 𝑦 < 1

0,                  𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 
 

find the joint distribution function of these two random variables. 

 

Solution: 

either 𝑥 <  0 or 𝑦 <  0 it follows immediately that  

𝐹(𝑥, 𝑦)  =  0 For 0 <  𝑥 <  1 and 0 <  𝑦 <  1 (Region I ), we get  

𝐹(𝑥, 𝑦) = ∫ ∫ (𝑠, 𝑡)𝑑𝑠 𝑑𝑡 =
1

2
𝑥𝑦(𝑥 + 𝑦)

𝑥

0

𝑦

0
 for 𝑥 > 1 and 0 < 𝑦 < 1 

(Region II) we get 

𝐹(𝑥, 𝑦) = ∫ ∫ (𝑠, 𝑡)𝑑𝑠 𝑑𝑡 =
1

2
𝑦(1 + 𝑦)

1

0

𝑦

0
 for 𝑦 > 1 and 0 < 𝑥 < 1 (Region 

III) we get  

𝐹(𝑥, 𝑦) = ∫ ∫ (𝑠, 𝑡)𝑑𝑠 𝑑𝑡 =
1

2
𝑥(𝑥 + 1)

𝑥

0

1

0
 for 𝑥 > 1 and 𝑦 > 1 (Region IV) 

we get 

𝐹(𝑥, 𝑦) = ∫ ∫ (𝑠, 𝑡)𝑑𝑠 𝑑𝑡 =
1

2
(1 + 1)

1

0
=

1

2
(2) = 1.

1

0
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Since the joint distribution function is everywhere continuous, the 

boundaries between any two of these regions can be included in either 

one, and we can write 

𝐹(𝑥, 𝑦) =

{
 
 
 

 
 
 

0  , 𝑥 ≤ 0 𝑜𝑟 𝑦 ≤ 0
1

2
𝑥𝑦(𝑥 + 𝑦) , 0 < 𝑥 < 1, 0 < 𝑦 < 1

1

2
𝑦(1 + 𝑦)  , 𝑥 ≥ 1, 0 < 𝑦 < 1 

1

2
𝑥(𝑥 + 1), 0 < 𝑥 < 1, 𝑦 ≥ 1

1 , 𝑥 ≥ 1, 𝑦 ≥ 1

 

EXAMPLE 16 

Find the joint probability density of the two random variables X and Y 

whose joint distribution function is given by for 𝑥 >  0 and 𝑦 >  0  

𝐹(𝑥, 𝑦) = {
(1 − 𝑒𝑥), 𝑥 > 0 , 𝑦 > 0

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
 

Also use the joint probability density to determine 𝑃(1 < 𝑋 <  3 ,1 <

𝑌 < 2) 
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Solution 

Since partial differentiation yields  

𝜕2

𝜕𝑥𝜕𝑦
𝐹(𝑥, 𝑦) = 𝑒−(𝑥+𝑦) 

for 𝑥 >  0 and 𝑦 >  0 and 0 elsewhere, we find that the joint probability 

density of X and Y is given by  

𝑓(𝑥, 𝑦) = {
𝑒−(𝑥+𝑦), 𝑥 > 0 , 𝑦 > 0

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
 

Thus, integration yields  

∫∫𝑒−(𝑥+𝑦)𝑑𝑥𝑑𝑦

3

1

= (𝑒−1 − 𝑒−3)(𝑒−1 − 𝑒−2)

2

1

 

                              = 𝑒−2 − 𝑒−3 − 𝑒−4 + 𝑒−5 

= 0.074 

for 𝑃(1 <  𝑋 <  3,1 <  𝑌 <  2) 

EXAMPLE 17 

If the joint probability distribution of three discrete random variables X, 

Y, and Z is given by  

𝑓(𝑥, 𝑦, 𝑧) =
(𝑥+𝑦)𝑧

63
  for 𝑥 = 1,2; 𝑦 = 1,2,3; 𝑧 = 1,2. 

Solution 

 𝑃(𝑋 = 2, 𝑌 + 𝑍 5,3) =  𝑓(2, 1, 1) +  𝑓(2, 1, 2) +  𝑓(2, 2, 1) 

 =
3

63
+
6

63
+
4

63
 

                                                                =
13

63
 

EXAMPLE 18 

If the trivariate probability density of 𝑋1, 𝑋2&𝑋3 
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𝑓(𝑋1, 𝑋2, 𝑋3) = {
(𝑥1 + 𝑥2)𝑒

−𝑥3       ,0 < 𝑥1 < 1,0 < 𝑥2 < 1, 𝑥3 > 0
0                  , 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

Find 𝑃[(𝑋1, 𝑋2, 𝑋3) ∈ 𝐴], where A is the region 

 {(𝑋1, 𝑋2, 𝑋3)|0 < 𝑥1 <
1

2
,
1

2
< 𝑥2 < 1, 𝑥3 < 1} 

Solution: 

     𝑃[(𝑋1, 𝑋2, 𝑋3) ∈ 𝐴] = 𝑃(0 < 𝑥1 <
1

2
,
1

2
< 𝑥2 < 1, 𝑥3 < 1) 

 = ∫ ∫ ∫ (𝑥1 + 𝑥2)𝑒
−𝑥3𝑑𝑥1𝑑𝑥2𝑑𝑥3

1

2
0

1
1

2

1

0
 

             = ∫ ∫ (
1

8
+
𝑥2

2
)

1
1

2

1

0
𝑒−𝑥3𝑑𝑥2𝑑𝑥3 

                                     = ∫
1

4
𝑒−𝑥3𝑑𝑥3

1

0
 

                                     =
1

4
(1 − 𝑒−1) 

                                     = 0.158 
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UNIT 5 

EXAMPLE 19 

In Example 12 we derived the joint probability distribution of two 

random variables X and Y, the number of aspirin caplets and the number 

of sedative caplets included among two caplets drawn at random from a 

bottle containing three aspirin, two sedative, and four laxative caplets. 

Find the probability distribution of X alone and that of Y alone. 

Solution 

The results of Example 12 are shown in the following table, together 

with the marginal totals, that is, the totals of the respective rows and 

columns: 

  𝑥    

 0 1 2   

0 0 
1

6
 

1

3
 

1

2
 

7

12
 

𝑦 1 
2

9
 

1

6
  

7

18
 

 2 
1

36
   

1

36
 

  
5

12
 

1

2
 

1

2
  

The column totals are the probabilities that 𝑋 will take on the values 0, 

1, and 2. In other words, they are the values 

𝑔(𝑥) = ∑ 𝑓(𝑥, 𝑦)2
𝑦=0      𝑓𝑜𝑟   𝑥 = 0,1,2. 

of the probability distribution of X. By the same token, the row totals are 

the values 

                            ℎ(𝑦) = ∑ 𝑓(𝑥, 𝑦)2
𝑥=0        𝑓𝑜𝑟 𝑦 = 0,1,2. 
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 of the probability distribution of Y. 

DEFINITION 10. MARGINAL DISTRIBUTION. If X and Y are discrete 

random variables and 𝑓(𝑥, 𝑦) is the value of their joint probability 

distribution at (𝑥, 𝑦), the function given by 

𝑔(𝑥) =∑𝑓(𝑥, 𝑦)

𝑦

 

for each x within the range of X is called the marginal diuribution of X. 

Corre spondingly, the function given by  

ℎ(𝑦) =∑𝑓(𝑥, 𝑦)

𝑥

 

for each y within the range of Y is called the marginal distribution of Y. 

DEFINITION 11. MARGINAL DENSITY. If X and Y are continuous random 

variables and 𝑓(𝑥, 𝑦) is the value of their joint probability density at 

(x,y), the function given by  

𝑔(𝑥) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
∞

−∞
   for − ∞ <  x <  ∞ 

is called the marginal density of X. Correspondingly, the function given 

by  

ℎ(𝑦) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
∞

−∞
   for − ∞ <  x <  ∞ 

is called the marginal density of Y.  

EXAMPLE 20 

Given the joint probability density  

𝑓(𝑥) = {
2

3
(𝑥 + 2𝑦), 𝑓𝑜𝑟 0 < 𝑥 < 1, 0 < 𝑦 < 1

0,                          𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
 

find the marginal densities of X and Y.  

Solution:  
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Performing the necessary integrations, we get  

𝑔(𝑥) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑦

∞

−∞

 

                                                     = ∫
2

3
(𝑥 + 2𝑦)𝑑𝑦

1

0
 

                                                    =
2

3
(𝑥 + 1) for 0 < 𝑥 < 1 and  

𝑔(𝑥) = 0 elsewhere likewise, 

ℎ(𝑦) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑥

∞

−∞

 

= ∫
2

3
(𝑥 + 2𝑦)𝑑𝑥

1

0

 

=
1

3
(1 + 4)𝑦. 

For 0 < 𝑦 < 1 & ℎ(𝑦) = 0 elsewhere. 

EXAMPLE 21 

Considering again the trivariate probability density of Example 19, 

𝑓(𝑥1, 𝑥2, 𝑥3) = {
(𝑥1 + 𝑥2)𝑒

−𝑥3 , 0 < 𝑥1 < 1, 0 < 𝑥2 < 1, 𝑥3 > 0
0,                        𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

Find the joint marginal density of 𝑋₁ and 𝑋3 and the marginal density of 

𝑋₁ alone. 

Solution 

Performing the necessary integration, we find that the joint marginal 

density of 𝑋₁ and 𝑋3is given by 

𝑚(𝑥1, 𝑥3) = ∫(𝑥1 + 𝑥2)𝑒
−𝑥3𝑑𝑥2

1

0
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= (𝑥1 +
1

2
) 𝑒−𝑥3 

For 0 < 𝑥1 < 1 & 𝑥3 > 0 and 𝑚(𝑥1, 𝑥3) = 0 elsewhere using this result, 

we find that the marginal density of 𝑥1 alone is given by 

𝑔(𝑥1) = ∫ ∫𝑓(𝑥1, 𝑥2, 𝑥3)𝑑𝑥2𝑑𝑥3

1

0

∞

0

 

= ∫ 𝑚(𝑥1, 𝑥3)𝑑𝑥3

∞

0

 

= ∫ (𝑥1 +
1

2
)

∞

0

𝑒−𝑥3𝑑𝑥3 

= 𝑥1 +
1

2
 

For 0 < 𝑥1 < 1 and 𝑔(𝑥1) = 0 elsewhere. 

CONDITIONAL DISTRIBUTIONS. 

In the conditional probability of event A, given event B, as 

𝑃(𝐴|𝐵) =
𝑃(𝐴 ∩ 𝐵)

𝑃(𝐵)
 

Provided 𝑃(𝐵) ≠ 0. Suppose now that A and B are events 𝑋 = 𝑥 and 𝑌 =

𝑦 so that we can write 

𝑃(𝑋 = 𝑥|𝑌 = 𝑦) =
𝑃(𝑋 = 𝑥, 𝑌 = 𝑦)

𝑃(𝑌 = 𝑦)
 

=
𝑓(𝑥, 𝑦)

ℎ(𝑦)
 

DEFINITION 12. 

CONDITIONAL DISTRIBUTION. If 𝑓(𝑥, 𝑦) is the value of the joint prob-

ability distribution of the discrete random variables 𝑋 and 𝑌 at (𝑥, 𝑦) and 
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ℎ(𝑦) is the value of the marginal distribution of 𝑌 at 𝑦, the function given 

by 

𝑓(𝑥|𝑦) =
𝑓(𝑥, 𝑦)

ℎ(𝑦)
     ℎ(𝑦) ≠ 0 

For each 𝑥 within the range of 𝑋 is called the conditional distribution of 

𝑋 given 𝑌 = 𝑦. Correspondingly, if 𝑔(𝑥) is the value of the marginal 

distribution of 𝑋 at 𝑥, the function given by  

𝑤(𝑥|𝑦) =
𝑓(𝑥, 𝑦)

𝑔(𝑥)
     𝑔(𝑥) ≠ 0 

for each 𝑦 within the range of 𝑌 is called the conditional distribution of 

𝑌 given 𝑋 = 𝑥 

EXAMPLE 22 

With reference to Examples 12 and 20, find the conditional distribution 

of 𝑋 given 𝑌 =  1 

Solution: 

Substituting the appropriate values from the table in Example 20, we get  

𝑓(0|1) =

2
9
7
18

=
4

7
 

𝑓(1|1) =

1
6
7
18

=
3

7
 

𝑓(2|1) =

0
11
7
18

= 0. 

DEFINITION 13, CONDITIONAL DENSITY. If 𝑓(𝑥, 𝑦) is the value of the 

joint density of the continuous random variables 𝑋 and 𝑌 at (𝑥, 𝑦) and 
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ℎ(𝑦) is the value of the marginal distribution of 𝑌 at 𝑦, the function given 

by.  

𝑓(𝑋|𝑌) =
𝑓(𝑥, 𝑦)

ℎ(𝑦)
      ℎ(𝑦) ≠ 0 

For −∞ < 𝑥 < ∞, is called the conditional density of 𝑋 given 𝑌 =  𝑦 . 

Correspondingly, if 𝑔(𝑥) is the value of the marginal density of 𝑋 at 𝑥 the 

function given by  

𝑤(𝑦|𝑥) =
𝑓(𝑥, 𝑦)

𝑔(𝑥)
      𝑔(𝑥) ≠ 0 

For −∞ < 𝑦 < ∞, is called the conditional density of 𝑌 given  

𝑋 =  𝑥.  

 

EXAMPLE 23 

With relerence to Example 21, find the conditional density of 𝑋 given 

𝑌 =  𝑦 and use it to evaluate  

𝑃 (𝑋 <
1

2
|𝑦 =

1

2
). 

Solution.  

Using the results obtained on the previous page, we have  

𝑓(𝑥|𝑦) =
𝑓(𝑥, 𝑦)

ℎ(𝑦)
  

=

2
3
(𝑥 + 2𝑦)

1
3 (1 + 4𝑦)

 

=
2𝑥 + 4𝑦

1 + 4𝑦
 

 

For 0 < 𝑥 < 1 and 𝑓(𝑥|𝑦) = 0 elsewhere. Now, 
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𝑓 (𝑥|
1
2
) =

2𝑥 + 4.
1
2

1 + 4.
1
2

 

=
2𝑥 + 2

3
 

and we can write.  

𝑃 (𝑋 <
1

2
|𝑦 =

1

2
) = ∫

2𝑥 + 2

3
𝑑𝑥

1
2

0

=
5

12
 

It is of interest to note that in Figure 12 this probability is given by the 

ratio of the area of trapezoid ABCD to the area of trapezoid AEFD.  

                        

 

 

 

 

EXAMPLE 24 

Given the joint 

probability density  

𝑓(𝑥, 𝑦) = {
4𝑥𝑦, 0 < 𝑥 < 0, 0 < 𝑦 < 1
0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

Find the marginal densities of X and Y and the conditional density of X 

given Y = y  

Solution  

Performing the necessary integrations, we get  

𝑔(𝑥) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑦

∞

−∞
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= ∫4𝑥𝑦 𝑑𝑦

1

0

 

= 2𝑥𝑦2|𝑦=0
𝑦=1

 

= 2𝑥. 

for 0 <  𝑥 <  1 and 𝑔(𝑥)  =  0 elsewhere; also  

ℎ(𝑦) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑥

∞

−∞

 

= ∫4𝑥𝑦 𝑑𝑥

1

0

 

= 2𝑥2𝑦|𝑥=0
𝑥=1 

= 2𝑦. 

for 0 <  𝑦 <  1 and ℎ(𝑦)  =  0 elsewhere. Then, substituting into the 

formula for a conditional density, we get  

𝑓(𝑥|𝑦) =
𝑓(𝑥, 𝑦)

ℎ(𝑦)
 =

4𝑥𝑦

2𝑦
 =  2𝑥 

for 0 <  𝑥 <  1 and 𝑓(𝑥|𝑦)  =  0 elsewhere. 

DEFINITION 14.  

INDEPENDENCE OF DISCRETE RANDOM VARIABLES. If 𝑓(𝑥1, 𝑥2, … 𝑥𝑛) 

is the value of the joint probability distribution of the discrete random 

variables 𝑋1, 𝑋2, … 𝑋𝑛 at (𝑥1, 𝑥2, … 𝑥𝑛) and 𝑓𝑖(𝑥𝑖) is the value of the 

marginal distribution of 𝑋𝑖 , at 𝑥𝑖 for 

𝑖 =  1,2, . . . , 𝑛, then the n random variables are independent if and only 

if  

𝑓(𝑥1, 𝑥2, … 𝑥𝑛) = 𝑓1(𝑥1) .𝑓2(𝑥2) …….𝑓𝑛(𝑥𝑛) for all (𝑥1, 𝑥2, … 𝑥𝑛) within 

their range. 
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EXAMPLE 25 

Considering independent flips of a balanced coin, let 𝑋𝑖 , be the number 

of heads (0 or 1) obtained in the ith flip for 𝑖 =  1, 2 , . . . , 𝑛. Find the joint 

probability distribution of these n random variables. 

Solution  

Since each of the random variables 𝑋𝑖 , for 𝑖 =  1, 2 , . . . , 𝑛 , has the 

probability distribution  

𝑓𝑖(𝑥𝑖) =
1

2
      𝑓𝑜𝑟 𝑥𝑖 = 0,1 

and then random variables are independent, their joint probability 

distribution is given by 

𝑓(𝑥1, 𝑥2, … 𝑥𝑛) = 𝑓1(𝑥1) .𝑓2(𝑥2) …….𝑓𝑛(𝑥𝑛) 

=
1

2
.
1

2
…
1

2
 

= (
1

2
)
𝑛

 

Where 𝑥𝑖 = 0 𝑜𝑟 1 for 𝑖 = 1,2, … , 𝑛. 

 

EXAMPLE 26 

Given the independent random variables 𝑋1, 𝑋2 𝑎𝑛𝑑 𝑋3 with the 

probability densities  

𝑓1(𝑥1)  = {
𝑒−𝑥1 , 𝑓𝑜𝑟 𝑥1 > 0

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
 

𝑓2(𝑥2)  = {
2𝑒−2𝑥2 , 𝑓𝑜𝑟 𝑥2 > 0

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
 

𝑓3(𝑥3)  = {
3𝑒−3𝑥3 , 𝑓𝑜𝑟 𝑥3 > 0

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
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Find their joint probability density, and use it to evaluate the probability 

𝑃(𝑋1 + 𝑋2 ≤ 1, 𝑋3 > 1) 

Solution  

According to Definition 14, the values of the joint probability density are 

given by  

𝑓(𝑥1, 𝑥2, … 𝑥𝑛) = 𝑓1(𝑥1) .𝑓2(𝑥2) .𝑓3(𝑥3) = 𝑒
−𝑥1 . 2𝑒−2𝑥2 . 3𝑒−3𝑥3 =

6𝑒−𝑥1−2𝑥2−3𝑥3 

For 𝑥1 > 0, 𝑥2 > 0,𝑥3 > 0 and 𝑓(𝑥1, 𝑥2, 𝑥3) = 0 elsewhere. Thus, 

 𝑃(𝑋1 + 𝑋2 ≤ 1, 𝑋3 > 1) = ∫ ∫ ∫ 6𝑒−𝑥1−2𝑥2−3𝑥3
1−𝑥2
0

1

0

∞

1
𝑑𝑥1𝑑𝑥2𝑑𝑥3 

     = (1 − 2𝑒−1 + 𝑒−2)𝑒−3 

     = 0.020 

MATHEMATICAL EXPECTATION 

INTRODUCTION 

Mathematical expectation (or expected value) is a fundamental concept 

in probability and statistics that gives the “long-run average” value of a 

random variable over many repetitions of an experiment. It generalizes 

the idea of an ordinary arithmetic mean by weighting each possible 

outcome by its probability. 

Idea in simple terms 

In simple language, the mathematical expectation of a random variable 

X is the average value you would expect to obtain if you could repeat the 

underlying random experiment many times and record the values of X. 

For example, in games of chance, the expected value represents the 

average amount a player can win (or lose) per play over many trials. 

 



81 | P a g e  
 

 

Definition for discrete and continuous variables 

For a discrete random variable X taking values 𝑥1, 𝑥2, … with 

probabilities 𝑝1, 𝑝2, …, the mathematical expectation is defined as 

𝐸(𝑋) =∑𝑥𝑖, 𝑝𝑖 .

𝑖

 

For a continuous random variable with probability density function 

𝑓(𝑥), the expectation is 

𝐸(𝑋) = ∫ 𝑥𝑓(𝑥)𝑑𝑥.

∞

−∞

 

Interpretation and role 

Mathematical expectation is also called the mean of the probability 

distribution and is often denoted by μ. It plays a central role in many 

areas of applied statistics, such as gambling, insurance, decision theory, 

and data analysis, because it quantifies the “center” of a random 

outcome even when the outcome itself is uncertain. 

 

 

The Expected Value of a Random Variable 

The expected value (also called the mean or mathematical expectation) 

of a random variable represents the average value it takes over a large 

number of trials. 

 1. Definition 

If ( X ) is a random variable, the expected value is denoted by: 

𝐸(𝑋) 𝑜𝑟 𝜇 
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2. Discrete Random Variable 

If  𝑋  takes values 𝑥1, 𝑥2, …  with probabilities  𝑃(𝑋 =  𝑥𝑖)  =  𝑝𝑖, then: 

𝐸(𝑋) =∑𝑥𝑖𝑝𝑖 

     Example (Discrete Case) 

Let ( X ) be the outcome of a fair die: 

𝐸(𝑋) = 1.
1

6
+ 2.

1

6
+ 3.

1

6
+ 4.

1

6
+ 5.

1

6
+ 6.

1

6
 

𝐸(𝑋) =
21

6
= 3.5 

3. Continuous Random Variable 

If 𝑋  has probability density function  𝑓(𝑥), then: 

𝐸(𝑋) = ∫ 𝑥𝑓(𝑥)

∞

−∞

 

     Example (Continuous Case) 

If  𝑓(𝑥) = 2𝑥, for 0 ≤ 𝑥 ≤ 1: 

𝐸(𝑋) = ∫𝑥. 2𝑥 𝑑𝑥

1

0

 

= ∫2𝑥2
1

0

𝑑𝑥 

= 2.
1

3
 

=
2

3
 

 4. Properties of Expected Value 

1. Linearity: 
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𝐸(𝑎𝑋 +  𝑏)  =  𝑎𝐸(𝑋)  +  𝑏 

2. Sum of Variables: 

𝐸(𝑋 +  𝑌)  =  𝐸(𝑋)  +  𝐸(𝑌) 

3. Constant: 

𝐸(𝑐)  =  𝑐 

 5. Key Points 

• Expected value is a theoretical average, not necessarily a value 

the variable actually takes. 

• It is widely used in statistics, economics, and decision theory. 

• Helps in predicting long-run outcomes. 

EXAMPLE 1: 

A lot of 12 television sets includes 2 with white cords. If 3 of the sets are 

choses at random for shipment to a hotel. How many sets with white 

cords can the shipper expect to send to the hotel? 

Solution: 

Since 𝑥 of the 2 sets with white cords and 3 − 𝑥 of the 10 other sets can 

be chosen in (
2
3
) (

10
3 − 𝑥

) ways, 3 of the 12 sets can be chosen in (
12
3
) 

ways, and these (
12
3
) possibilities are presumably equiprobable, we find 

that the probability distributions of 𝑋, the number of sets with white 

cords shipped to the hotel, is given by 

𝑓(𝑥) =
(
2
𝑥
) (

10
3 − 𝑥

)

(
12
3
)

    𝑓𝑜𝑟  𝑥 = 0,1,2 
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Or, in tabular form, 

 

 

 

Now, 

𝐸(𝑋) = 0.
6

11
+ 1.

9

22
+ 2.

1

22

=
1

2
 

And since half a set cannot possibly be shipped, it should be clear that 

the term “expect” is not used in its colloquial sense. Indeed, it should be 

interpreted as an average pertaining to repeated shipments made under 

the given conditions. 

 

EXAMPLE 2 

Certain coded measurements of the pitch diameter of threads of a fitting 

have the probability density 

𝑓(𝑥) = {

4

𝜋(1 + 𝑥2)
, 𝑓𝑜𝑟 0 < 𝑥 < 1

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

Find the expected value of this random variable. 

Solution: 

𝐸(𝑋) = ∫𝑥.

1

0

4

𝜋(1 + 𝑥2)
𝑑𝑥 

𝐸(𝑋) =
4

𝜋
∫𝑥(1 + 𝑥2)𝑑𝑥

1

0

 

𝑥 0 1 2 

𝐹(𝑥) 6

11
 

9

22
 

1

22
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∫
𝑥

1 + 𝑥2
𝑑𝑥 

Use substitution: 

Let 𝑢 = 1 + 𝑥2 ⟹ 𝑑𝑢 = 2𝑥𝑑𝑥 

1

2
∫
𝑑𝑢

𝑢
=
1

2
ln (1 + 𝑥2) 

∫
𝑥

1 + 𝑥2
𝑑𝑥 =

1

2
(ln (1 + 𝑥2))0

1

1

0

 

=
1

2
[ln(2) − ln(1)] 

=
1

2
ln (2) 

𝐸(𝑋) =
4

𝜋
.
1

2
𝑙𝑛(2) =

2

𝜋
ln (2) ≅ 0.4413 

THEOREM : 

If X is a discrete random variable and 𝑓(𝑥) is the value of its probability 

distribution at 𝑥, the expected value of 𝑔(𝑥) is given by 

𝐸[𝑔(𝑋)] =∑𝑔(𝑥). 𝑓(𝑥)

𝑥

 

Correspondingly, if X is a continuous random variable and 𝑓(𝑥) is the 

value of its probability density at 𝑥, the expected value of 𝑔(𝑋) is given 

by 

  

𝐸[𝑔(𝑋)] = ∫ 𝑔(𝑥). 𝑓(𝑥) 𝑑𝑥

∞

−∞
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Proof: 

Since a more general proof is beyond the scope of this chapted, we shall 

prove this theorem here only for the case where 𝑋 is discrete and has a 

finite range. Since 𝑦 = 𝑔(𝑥) does not necessarily define a one-to-one 

correspondence, suppose that 𝑔(𝑥) taakes on the value 𝑔𝑖when 𝑥 takes 

on the values 𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝑛𝑖. Then, the probability that 𝑔(𝑥) will take 

value 𝑔𝑖is 

𝑃[𝑔(𝑋) = 𝑔𝑖] =∑𝑓(𝑥𝑖𝑗)

𝑛𝑖

𝑗=1

 

And if 𝑔(𝑥) takes on the values 𝑔1, 𝑔2, …𝑔𝑚, it follows that 

𝐸[𝑔(𝑋)] =∑𝑔𝑖 . 𝑃[𝑔(𝑋) = 𝑔𝑖]

𝑚

𝑖=1

 

=∑𝑔𝑖

𝑚

𝑖=1

∑𝑓(𝑥𝑖𝑗)

𝑛𝑖

𝑗=1

 

=∑∑𝑔𝑖 .

𝑛𝑖

𝑗=1

𝑓(𝑥𝑖𝑗)

𝑚

𝑖=1

 

=∑𝑔(𝑥). 𝑓(𝑥)

𝑥

 

Where the summation extends over all values of X. 

EXAMPLE 3 

If X is the number of points rolled with a balanced die, find the expected 

value of  

𝑔(𝑋) = 2𝑋2 + 1. 
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Solution: 

Since each possible outcome has the probability 
1

6
, we get 

𝐸[𝑔(𝑋)] = ∑(2𝑋2 + 1)

6

𝑥=1

.
1

6
 

= (2. 12 + 1).
1

6
+⋯+ (2. 62 + 1).

1

6
 

=
94

3
 

EXAMPLE 4: 

If X has the probability density 

𝑓(𝑥) = {
𝑒𝑥 , 𝑓𝑜𝑟 𝑥 > 0
0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

Find the expected value of 𝑔(𝑋) = 𝑒
3𝑋

4 . 

Solution: 

According to Theorem1, we have 

𝐸 [𝑒
3𝑋
4 ] = ∫ 𝑒

3𝑋
4

∞

0

. 𝑒−𝑥𝑑𝑥 

= ∫ 𝑒
−𝑥
4

∞

0

𝑑𝑥 

= 4 

THEOREM 2: 

If a and b are constants, then 

𝐸(𝑎𝑋 + 𝑏) = 𝑎𝐸(𝑋) + 𝑏 

Proof: 

Using Theorem 1 with 𝑔(𝑋) = 𝑎𝑋 + 𝑏, we get 
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𝐸(𝑎𝑋 + 𝑏) = ∫(𝑎𝑥 + 𝑏). 𝑓(𝑥)𝑑𝑥

∞

−∞

 

= 𝑎 ∫ 𝑥. 𝑓(𝑥)𝑑𝑥 + 𝑏 ∫ 𝑓(𝑥)𝑑𝑥

∞

−∞

∞

−∞

 

= 𝑎𝐸(𝑋) + 𝑏 

COROLLARY 1. 

If a is a constant, then 

𝐸(𝑎𝑋) = 𝑎𝐸(𝑋) 

COROLLARY 2. 

If b is a constant, then 

𝐸(𝑏) = 𝑏 

THEOREM 3: 

If 𝑐1, 𝑐2, … 𝑎𝑛𝑑 𝑐𝑛 are constants, then 

𝐸 [∑𝑐𝑖𝑔𝑖(𝑋)

𝑛

𝑖=1

] =∑𝑐𝑖𝐸[𝑔𝑖(𝑋)]

𝑛

𝑖=1

 

Proof: 

According to Theorem 1 with 𝑔(𝑋) = ∑ 𝑐𝑖𝑔𝑖(𝑋)
𝑛
𝑖=1 , we get 

𝐸 [∑𝑐𝑖𝑔𝑖(𝑋)

𝑛

𝑖=1

] =∑[∑𝑐𝑖𝑔𝑖(𝑥)

𝑛

𝑖=1

] 𝑓(𝑥)

𝑥

 

=∑∑ 𝑐𝑖𝑔𝑖(𝑥)𝑓(𝑥)
𝑥

𝑛

𝑖=1

 

=∑𝑐𝑖∑𝑔𝑖(𝑥)𝑓(𝑥)

𝑥

𝑛

𝑖=1
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=∑𝑐𝑖𝐸[𝑔𝑖(𝑋)]

𝑛

𝑖=1

 

EXAMPLE 5:  

Making use of the fact that  

𝐸(𝑋2) = (12 + 22 + 32 + 42 + 52 + 62).
1

6
=
91

6
 

For the random variable of example 3, rework that example. 

Solution: 

𝐸(2𝑋2 + 1) = 2𝐸(𝑋2) + 1 = 2.
91

6
+ 1 =

94

3
 

 

EXAMPLE 6: 

If the probability density of X is given by  

𝑓(𝑥) = {
2(1 − 𝑥), 𝑓𝑜𝑟 0 < 𝑥 < 1

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
 

(a) Show that 

𝐸(𝑋𝑓) =
2

(𝑟 + 1)(𝑟 + 2)
 

 

(b) And use this result to evaluate  

𝐸[(2𝑋 + 1)2] 

Solution: 

(a) 𝐸(𝑋′) = ∫ 𝑥𝑟 2(1 − 𝑥)
1

0
𝑑𝑥 = 2∫ (𝑥𝑟 − 𝑥𝑟+1)𝑑𝑥

1

0
 

= 2(
1

𝑟 + 1
−

1

𝑟 + 2
) 

=
2

(𝑟 + 1)(𝑟 + 2)
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(b) Since 𝐸[(2𝑋 + 1)2] = 4𝐸(𝑋2) + 4𝐸(𝑋) + 1 and substitution of  

𝑟 = 1 and 𝑟 = 2 

Into the preceding formula yields =𝐸(𝑋) =
2

2.3
=

1

3
  & 𝐸(𝑥2) =

2

2.4
=

1

6
 , 𝑤𝑒 𝑔𝑒𝑡  

𝐸[(2𝑋 + 1)2] = 4.
1

6
+ 4.

1

3
+ 1 = 3 

Example 7  

Show that  𝐸[(𝑎𝑋 + 𝑏)𝑛] = ∑ (
𝑛
𝑖
) 𝑎𝑛−𝑖𝑏𝑖𝐸𝑛

𝑖=0 (𝑋𝑛−𝑖) 

Solution: 

Since (𝑎𝑥 + 𝑏)𝑛 = ∑ (
𝑛
𝑖
) (𝑎𝑥)𝑛−𝑖𝑏𝑖𝑛

𝑖=0 , it follows that 

𝐸[(𝑎𝑋 + 𝑏)𝑛] = 𝐸 [∑(
𝑛
𝑖
) 𝑎𝑛−𝑖𝑏𝑖𝐸

𝑛

𝑖=0

(𝑋𝑛−𝑖)] 

=∑(
𝑛
𝑖
) 𝑎𝑛−𝑖

𝑛

𝑖=𝑜

𝑏𝑖𝐸(𝑥𝑛−𝑖) 

Example 8 

Find the expected value of g (X,Y)=X+Y 

Solution  

𝐸(𝑋 + 𝑌) = ∑∑(𝑥 + 𝑦). 𝑓(𝑥, 𝑦)

2

𝑦=0

2

𝑥=0

 

= (0 + 0).
1

6
+ (0 + 1).

2

9
+ (0 + 2).

1

36
+ (1 + 0).

1

3
+ (1 + 1).

1

6

+ (2 + 0).
1

12
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=
10

9
 

Example 9 

If the joint probability density of X  is given by  

𝑓(𝑥) = {
2

7
(𝑥 + 2𝑦), 𝑓𝑜𝑟 0 < 𝑥 < 1, 1 < 𝑦 < 2

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 
 

Find  the expected value of 𝑔 (𝑋, 𝑌) = 𝑋 /𝑌3  

Solution  

𝐸 (
𝑥

𝑦3
) = ∫ ∫

2𝑥(𝑥 + 2𝑦)

7𝑦3
𝑑𝑥 𝑑𝑦 

1

0

2

1

 

=
2

7
∫ (

1

3𝑦3
+
1

𝑦2
)𝑑𝑦

2

1

 

 =
15

84
 

THEOREM 5: 

If 𝑐1, 𝑐2, … 𝑎𝑛𝑑 𝑐𝑛 are constants, then 

𝐸 [∑𝑐𝑖𝑔𝑖

𝑛

𝑖=1

(𝑋1, 𝑋2, … , 𝑋𝑘)] =∑𝑐𝑖𝐸[𝑔𝑖

𝑛

𝑖=1

(𝑋1, 𝑋2, … , 𝑋𝑘)] 

 

4. MOMENTS: 

In Statistics, the mathematics expectations defined here in definition 3, 

called the moments of the distribution of a random variable or simply 

the  moments of a random variable, are of special importance. 

DEFINITION 1. MOMENTS ABOUT THE ORIGIN. 

The rth moment about the origin of a random variable X, denoted by 𝜇𝑟
′  

is the expeccted value of 𝑋′; symbolically 
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𝜇𝑟
′ = 𝐸(𝑋𝑡) =∑𝑥𝑟. 𝑓(𝑥)

𝑥

 

For 𝑟 = 0,1,2,… when X is discrete, and 

𝜇𝑟
′ = 𝐸(𝑋𝑡) = ∫ 𝑥𝑡. 𝑓(𝑥)𝑑𝑥

∞

−∞

 

When X is continuous. 

DEFINITION 2. MEAN OF A DISTRIBUTION. 

𝜇𝑟
′   is called the mean of the distribution of X, or simply the mean of X, 

and it is denoted simply by 𝜇. 

DEFINITION 3. MOMENTS ABOUT THE MEAN. 

The rth moment about  the mean of a random variable X, denoted by 𝜇𝑟, 

is the expected value of (𝑋 − 𝜇)𝑟 , symbolically 

𝜇𝑟 = 𝐸[(𝑋 − 𝜇)
𝑟] =∑(𝑋 − 𝜇)𝑟

𝑥

. 𝑓(𝑥) 

For 𝑟 = 0,1,2,… when X is discrete, and 

𝜇𝑟 = 𝐸[(𝑋 − 𝜇)
𝑟] = ∫(𝑋 − 𝜇)𝑟

∞

−∞

. 𝑓(𝑥)𝑑𝑥 

When X is continuous. 

DEFINITION 4. VARIANCE. 

𝜇2 is called the variance of the distribution of X, or simply the variance 

of X, and it is denoted by 𝜎2, 𝜎𝑥
2, 𝑣𝑎𝑟(𝑋), 𝑜𝑟 𝑉(𝑋). The positive square 

root of the variance 𝜎, is called the standard deviation of X. 

THEOREM 1.  

𝜎2 = 𝜇2
′ − 𝜇2 

 



93 | P a g e  
 

PROOF: 

𝜎2 = 𝐸[(𝑋 − 𝜇)2]  

         = 𝐸(𝑋2 − 2𝜇𝑋 + 𝜇2)  

      = 𝐸(𝑋2) − 2𝜇𝐸(𝑋) + 𝐸(𝜇2)  

      = 𝐸(𝑋2) − 2𝜇. 𝜇 + 𝜇2  

      = 𝜇2
′ − 𝜇2 

 

EXAMPLE 1 

Use Theorem 1 to calculate the variance of X, representing the number 

of points rolled with a balanced die. 

Solution 

First we compute 

𝜇 = 𝐸(𝑋) = 1.
1

6
+ 2.

1

6
+ 3.

1

6
+ 4.

1

6
+ 5.

1

6
+ 6.

1

6
=
7

2
 

Now,  

𝜇2
′ = 𝐸(𝑋2) = 12.

1

6
+ 22.

1

6
+ 32.

1

6
+ 42.

1

6
+ 52.

1

6
+ 62.

1

6
=
91

6
 

And it follows that 

𝜎2 =
91

6
− (

7

2
)
2

=
35

12
 

EXAMPLE 2 

With reference to Example  

𝑓(𝑥) = {

4

𝜋(1 + 𝑥2)
, 𝑓𝑜𝑟 0 < 𝑥 < 1

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

Find the standard deviation of the random variable X. 
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Solution: 

In reference Example we showed that 𝜇 = 𝐸(𝑋) = 0.4413. now 

𝜇2
′ = 𝐸(𝑋2) =

4

𝜋
∫

𝑥2

1 + 𝑥2

1

0

𝑑𝑥 

=
4

𝜋
∫(1 −

1

1 + 𝑥2
)

1

0

𝑑𝑥 

=
4

𝜋
− 1 

= 0.2732 

And it follows that 

𝜎2 = 0.2732 − (0.4413)2 = 0.0785 

And 𝜎 = √0.0785 = 0.2802. 

THEOREM 2: 

If  X has the variance 𝜎2, then 

𝑣𝑎𝑟(𝑎𝑋 + 𝑏) = 𝑎2𝜎2 
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MCQs FOR ALL UNITS 

UNIT I – Combinatorial Methods 

1. Number of permutations of n distinct objects 

A) n B) n² C) n! D) nⁿ 

Ans: C | K1 | CO1 

2. Value of 4! 

A) 24 B) 16 C) 8 D) 12 

Ans: A | K1 | CO1 

3. Value of 0! 

A) 0 B) 1 C) ∞ D) -1 

Ans: B | K1 | CO1 

4. Formula for nPr 

A) n!/r! B) n!/(n-r)! C) r!/(n-r)! D) n!/r!(n-r)! 

Ans: B | K1 | CO1 

5. Formula for nCr 

A) n!/(r!(n-r)!) B) n!/r! C) r!/n! D) n² 

Ans: A | K1 | CO1 

6. 5C0 = 

A) 5 B) 1 C) 0 D) 10 

Ans: B | K1 | CO1 

7. 5C5 = 

A) 5 B) 1 C) 0 D) 25 

Ans: B | K1 | CO1 
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8. 6P1 = 

A) 1 B) 6 C) 36 D) 720 

Ans: B | K1 | CO1 

9. Circular permutation formula 

A) n! B) (n−1)! C) n² D) n 

Ans: B | K1 | CO1 

10. Number of ways to arrange 3 objects 

A) 3 B) 6 C) 9 D) 12 

Ans: B | K1 | CO1 

11. 5P2 = 

A) 10 B) 20 C) 5 D) 25 

Ans: B | K2 | CO1 

12. 6C2 = 

A) 12 B) 15 C) 30 D) 10 

Ans: B | K2 | CO1 

13. 7C3 = 

A) 21 B) 35 C) 42 D) 49 

Ans: B | K2 | CO1 

14. Number of arrangements of “CAT” 

A) 3 B) 6 C) 9 D) 12 

Ans: B | K2 | CO1 

15. Permutations of “ABA” 

A) 6 B) 3 C) 2 D) 1 

Ans: B | K2 | CO1 
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16. If nCr = nC(n-r), then symmetry property 

A) True B) False 

Ans: A | K2 | CO1 

17. 8C1 = 

A) 1 B) 8 C) 16 D) 64 

Ans: B | K2 | CO1 

18. 9P0 = 

A) 0 B) 1 C) 9 D) 81 

Ans: B | K2 | CO1 

19. Number of ways to choose 2 from 5 

A) 10 B) 20 C) 5 D) 25 

Ans: A | K2 | CO1 

20. 10C2 = 

A) 45 B) 20 C) 90 D) 10 

Ans: A | K2 | CO1 

21. Ways to arrange 4 books on shelf 

A) 16 B) 24 C) 8 D) 12 

Ans: B | K3 | CO1 

22. Select 3 students from 8 

A) 56 B) 24 C) 64 D) 48 

Ans: A | K3 | CO1 

23. Arrange 5 people in a circle 

A) 120 B) 24 C) 60 D) 20 

Ans: B | K3 | CO1 
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24. Number of permutations of “LEVEL” 

A) 120 B) 60 C) 30 D) 20 

Ans: C | K3 | CO1 

25. 6P3 = 

A) 120 B) 60 C) 20 D) 30 

Ans: A | K3 | CO1 

26. Ways to arrange 3 boys and 2 girls 

A) 120 B) 60 C) 20 D) 10 

Ans: B | K3 | CO1 

27. Choose 4 from 9 

A) 126 B) 36 C) 81 D) 45 

Ans: A | K3 | CO1 

28. Arrange digits 1,2,3,4 

A) 24 B) 16 C) 12 D) 8 

Ans: A | K3 | CO1 

29. Number of subsets of a set with 3 elements 

A) 6 B) 8 C) 9 D) 3 

Ans: B | K3 | CO1 

30. Total arrangements of 6 objects taken all 

A) 720 B) 120 C) 360 D) 60 

Ans: A | K3 | CO1 

31. If nP2 = 20, find n 

A) 4 B) 5 C) 6 D) 10 

Ans: B | K4 | CO1 
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32. If nC2 = 10, n = 

A) 4 B) 5 C) 6 D) 7 

Ans: B | K4 | CO1 

33. Ratio of 5P3 : 5C3 

A) 6 B) 3 C) 2 D) 1 

Ans: A | K4 | CO1 

34. Number of diagonals in pentagon 

A) 5 B) 10 C) 15 D) 20 

Ans: B | K4 | CO1 

35. 8C3 = 

A) 56 B) 28 C) 70 D) 84 

Ans: A | K4 | CO1 

36. 7P2 = 

A) 42 B) 21 C) 14 D) 49 

Ans: A | K4 | CO1 

37. If nC3 = 35, n = 

A) 5 B) 6 C) 7 D) 8 

Ans: C | K4 | CO1 

38. Number of ways to distribute 3 identical balls 

A) 3 B) 4 C) 5 D) 6 

Ans: B | K4 | CO1 

39. Sum of coefficients in binomial expansion 

A) 0 B) 1 C) 2ⁿ D) n 

Ans: C | K4 | CO1 
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40. Middle term in (a+b)^4 

A) 3rd B) 2nd C) 4th D) 5th 

Ans: A | K4 | CO1 

41. Coefficient of x² in (1+x)^5 

A) 5 B) 10 C) 20 D) 15 

Ans: B | K5 | CO1 

42. Number of subsets of n elements 

A) n² B) 2ⁿ C) n! D) n 

Ans: B | K5 | CO1 

43. Ways to arrange “MISS” 

A) 12 B) 6 C) 4 D) 24 

Ans: A | K5 | CO1 

44. Permutations with repetition allowed 

A) n! B) nʳ C) nCr D) none 

Ans: B | K5 | CO1 

45. Number of ways to choose at least one 

A) 2ⁿ B) 2ⁿ−1 C) n! D) n 

Ans: B | K5 | CO1 

46. If nC1 = 10, n = 

A) 10 B) 5 C) 1 D) 20 

Ans: A | K5 | CO1 

47. Total outcomes of binary choice repeated n times 

A) n² B) 2ⁿ C) n! D) n 

Ans: B | K5 | CO1 
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48. Coefficient of x³ in (1+x)^6 

A) 20 B) 15 C) 10 D) 6 

Ans: A | K5 | CO1 

49. If nP3 = 60, n = 

A) 4 B) 5 C) 6 D) 3 

Ans: B | K5 | CO1 

50. Expansion of (a+b)ⁿ has 

A) n terms B) n+1 terms C) n−1 terms D) 2n 

Ans: B | K5 | CO1 

UNIT II – Probability 

1. Probability of an event lies between 

A) -1 to 1 B) 0 to 1 C) 1 to 10 D) 0 to ∞ 

Ans: B | K1 | CO2 

2. Probability of a sure event 

A) 0 B) 1 C) 0.5 D) ∞ 

Ans: B | K1 | CO2 

3. Probability of an impossible event 

A) 1 B) 0 C) 0.5 D) ∞ 

Ans: B | K1 | CO2 

4. Sample space means 

A) subset B) outcomes set C) event D) experiment 

Ans: B | K1 | CO2 

5. Event is 

A) subset of sample space 

B) full sample space 
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C) number 

D) equation 

Ans: A | K1 | CO2 

6. Complement of event A is 

A) A B) A' C) AB D) A+B 

Ans: B | K1 | CO2 

7. P(S) = 

A) 0 B) 1 C) 2 D) ∞ 

Ans: B | K1 | CO2 

8. P(∅) = 

A) 1 B) 0 C) 0.5 D) ∞ 

Ans: B | K1 | CO2 

9. Number of outcomes in tossing a coin 

A) 1 B) 2 C) 3 D) 4 

Ans: B | K1 | CO2 

10. Number of outcomes in a die 

A) 4 B) 5 C) 6 D) 7 

Ans: C | K1 | CO2 

11. P(A') = 

A) P(A) 

B) 1 − P(A) 

C) 1 + P(A) 

D) 0 

Ans: B | K2 | CO2 

12. Mutually exclusive events satisfy 

A) A∩B = 0 
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B) A∩B ≠ 0 

C) A = B 

D) none 

Ans: A | K2 | CO2 

13. P(A∪B) = 

A) P(A)+P(B) 

B) P(A)+P(B)-P(A∩B) 

C) P(A)P(B) 

D) none 

Ans: B | K2 | CO2 

14. Probability of head in fair coin 

A) 0 B) 1 C) 1/2 D) 2 

Ans: C | K2 | CO2 

15. Probability of even number in die 

A) 1/6 B) 1/3 C) 1/2 D) 2/3 

Ans: C | K2 | CO2 

16. Total outcomes in two coins 

A) 2 B) 3 C) 4 D) 6 

Ans: C | K2 | CO2 

17. Total outcomes in two dice 

A) 12 B) 36 C) 6 D) 24 

Ans: B | K2 | CO2 

18. Classical probability formula 

A) favorable/total 

B) total/favorable 

C) sum 
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D) difference 

Ans: A | K2 | CO2 

19. Exhaustive events mean 

A) partial 

B) complete sample space 

C) empty 

D) none 

Ans: B | K2 | CO2 

20. Equally likely events 

A) same probability 

B) different probability 

C) zero 

D) none 

Ans: A | K2 | CO2 

21. Probability of getting 3 in die 

A) 1/6 B) 1/3 C) 1/2 D) 1 

Ans: A | K3 | CO2 

22. Probability of odd number in die 

A) 1/6 B) 1/2 C) 2/3 D) 1 

Ans: B | K3 | CO2 

23. Two coins: probability of 2 heads 

A) 1/2 B) 1/4 C) 3/4 D) 1 

Ans: B | K3 | CO2 

24. Probability of at least one head 

A) 1/4 B) 1/2 C) 3/4 D) 1 

Ans: C | K3 | CO2 
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25. Die: number > 4 

A) 1/3 B) 1/6 C) 1/2 D) 2/3 

Ans: A | K3 | CO2 

26. Probability of sum = 7 (two dice) 

A) 1/6 B) 1/12 C) 1/36 D) 1/3 

Ans: A | K3 | CO2 

27. Not getting head 

A) 1/2 B) 1/3 C) 1/4 D) 0 

Ans: A | K3 | CO2 

28. Probability of prime number in die 

A) 1/6 B) 1/3 C) 1/2 D) 2/3 

Ans: C | K3 | CO2 

29. Getting tail in coin 

A) 1/2 B) 1/3 C) 1/4 D) 1 

Ans: A | K3 | CO2 

30. Getting number < 3 in die 

A) 1/6 B) 1/3 C) 1/2 D) 2/3 

Ans: B | K3 | CO2 

31. P(A)=0.4, find P(A') 

A) 0.4 B) 0.6 C) 1 D) 0 

Ans: B | K4 | CO2 

32. If P(A∪B)=1, then 

A) mutually exclusive 

B) exhaustive 

C) independent 
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D) none 

Ans: B | K4 | CO2 

33. If A,B disjoint → P(A∩B)= 

A) 1 B) 0 C) P(A) D) P(B) 

Ans: B | K4 | CO2 

34. P(A)=0.5, P(B)=0.4, independent → P(A∩B) 

A) 0.2 B) 0.9 C) 0.1 D) 0.4 

Ans: A | K4 | CO2 

35. If P(A)=1 → event is 

A) impossible B) sure C) random D) none 

Ans: B | K4 | CO2 

36. If P(A)=0 → event is 

A) sure B) impossible C) equal D) none 

Ans: B | K4 | CO2 

37. Sum of all probabilities 

A) 0 B) 1 C) n D) ∞ 

Ans: B | K4 | CO2 

38. If A⊂B then 

A) P(A)>P(B) 

B) P(A)≤P(B) 

C) equal 

D) none 

Ans: B | K4 | CO2 

39. P(A)+P(A') = 

A) 0 B) 1 C) 2 D) n 

Ans: B | K4 | CO2 
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40. If P(A∩B)=P(A)P(B), then 

A) dependent B) independent C) equal D) none 

Ans: B | K4 | CO2 

41. Probability of getting at least one head (3 coins) 

A) 1/8 B) 7/8 C) 3/8 D) 1/2 

Ans: B | K5 | CO2 

42. Probability of all tails (3 coins) 

A) 1/8 B) 3/8 C) 1/2 D) 7/8 

Ans: A | K5 | CO2 

43. Probability of sum = 2 (two dice) 

A) 1/36 B) 1/6 C) 1/12 D) 1/18 

Ans: A | K5 | CO2 

44. Probability of sum ≥ 10 (two dice) 

A) 1/6 B) 1/12 C) 1/4 D) 1/3 

Ans: A | K5 | CO2 

45. Probability of getting exactly one head (2 coins) 

A) 1/4 B) 1/2 C) 3/4 D) 1 

Ans: B | K5 | CO2 

46. Probability of multiple of 3 in die 

A) 1/6 B) 1/3 C) 1/2 D) 2/3 

Ans: B | K5 | CO2 

47. If P(A)=0.7 → P(A') 

A) 0.3 B) 0.7 C) 1 D) 0 

Ans: A | K5 | CO2 
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48. Probability of odd sum (two dice) 

A) 1/2 B) 1/3 C) 1/4 D) 2/3 

Ans: A | K5 | CO2 

49. Total sample space (3 coins) 

A) 6 B) 8 C) 4 D) 2 

Ans: B | K5 | CO2 

50. Probability of at most one head (2 coins) 

A) 1/4 B) 3/4 C) 1/2 D) 1 

Ans: B | K5 | CO2 

UNIT III – Conditional Probability 

1. Conditional probability is denoted by 

A) P(A+B) B) P(A|B) C) P(AB) D) P(A') 

Ans: B | K1 | CO3 

2. Formula for conditional probability 

A) P(A∩B)/P(B) 

B) P(A)+P(B) 

C) P(A)P(B) 

D) none 

Ans: A | K1 | CO3 

3. Independent events satisfy 

A) P(A∩B)=0 

B) P(A∩B)=P(A)P(B) 

C) P(A)=P(B) 

D) none 

Ans: B | K1 | CO3 
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4. If A and B are independent, then 

A) P(A|B)=P(A) 

B) P(A|B)=0 

C) P(A|B)=1 

D) none 

Ans: A | K1 | CO3 

5. Joint probability means 

A) union 

B) intersection 

C) complement 

D) none 

Ans: B | K1 | CO3 

6. If P(B)=0, then P(A|B) 

A) exists 

B) does not exist 

C) 1 

D) 0 

Ans: B | K1 | CO3 

7. Dependent events are 

A) independent 

B) not independent 

C) equal 

D) none 

Ans: B | K1 | CO3 

8. Multiplication theorem 

A) P(A∩B)=P(A)P(B/A) 
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B) P(A+B) 

C) P(A') 

D) none 

Ans: A | K1 | CO3 

9. Bayes theorem is used for 

A) prediction 

B) revision of probability 

C) counting 

D) sorting 

Ans: B | K1 | CO3 

10. Partition of sample space means 

A) overlapping 

B) disjoint events 

C) equal events 

D) none 

Ans: B | K1 | CO3 

11. P(A∩B)=P(A|B)P(B) 

A) True B) False 

Ans: A | K2 | CO3 

12. If A and B independent → P(A|B)= 

A) P(B) B) P(A) C) 0 D) 1 

Ans: B | K2 | CO3 

13. P(A|B) defined only if 

A) P(B)=0 

B) P(B)≠0 

C) P(A)=0 
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D) none 

Ans: B | K2 | CO3 

14. Bayes theorem involves 

A) prior probability 

B) posterior probability 

C) both 

D) none 

Ans: C | K2 | CO3 

15. Conditional probability depends on 

A) A only 

B) B only 

C) both A and B 

D) none 

Ans: C | K2 | CO3 

16. If events are mutually exclusive → 

A) independent 

B) dependent 

C) equal 

D) none 

Ans: B | K2 | CO3 

17. P(A∩B) ≤ 

A) P(A) 

B) P(B) 

C) both 

D) none 

Ans: C | K2 | CO3 
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18. If A⊂B then 

A) P(A|B)=1 

B) P(A|B)=0 

C) P(B|A)=1 

D) none 

Ans: C | K2 | CO3 

19. Law of total probability uses 

A) partition 

B) union 

C) complement 

D) none 

Ans: A | K2 | CO3 

20. Conditional probability is always 

A) ≥0 

B) ≤1 

C) both 

D) none 

Ans: C | K2 | CO3 

21. If P(A)=0.5, P(B)=0.4, independent → P(A∩B) 

A) 0.2 B) 0.9 C) 0.1 D) 0.4 

Ans: A | K3 | CO3 

22. If P(A∩B)=0.2, P(B)=0.5 → P(A|B) 

A) 0.4 B) 0.2 C) 0.1 D) 0.5 

Ans: A | K3 | CO3 
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23. If P(A)=0.6, P(B)=0.3 → independent → P(A|B) 

A) 0.6 B) 0.3 C) 0.9 D) 0.2 

Ans: A | K3 | CO3 

24. If P(A∩B)=0 → events are 

A) independent 

B) mutually exclusive 

C) equal 

D) none 

Ans: B | K3 | CO3 

25. If P(A|B)=1 → 

A) A⊂B 

B) B⊂A 

C) A=B 

D) none 

Ans: B | K3 | CO3 

26. If P(A|B)=0 → 

A) A∩B=0 

B) A=B 

C) independent 

D) none 

Ans: A | K3 | CO3 

27. If A and B independent → P(B|A)= 

A) P(A) B) P(B) C) 0 D) 1 

Ans: B | K3 | CO3 
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28. If P(A)=0.2, P(B)=0.5, P(A∩B)=0.1 → independent? 

A) Yes B) No 

Ans: A | K3 | CO3 

29. If events dependent → 

A) P(A∩B)=P(A)P(B) 

B) not equal 

C) equal 

D) none 

Ans: B | K3 | CO3 

30. Conditional probability formula uses 

A) intersection 

B) union 

C) complement 

D) none 

Ans: A | K3 | CO3 

31. If P(A)=0.5, P(B)=0.4, P(A∩B)=0.2 → independent? 

A) Yes B) No 

Ans: A | K4 | CO3 

32. If P(A∩B)=P(A)P(B) → 

A) dependent 

B) independent 

C) equal 

D) none 

Ans: B | K4 | CO3 

33. If P(A|B)=P(A) → 

A) dependent 
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B) independent 

C) equal 

D) none 

Ans: B | K4 | CO3 

34. Bayes theorem helps to 

A) update probabilities 

B) calculate mean 

C) find variance 

D) none 

Ans: A | K4 | CO3 

35. Total probability theorem applies when 

A) partition exists 

B) no partition 

C) equal events 

D) none 

Ans: A | K4 | CO3 

36. If B⊂A → P(B|A)= 

A) 1 B) <1 C) 0 D) none 

Ans: B | K4 | CO3 

37. If A,B disjoint → P(A|B)= 

A) 0 B) 1 C) P(A) D) none 

Ans: A | K4 | CO3 

38. If P(B)=1 → P(A|B)= 

A) P(A) B) 1 C) 0 D) none 

Ans: A | K4 | CO3 
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39. If A,B independent → P(A∩B∩C)= 

A) P(A)P(B)P(C) 

B) sum 

C) difference 

D) none 

Ans: A | K4 | CO3 

40. Posterior probability means 

A) before event 

B) after event 

C) during event 

D) none 

Ans: B | K4 | CO3 

41. Bayes theorem relates 

A) prior & posterior 

B) mean & variance 

C) sum & difference 

D) none 

Ans: A | K5 | CO3 

42. If A,B,C partition → total probability 

A) sum 

B) weighted sum 

C) difference 

D) none 

Ans: B | K5 | CO3 
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43. If P(A|B)=0.5, P(B)=0.4 → P(A∩B) 

A) 0.2 B) 0.4 C) 0.5 D) 0.1 

Ans: A | K5 | CO3 

44. If P(A∩B)=0.3, P(B)=0.6 → P(A|B) 

A) 0.5 B) 0.6 C) 0.3 D) 0.2 

Ans: A | K5 | CO3 

45. If independent → 

A) P(A|B)=P(A) 

B) P(A|B)=0 

C) P(A|B)=1 

D) none 

Ans: A | K5 | CO3 

46. If dependent → 

A) P(A|B)=P(A) 

B) P(A|B)≠P(A) 

C) equal 

D) none 

Ans: B | K5 | CO3 

47. Law of total probability uses 

A) partition 

B) union 

C) complement 

D) none 

Ans: A | K5 | CO3 

48. Conditional probability is ratio of 

A) union 
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B) intersection to probability 

C) complement 

D) none 

Ans: B | K5 | CO3 

49. If A,B mutually exclusive → independent? 

A) Yes B) No 

Ans: B | K5 | CO3 

50. Bayes theorem used in 

A) decision making 

B) sorting 

C) counting 

D) none 

Ans: A | K5 | CO3 

UNIT IV – Probability Distributions 

1. A random variable is 

A) constant B) function C) equation D) set 

Ans: B | K1 | CO4 

2. Discrete random variable takes 

A) continuous values 

B) countable values 

C) infinite only 

D) none 

Ans: B | K1 | CO4 

3. Continuous random variable takes 

A) countable values 

B) uncountable values 
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C) finite values 

D) none 

Ans: B | K1 | CO4 

4. Probability mass function is for 

A) continuous 

B) discrete 

C) both 

D) none 

Ans: B | K1 | CO4 

5. Probability density function is for 

A) discrete 

B) continuous 

C) both 

D) none 

Ans: B | K1 | CO4 

6. Sum of probabilities (discrete case) 

A) 0 B) 1 C) ∞ D) n 

Ans: B | K1 | CO4 

7. Area under PDF 

A) 0 B) 1 C) ∞ D) n 

Ans: B | K1 | CO4 

8. Probability at a point (continuous) 

A) 1 B) 0 C) ∞ D) undefined 

Ans: B | K1 | CO4 

9. CDF stands for 

A) cumulative distribution function 
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B) central distribution 

C) constant distribution 

D) none 

Ans: A | K1 | CO4 

10. Range of CDF 

A) (-∞,∞) B) (0,1) C) [0,1] D) none 

Ans: C | K1 | CO4 

11. PMF satisfies 

A) sum = 1 

B) sum = 0 

C) sum = n 

D) none 

Ans: A | K2 | CO4 

12. PDF satisfies 

A) ∫f(x)dx = 1 

B) ∫f(x)dx = 0 

C) ∑f(x) 

D) none 

Ans: A | K2 | CO4 

13. CDF is 

A) increasing 

B) decreasing 

C) constant 

D) none 

Ans: A | K2 | CO4 
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14. CDF at infinity 

A) 0 B) 1 C) ∞ D) n 

Ans: B | K2 | CO4 

15. CDF at −∞ 

A) 0 B) 1 C) ∞ D) n 

Ans: A | K2 | CO4 

16. Binomial distribution is 

A) discrete 

B) continuous 

C) both 

D) none 

Ans: A | K2 | CO4 

17. Poisson distribution is 

A) discrete 

B) continuous 

C) both 

D) none 

Ans: A | K2 | CO4 

18. Normal distribution is 

A) discrete 

B) continuous 

C) both 

D) none 

Ans: B | K2 | CO4 

19. Mean of distribution represents 

A) central value 
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B) variance 

C) spread 

D) none 

Ans: A | K2 | CO4 

20. Variance measures 

A) center 

B) spread 

C) shape 

D) none 

Ans: B | K2 | CO4 

21. If P(X=1)=0.2, P(X=2)=0.8 → sum 

A) 0.8 B) 1 C) 0.2 D) 2 

Ans: B | K3 | CO4 

22. If f(x)=kx, 0≤x≤1 → k=? 

A) 1 B) 2 C) 3 D) 1/2 

Ans: B | K3 | CO4 

23. Mean of X: P(X=1)=0.5, P(X=2)=0.5 

A) 1 B) 2 C) 1.5 D) 0.5 

Ans: C | K3 | CO4 

24. Variance of constant 

A) 1 B) 0 C) ∞ D) none 

Ans: B | K3 | CO4 

25. If PDF given, probability found by 

A) sum 

B) integration 

C) difference 
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D) none 

Ans: B | K3 | CO4 

26. CDF F(x)=P(X≤x) 

A) True B) False 

Ans: A | K3 | CO4 

27. Probability between a and b 

A) F(b)-F(a) 

B) F(a)+F(b) 

C) F(a)F(b) 

D) none 

Ans: A | K3 | CO4 

28. If mean=5, constant → distribution 

A) variable 

B) degenerate 

C) normal 

D) none 

Ans: B | K3 | CO4 

29. Binomial parameters 

A) n,p 

B) λ 

C) μ 

D) none 

Ans: A | K3 | CO4 

30. Poisson parameter 

A) n B) p C) λ D) μ 

Ans: C | K3 | CO4 
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31. If X continuous → P(X=a) 

A) 1 B) 0 C) 0.5 D) none 

Ans: B | K4 | CO4 

32. PDF must be 

A) negative 

B) non-negative 

C) zero always 

D) none 

Ans: B | K4 | CO4 

33. If CDF differentiable → derivative gives 

A) PMF B) PDF C) mean D) none 

Ans: B | K4 | CO4 

34. Expected value formula (continuous) 

A) ∫xf(x)dx 

B) ∑xf(x) 

C) x² 

D) none 

Ans: A | K4 | CO4 

35. Variance formula 

A) E(X²)-[E(X)]² 

B) E(X) 

C) X² 

D) none 

Ans: A | K4 | CO4 

36. Standard deviation 

A) √variance 
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B) variance 

C) mean 

D) none 

Ans: A | K4 | CO4 

37. Distribution defined by PMF/PDF 

A) True B) False 

Ans: A | K4 | CO4 

38. Mean of binomial 

A) np B) n/p C) p/n D) none 

Ans: A | K4 | CO4 

39. Variance of binomial 

A) npq B) np C) pq D) none 

Ans: A | K4 | CO4 

40. Mean of Poisson 

A) λ B) n C) p D) none 

Ans: A | K4 | CO4 

41. Normal distribution is 

A) symmetric 

B) skewed 

C) uniform 

D) none 

Ans: A | K5 | CO4 

42. Area under normal curve 

A) 0 B) 1 C) ∞ D) n 

Ans: B | K5 | CO4 
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43. Standard normal mean 

A) 0 B) 1 C) 2 D) none 

Ans: A | K5 | CO4 

44. Standard normal variance 

A) 0 B) 1 C) 2 D) none 

Ans: B | K5 | CO4 

45. If variance=0 → 

A) variable 

B) constant 

C) random 

D) none 

Ans: B | K5 | CO4 

46. Skewness measures 

A) symmetry 

B) center 

C) spread 

D) none 

Ans: A | K5 | CO4 

47. Kurtosis measures 

A) peak 

B) center 

C) spread 

D) none 

Ans: A | K5 | CO4 

48. Multivariate distribution involves 

A) one variable 
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B) multiple variables 

C) none 

D) constant 

Ans: B | K5 | CO4 

49. Joint distribution gives 

A) marginal 

B) combined probability 

C) mean 

D) none 

Ans: B | K5 | CO4 

50. Marginal distribution derived from 

A) joint 

B) mean 

C) variance 

D) none 

Ans: A | K5 | CO4 

UNIT V – Expectation, Moments & Distributions 

1. Expected value is also called 

A) mean B) median C) mode D) variance 

Ans: A | K1 | CO5 

2. E(X) for discrete variable 

A) ΣxP(x) B) Σx²P(x) C) ΣP(x) D) none 

Ans: A | K1 | CO5 
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3. Variance is 

A) mean B) spread C) center D) none 

Ans: B | K1 | CO5 

4. Standard deviation is 

A) variance B) √variance C) mean D) none 

Ans: B | K1 | CO5 

5. First moment about origin 

A) E(X) B) E(X²) C) variance D) none 

Ans: A | K1 | CO5 

6. Second moment about origin 

A) E(X) B) E(X²) C) E(X³) D) none 

Ans: B | K1 | CO5 

7. Mean deviation measures 

A) center B) spread C) symmetry D) none 

Ans: B | K1 | CO5 

8. Random variable expectation is 

A) fixed B) random C) both D) none 

Ans: A | K1 | CO5 

9. E(c) where c is constant 

A) c B) 0 C) 1 D) none 

Ans: A | K1 | CO5 

10. E(0) = 

A) 1 B) 0 C) ∞ D) none 

Ans: B | K1 | CO5 

11. Variance formula 

A) E(X²)-[E(X)]² 
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B) E(X) 

C) X² 

D) none 

Ans: A | K2 | CO5 

12. E(aX) = 

A) aE(X) B) E(X) C) a+E(X) D) none 

Ans: A | K2 | CO5 

13. E(aX+b) = 

A) aE(X)+b 

B) aE(X) 

C) bE(X) 

D) none 

Ans: A | K2 | CO5 

14. Variance of constant 

A) 1 B) 0 C) ∞ D) none 

Ans: B | K2 | CO5 

15. Standard deviation always 

A) negative 

B) non-negative 

C) zero 

D) none 

Ans: B | K2 | CO5 

16. Moment about mean is 

A) central moment 

B) raw moment 

C) variance 
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D) none 

Ans: A | K2 | CO5 

17. First central moment 

A) 0 B) 1 C) mean D) none 

Ans: A | K2 | CO5 

18. Variance is 

A) second central moment 

B) first moment 

C) third moment 

D) none 

Ans: A | K2 | CO5 

19. Linearity of expectation 

A) True B) False 

Ans: A | K2 | CO5 

20. E(X+Y)= 

A) E(X)+E(Y) 

B) E(X)E(Y) 

C) 0 

D) none 

Ans: A | K2 | CO5 

21. If X=2 always → E(X) 

A) 0 B) 1 C) 2 D) 4 

Ans: C | K3 | CO5 

22. If E(X)=3 → E(2X) 

A) 3 B) 6 C) 9 D) 1 

Ans: B | K3 | CO5 
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23. If E(X)=2 → E(X+5) 

A) 7 B) 10 C) 5 D) 2 

Ans: A | K3 | CO5 

24. If variance=4 → SD 

A) 2 B) 4 C) 8 D) 1 

Ans: A | K3 | CO5 

25. If E(X)=5 → E(X²) ≥ 

A) 5 B) 25 C) 0 D) none 

Ans: B | K3 | CO5 

26. If X constant → variance 

A) 1 B) 0 C) ∞ D) none 

Ans: B | K3 | CO5 

27. If E(X)=4, E(Y)=3 → E(X+Y) 

A) 7 B) 12 C) 1 D) 0 

Ans: A | K3 | CO5 

28. If independent → E(XY) 

A) E(X)+E(Y) 

B) E(X)E(Y) 

C) 0 

D) none 

Ans: B | K3 | CO5 

29. If variance=9 → SD 

A) 3 B) 9 C) 81 D) 1 

Ans: A | K3 | CO5 
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30. Mean of distribution gives 

A) center B) spread C) shape D) none 

Ans: A | K3 | CO5 

31. If E(X)=μ → variance 

A) E(X²)-μ² 

B) μ² 

C) μ 

D) none 

Ans: A | K4 | CO5 

32. If X,Y independent → Var(X+Y)= 

A) Var(X)+Var(Y) 

B) product 

C) difference 

D) none 

Ans: A | K4 | CO5 

33. If X constant → SD 

A) 1 B) 0 C) ∞ D) none 

Ans: B | K4 | CO5 

34. Third moment measures 

A) skewness 

B) kurtosis 

C) mean 

D) none 

Ans: A | K4 | CO5 

35. Fourth moment measures 

A) skewness 



133 | P a g e  
 

B) kurtosis 

C) mean 

D) none 

Ans: B | K4 | CO5 

36. If Var(X)=0 → 

A) X constant 

B) X variable 

C) none 

D) random 

Ans: A | K4 | CO5 

37. If E(X)=0 → variance 

A) E(X²) 

B) 0 

C) 1 

D) none 

Ans: A | K4 | CO5 

38. If X,Y independent → Cov(X,Y) 

A) 0 B) 1 C) ∞ D) none 

Ans: A | K4 | CO5 

39. Covariance measures 

A) relation 

B) mean 

C) variance 

D) none 

Ans: A | K4 | CO5 



134 | P a g e  
 

40. Correlation lies between 

A) -1 to 1 

B) 0 to 1 

C) 1 to ∞ 

D) none 

Ans: A | K4 | CO5 

41. If X,Y independent → E(XY)= 

A) sum 

B) product 

C) difference 

D) none 

Ans: B | K5 | CO5 

42. Variance always 

A) ≥0 

B) ≤0 

C) =0 

D) none 

Ans: A | K5 | CO5 

43. If SD=0 → 

A) constant 

B) variable 

C) random 

D) none 

Ans: A | K5 | CO5 

44. Mean of symmetric distribution 

A) center 
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B) skewed 

C) zero 

D) none 

Ans: A | K5 | CO5 

45. Skewness = 0 → 

A) symmetric 

B) skewed 

C) uniform 

D) none 

Ans: A | K5 | CO5 

46. If E(X)=μ → central moment 1 

A) 0 B) μ C) 1 D) none 

Ans: A | K5 | CO5 

47. If X,Y independent → Var(XY) depends on 

A) both variables 

B) one 

C) none 

D) constant 

Ans: A | K5 | CO5 

48. Moment generating function used for 

A) moments 

B) mean 

C) variance 

D) none 

Ans: A | K5 | CO5 
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49. Correlation = 0 means 

A) independent (not always) 

B) dependent 

C) equal 

D) none 

Ans: A | K5 | CO5 

50. Expectation operator is 

A) linear 

B) non-linear 

C) constant 

D) none 

Ans: A | K5 | CO5 

 

****ALL THE BEST**** 
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