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PREFACE 

Fluid Dynamics is an important branch of applied mathematics 

that deals with the study of fluids in motion and the principles 

governing their behavior. It has wide applications in 

engineering, aerodynamics, hydrodynamics, and other 

scientific fields. 

These notes have been prepared for the students of the 

Department of Mathematics in accordance with the prescribed 

syllabus for M.Sc. Mathematics – Fluid Dynamics. The content 

covers important topics such as fluid motion, velocity potential, 

vorticity, continuity equation, Euler’s and Bernoulli’s 

equations, stream functions, complex velocity potentials, 

viscosity, laminar flow, and the Navier–Stokes equation.  

The material has been presented in a simple, systematic, and 

student-friendly manner to help students understand theoretical 

concepts and problem-solving techniques effectively. Special 

care has been taken to include clear explanations, derivations, 

and worked examples for classroom learning, self-study, and 

examination preparation. 

These notes are mainly based on the prescribed textbook, 

Textbook of Fluid Dynamics by Frank Chorlton, along with 

standard reference materials. It is hoped that this book will 

serve as a useful guide in developing analytical thinking and 

problem-solving skills in Fluid Dynamics. 
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Unit I 

Kinematics of Fluids in Motion 

Fluids:  

Fluids may be divided into two kinds, 

(i) Liquids and (ii) Gases 

Liquids:  

Liquids which are incompressible (no change in volume) the volume do not 

change when Pressure changes. 

Gases: 

Gases which are compressible (change in volume) fluids suffer changes in 

volumes whenever the pressure changes. 

1.1 Real Fluids and Ideal Fluids:  

1.1.1. Ideal Fluids: 

An ideal fluid is a fluid that has no viscosity, it is incompressible in nature. It 

has no resistance to shear stress, practically no ideal fluid exists. 

1.1.2. Real Fluids: 

Real fluids are compressible; they have some viscosity. 

Examples: 

Kerosene, petrol, water 

i) In the case of viscous fluid there is a friction between the particles. 

ii) In the case of inviscid fluid there is no friction and consequently no 

tangential (or) shearing stresses (forces). 

1.1.3. Viscous Fluid: (Friction - Rough particle) 

There is friction between the particles. Here we have equal and opposite 

tangential (or) shearing forces on each particle at a common boundary. This is 

called viscous fluid. 
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1.1.4. Inviscid Fluid: (No friction- smooth particle) 

There is no friction between the particles. Here there are no shearing forces or 

tangential forces. This is called inviscid fluid. 

1.2. Velocity of a Fluid at a point:  

1.2.1. To find the velocity of a fluid at a point 

 

All the time 't' a fluid particle is at p where 𝑂𝑃 = 𝑟 and at time (𝑡 + 𝛿𝑡) the 

same particle has reached p' were 

𝑂𝑃′ = 𝑟 + 𝛿𝑟 

Then in the interval 𝛿𝑡 the movement of the particle is 𝑃𝑃′ = 𝛿𝑟 

and so, the particle velocity q at P is 

𝑞⃗  = 𝑙𝑖𝑚
𝛿𝑡→0

[
𝛿𝑟

𝛿𝑡
] 

𝑞⃗  =
𝑑𝑟

𝑑𝑡
 

Assuming such a limit to exist uniquely.  

This assumption is reasonable if we postulate that the field is continuous. 

clearly 'q' is in general dependent on both 𝑟 and 𝑡  so we may write 𝑞 =

 𝑞(𝑟, 𝑡). 
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If p has Cartesian co-ordinates (𝑥, 𝑦, 𝑧) relative to a fixed tri-rectangular 

coordinate frame through O, then we may write  

𝑞 = 𝑞(𝑥, 𝑦, 𝑧, 𝑡) 

Let us suppose that  [𝑢, 𝑣, 𝑤] are the Cartesian components of 𝑞 in this frame.  

Then 

𝑞⃗ = 𝑢 𝑖⃗⃗  + 𝑣 𝑗⃗⃗⃗ + 𝑤 𝑘⃗⃗⃗ ⃗ 

𝑞⃗ = 𝑥 𝑖⃗⃗  + 𝑦 𝑗⃗⃗⃗ + 𝑧 𝑘⃗⃗⃗ ⃗ 

Let us take  

𝑞⃗ =
𝑑𝑥

𝑑𝑡
 𝑖⃗⃗  +

𝑑𝑦

𝑑𝑡
 𝑗⃗⃗⃗ +

𝑑𝑧

𝑑𝑡
 𝑘⃗⃗⃗ ⃗ 

Were 

𝑢 =
𝑑𝑥

𝑑𝑡
, 𝑣 =

𝑑𝑦

𝑑𝑡
, 𝑤 =

𝑑𝑧

𝑑𝑡
 

In cartesian co-ordinates,  𝑞𝑥 =
𝑑𝑥

𝑑𝑡
, 𝑞𝑦 =

𝑑𝑦

𝑑𝑡
, 𝑞𝑧 =

𝑑𝑧

𝑑𝑡
. 

1.3. Stream lines and path lines: 

1.3.1. Steady and unsteady flows: 

Suppose that at any time ′𝑡′ we know the velocity 𝑞 =  [𝑢, 𝑣, 𝑤] at each point 

𝑃(𝑥, 𝑦, 𝑧) of the fluid. 

Further suppose that at each point P at any given instant 't' we can draw a 

Curve 𝜁 in the fluid such that the direction of the tangent at P to 𝜁 coincides 

with the direction q at P. 

Then 𝜁 is termed a stream line. 

The stream lines are the solutions. differential equations 

𝑑𝑥

𝑢
=

𝑑𝑦

𝑣
=

𝑑𝑧

𝑤
 

This equation yields a double infinity of solutions. 
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1.3.2. Path lines: 

When the motion is steady, so that the pattern of flow does not vary with time, 

the paths of the fluid particles coincide with the stream lines. 

In unsteady motion, however, the flow pattern varies with time and the paths 

of the particles do not coincide with the stream lines, through the stream lines 

any point P does touch the path line through P. 

1.3.3. The path lines are the solutions of the differential equations:  

𝑢 =
𝑑𝑥

𝑑𝑡
, 𝑣 =

𝑑𝑦

𝑑𝑡
, 𝑤 =

𝑑𝑧

𝑑𝑡
 

These equations have a triply-infinite set of solutions. 

 

We know that 'q' at successive points of a stream line at any instant 't' enables 

it to be approximated by straight line segments. 

By the above diagram, if 𝑞1, 𝑞2, 𝑞3 denote the velocities at neighbouring points 

𝑃1, 𝑃2, 𝑃3, . . . . . . . .. of the stream line, then small straight segments 

𝑃1𝑃2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗, 𝑃2𝑃3

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ , 𝑃3𝑃4
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗, . . . . . . . . . ..  are drawn in the directions 𝑞1, 𝑞2, 𝑞3 ... 

respectively. 

Example: 
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If we draw the stream lines through every point of a closed curve Γ in the fluid 

we obtain a stream tube. 

1.5. The velocity potential: 

1.5.1. Define velocity potential and prove that at all points of the field of 

flow the equipotential is cut orthogonally. 

Solution: 

when the fluid velocity fluid velocity at time 't' is 𝑞⃗ = [𝑢, 𝑣, 𝑤] 

In Cartesians, the equations of the stream Lines 

𝑑𝑥

𝑢
=

𝑑𝑦

𝑣
=

𝑑𝑧

𝑤
  → (1) 

These curves cut the surfaces  

𝑢 𝑑𝑥 +  𝑣 𝑑𝑦 +  𝑤 𝑑𝑧 = 0 → (2) 

Orthogonally 

Now, suppose that at the consider instant ‘t’, we can find a scalar function 

𝜙(𝑥, 𝑦, 𝑧, 𝑡),uniform throughout the entire field of flow and such that 

𝑢 𝑑𝑥 +  𝑣 𝑑𝑦 +  𝑤 𝑑𝑧 = −𝑑𝜙 → (3) 

(i.e.,) 𝑢 𝑑𝑥 +  𝑣 𝑑𝑦 +  𝑤 𝑑𝑧 = 0 
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Then the expression on the right-hand side of eqn. (3) is an exact differential 

eqn., 

𝑢 = −
𝑑𝜙

𝑑𝑥
, 𝑣 = −

𝑑𝜙

𝑑𝑦
, 𝑤 = −

𝑑𝜙

𝑑𝑧
       (or)       𝑞 = −𝛻𝜙 -- (4) 

𝜙 is termed the velocity potential if and only of 𝑐𝑢𝑟𝑙 𝑞⃗ = 0. 

The necessary and sufficient condition for eqn. (4) to hold of 𝑐𝑢𝑟𝑙 𝑞⃗ = 0. 

𝛻 × 𝑞 = 0    --------------- (5) 

The surfaces 𝜙 (𝑥, 𝑦, 𝑧, 𝑡)  = Constants are called equipotential. 

Equations (1) & (2) and shows that at all points the field of flow the 

equipotential are 

cut orthogonally by the stream lines. 

Note: 

i) 𝑑𝜙 =
𝜕𝜙

𝜕𝑟
𝑑𝑟 +

𝜕𝜙

𝜕𝜃
𝑑𝜃 +

𝜕𝜙

𝜕𝜓
𝑑𝜓. 

ii) The necessary and sufficient condition for velocity eqn. (4) to be 

conservative in.𝑐𝑢𝑟𝑙 𝑞⃗ = 0 

 

Result: 

★ The negative sign in the equation 𝑞 = −𝛻𝜙 is a convention. It ensures 

that flow takes place from the higher to the lower potentials. 

★ When 𝑐𝑢𝑟𝑙 𝑞⃗ = 0, holds the flow is said to be of the potential kind. 

It is also said to be irrotational. For such a flow the field of q is conservative, q 

is Lameller Vector. 

1.6. Vorticity vector and Vertex line: 

consider the flow for which curve 𝑞⃗ ≠ 0,  𝛻 × 𝑞 ≠ 0 then the vector 𝜁 = 𝛻 ×

𝑞⃗  ((𝜁 = 𝛻 ∧ 𝑞⃗)is called vorticity Vector. 
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A curve drawn in the fluid such that the tangent to it at every point is in the 

direction of 𝜁 (vorticity vector) is called Vertex line. 

If 𝜁 = [𝜁1
⃗⃗⃗⃗ , 𝜁2, 𝜁3], then 

𝑑𝑥

𝜁1
=

𝑑𝑦

𝜁2
=

𝑑𝑧

𝜁3
 are equations of vertex lines. 

Remark: 

In general Vertex lines do not coincide with the stream lines. 

1.6.1. Vortex Tube and stream tube: 

We can draw the vertex line (or) stream lines through all points of closed 

curve 𝛤 to form a vortex tube (or) stream tube respectively. 

1.6.2. At the point in an incompressible fluid having spherical polar co-

ordinates (𝑟, 𝜃, 𝜓), the velocity components are 

[2𝑀𝑟−3𝑐𝑜𝑠𝜃, 𝑀𝑟−3𝑠𝑖𝑛𝜃, 0] where M is constant. show that the velocity is 

of the potential kind. Find the velocity potential and the equation of the 

stream lines. 

Solution: 

Let 𝑟, 𝜃, 𝜓 be the spherical co-ordinates of the incompressible fluid. 

Taking 𝑑𝑠 =  𝑑𝑟 𝑟̂  + 𝑟𝑑𝜃 𝜃 + 𝑟 𝑠𝑖𝑛 𝜃 𝑑𝜓 𝜓̂ 

From given, we've 

𝑑𝑟 = 2𝑀𝑟−3𝑐𝑜𝑠𝜃, 

𝑑𝜃 = 𝑀𝑟−3𝑠𝑖𝑛𝜃, 

𝑑𝜓 = 0 

Therefore, 𝑑𝑠 =  2𝑀𝑟−3𝑐𝑜𝑠𝜃 𝑟̂  + 𝑟𝑀𝑟−3𝑠𝑖𝑛𝜃 𝜃 + 𝑟 𝑠𝑖𝑛 𝜃 0 𝜓̂ 

                  𝑑𝑠 =  2𝑀𝑟−3𝑐𝑜𝑠𝜕𝜃 𝑟̂  + 𝑀𝑟−2𝑠𝑖𝑛𝜃 𝜃 

The Potential Kind is given by 

𝛻 × 𝑞⃗ = 0 
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=
1

𝑟2 𝑠𝑖𝑛 𝜃
[𝑟̂(0 − 0) − 𝑟𝜃(0 − 0) + 𝑟 𝑠𝑖𝑛𝜃 𝜓̂( 𝑀 𝑠𝑖𝑛𝜃(−2)𝑟−3

+ 2𝑀 𝑠𝑖𝑛𝜃𝑟−3)] 

    = 
1

𝑟2 𝑠𝑖𝑛 𝜃
(0) 

    = 0 

There fore 𝛻 × 𝑞⃗ = 0 

    =
1

𝑟2𝑠𝑖𝑛𝜃
[𝑟𝑠𝑖𝑛𝜃 𝜓̂(−2𝑀𝑠𝑖𝑛𝜃 𝑟−3 + 2𝑀𝑟−3𝑠𝑖𝑛𝜃)] 

    =
1

𝑟2𝑠𝑖𝑛𝜃
(0)  

                         ∴  𝐶𝑢𝑟𝑙 𝑞⃗ = 0 

The flow is of the potential kind. 

Let 𝜙(𝑟, 𝜃, 𝜓) be the appropriate velocity potential. 

⇒
𝜕𝜙

𝜕𝑟
= −2𝑀𝑟−3𝑐𝑜𝑠𝜃 

⇒
𝜕𝜙

𝑟𝜕𝜃
= −𝑀𝑟−3𝑠𝑖𝑛𝜃 

⇒
𝜕𝜙

𝜕𝜃
= −𝑀𝑟−2𝑠𝑖𝑛𝜃 

⇒
𝜕𝜙

𝑟𝑠𝑖𝑛𝜃 𝜕𝜓
= 0 

⇒
𝜕𝜙

𝜕𝜓
= 0 
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𝑑𝜙 =
𝜕𝜙

𝜕𝑟
𝑑𝑟 +

𝜕𝜙

𝜕𝜃
𝑑𝜃 +

𝜕𝜙

𝜕𝜓
𝑑𝜓 

      = −2𝑀𝑟−3𝑐𝑜𝑠𝜃 𝑑𝑟 + (−𝑀𝑟−2𝑠𝑖𝑛𝜃)𝑑𝜃 + 0                                                                

𝑑𝜙 = −2𝑀𝑟−3𝑐𝑜𝑠𝜃 𝑑𝑟 − 𝑀𝑟−2𝑠𝑖𝑛𝜃 𝑑𝜃 

Integrate on both sides 

∫ 𝑑𝜙 = −2𝑀𝑐𝑜𝑠𝜃∫ 𝑟−3𝑑𝑟 − 𝑀𝑟−2∫ 𝑠𝑖𝑛𝜃 𝑑𝜃                                                        

𝜙 = −2𝑀𝑐𝑜𝑠𝜃 [
𝑟−3+1

−3+1
] − 𝑀𝑟−2[−𝑐𝑜𝑠𝜃] 

𝜙 = −2𝑀𝑐𝑜𝑠𝜃 (
𝑟−2

−2
) + 𝑀𝑟−2𝑐𝑜𝑠𝜃 

     = 𝑀𝑐𝑜𝑠𝜃 𝑟−2 + 𝑀𝑟−2𝑐𝑜𝑠𝜃 

𝜙 = 2𝑀𝑟−2𝑐𝑜𝑠𝜃 

since 𝑀 is constant 

∴ 𝜙 𝑖𝑠 𝑡ℎ𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙. 

The stream lines are given by 

𝑑𝑥

𝑢
=

𝑑𝑦

𝑣
=

𝑑𝑧

𝑤
 

𝑢 = 2𝑀𝑟−3𝑐𝑜𝑠𝜃 

𝑣 = 𝑀𝑟−3𝑠𝑖𝑛𝜃 

𝑤 = 0 

𝑑𝑥 = 𝑑𝑟 

𝑑𝑦 = 𝑟 𝑑𝜃 

𝑑𝑧 = 𝑟𝑠𝑖𝑛𝜃 𝑑𝜓 

𝑑𝑟

2𝑀𝑟−3𝑐𝑜𝑠𝜃
=

𝑟 𝑑𝜃

𝑀𝑟−3𝑠𝑖𝑛𝜃
=

𝑟𝑠𝑖𝑛𝜃 𝑑𝜓

0
= 𝑘 

Taking last two ratios 

𝑟𝑠𝑖𝑛𝜃 𝑑𝜓

0
= 𝑘 
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⇒ 𝑑𝜓 = 0 

Integrate 

𝜓 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡   → (1) 

Taking first two ratios 

𝑑𝑟

2𝑀𝑟−3𝑐𝑜𝑠𝜃
=

𝑟 𝑑𝜃

𝑀𝑟−3𝑠𝑖𝑛𝜃
 

𝑑𝑟

2𝑟
=

𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃
 𝑑𝜃 

Take integral solution, we've 

1

2
∫

𝑑𝑟

𝑟
= ∫

𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃
 𝑑𝜃 

1

2
𝑙𝑜𝑔𝑟 = 𝑙𝑜𝑔𝑠𝑖𝑛𝜃 + 𝑙𝑜𝑔𝐴 

𝑙𝑜𝑔𝑟 = 2𝑙𝑜𝑔𝑠𝑖𝑛𝜃 + 𝑙𝑜𝑔𝐴 

𝑙𝑜𝑔𝑟 = 𝑙𝑜𝑔𝑠𝑖𝑛2𝜃 + 𝑙𝑜𝑔𝐴 

𝑙𝑜𝑔𝑟 = 𝑙𝑜𝑔(𝑠𝑖𝑛2𝜃𝐴) 

Take exponential 

𝑒𝑙𝑜𝑔𝑟 = 𝑒𝑙𝑜𝑔(𝑠𝑖𝑛2𝜃𝐴) 

⇒ 𝑟 = 𝐴𝑠𝑖𝑛2𝜃 → (2) 

From (1) and (2) are the stream lines equation. 

The equation 

𝜓 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

So that the stream lines lie in plane which passes through the axis of 

symmetry, 𝜃 = 0. 

1.6.3. Bookwork: 

Show that the vortex lines and tubes cannot originate or terminate at internal 

points in a fluid. 
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Proof: 

We know consider the flows for which 

𝑐𝑢𝑟𝑙 𝑞⃗ ≠ 0 

The vector 

𝜁 = 𝛻 × 𝑞⃗ 

is called the vorticity vector. 

∫ 𝑛
𝛿𝑆1

⋅ 𝜁 𝑑𝑠 + ∫ 𝑛
𝛿𝑆

⋅ 𝜁 𝑑𝑠 + ∫ 𝑛
𝛿𝑆2

⋅ 𝜁 𝑑𝑠 = 0 

At each point of 𝛿𝑆, 

𝑛 ⋅ 𝜁 = 0 

since 𝜁 is tangential to the curved surface 

thus, to the first order, the last equation gives 

(𝑛1 ⋅ 𝜁1)𝛿𝑆1 + (𝑛2 ⋅ 𝜁2)𝛿𝑆2 = 0 → (1) 

From eqn. (1) shows that 

|𝑛 ⋅ 𝜁| 𝛿𝑆 

is constant over every section 𝛿𝑆 of the vortex 𝑞. 

Its value is called the strength of the vortex tube. 

A vortex tube whose strength is unity is called a unit vortex tube. 

Now, suppose 𝑆 is any closed surface containing a volume 𝑉. 

∫𝑛
𝑆

⋅ 𝜁 𝑑𝑠 = ∫ ∇
𝑉

⋅ 𝜁 𝑑𝑣 = 0 → (2) 

From eqn. (2) shows that the total strength of vortex tubes emerging from 𝑆 is 

equal to that entering 𝑆. 

They can only form closed curve (or) terminate (or) boundaries. 
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Note: 

In the case of Smoke rings., the Vortex lines form closed waves. On the 

other hand, the vortex lines in a Whirlpool -terminate on the boundary of 

the fluid. 

1.6.4. Circulation: 

If 𝜁 is closed curve drawn in a moving fluid and if S denotes on area contained 

by 𝜁, them the circular 𝛾 of the fluid velocity Q is defined to be 

𝛤 = ∮ 𝑞

𝜁

⋅ 𝑑𝑠 = ∫𝑛
𝑆

⋅ 𝜁 𝑑𝑠 

Since 𝜁 = 𝛻 × 𝑞⃗ . For potential flow the circulation around any closed 

circuit is clearly zero. 

Note: 

Vortex lines and tubes cannot originate or terminate at internal points in fluid. 

1.7. Local and Particle Rates of Change: 

 

Suppose a particle of fluid moves from 𝑃(𝑥, 𝑦, 𝑧) at time 𝑡 to 𝑃′(𝑥 + 𝛿𝑥, 𝑦 +

𝛿𝑦, 𝑧 + 𝛿𝑧) at time 𝑡 + 𝛿𝑡. 

let 𝑓(𝑥, 𝑦, 𝑧, 𝑡) be a scalar function associated with some property of the fluid. 

Then in the motion of the particle from 𝑃 to 𝑃′, the total change of 𝑓 is given 

by 
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𝛿𝑓 =
𝜕𝑓

𝜕𝑥
𝛿𝑥 +

𝜕𝑓

𝜕𝑦
𝛿𝑦 +

𝜕𝑓

𝜕𝑧
𝛿𝑧 +

𝜕𝑓

𝜕𝑡
𝛿𝑡 

Thus, the total rate of change of 𝑓 at the point 𝑃 at the time 𝑡 in the motion of 

the particle is 
𝑑𝑓

𝑑𝑡
= 𝑙𝑖𝑚

𝛿𝑡→0
(

𝛿𝑓

𝛿𝑡
) 

= 𝑙𝑖𝑚
𝛿𝑡→0

[
𝜕𝑓

𝜕𝑥

𝛿𝑥

𝛿𝑡
+

𝜕𝑓

𝜕𝑦

𝛿𝑦

𝛿𝑡
+

𝜕𝑓

𝜕𝑧

𝛿𝑧

𝛿𝑡
+

𝜕𝑓

𝜕𝑡
] 

= 𝑢
𝜕𝑓

𝜕𝑥
+ 𝑣

𝜕𝑓

𝜕𝑦
+ 𝑤

𝜕𝑓

𝜕𝑧
+

𝜕𝑓

𝜕𝑡
 

If 𝑞 = [𝑢, 𝑣, 𝑤] is the velocity of the fluid particle at 𝑃, 

𝑑𝑓

𝑑𝑡
= 𝑞 ⋅ 𝛻𝑓 +

𝜕𝑓

𝜕𝑡
   → (1) 

Similarly, for a vector function 𝐹(𝑥, 𝑦, 𝑧, 𝑡) associated with some property of 

the fluid. 

we can show that 

𝑑𝐹

𝑑𝑡
= 𝑞 ⋅ 𝛻𝐹 +

𝜕𝐹

𝜕𝑡
   → (2) 

Thus, for both scalar and vector functions we have established the operational 

equivalence 

𝑑

𝑑𝑡
= 𝑞 ⋅ 𝛻 +

𝜕

𝜕𝑡
   → (3) 

applicable to both scalar and vector functions of position and time provided 

that these functions are associated with properties of the moving fluid. 

From eqn. (1) and (2) we can consider the total change in 𝑓 or 𝐹, when fluid 

particles move from 

𝑃(𝑥, 𝑦, 𝑧) 𝑡𝑜 𝑃′(𝑥 + 𝛿𝑥, 𝑦 + 𝛿𝑦, 𝑧 + 𝛿𝑧) 

in time 𝛿𝑡. 
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Thus, 
𝑑𝑓

𝑑𝑡
,

𝑑𝐹

𝑑𝑡
 are total time differentiations following the fluid particle and are 

called the particle rates of change. 

On the other hand, the point 𝑃(𝑥, 𝑦, 𝑧) considered. 
𝜕𝑓

𝜕𝑡
,

𝜕𝐹

𝜕𝑡
 are only the time 

rates of change at the point 𝑃(𝑥, 𝑦, 𝑧) considered fixed in space, they are the 

local rates of change. 

It follows that 𝑞 ⋅ 𝛻𝑓 (or) 𝑞 ⋅ 𝛻𝐹 represents the rate of change due solely to the 

motion of the particle along its path. 

Hence the proof. 

1.8.1. The Equation of Continuity: 

Find the equation of continuity in fluid. 

Proof: 

When a region of a fluid contains neither sources nor sinks, that is to say. 

Then the amount of fluid within the region is conserved in accordance with the 

principle of conservation of matter. 

 

Let 𝛥𝑆 be a closed surface drawn in the fluid and taken fixed in space. 

Suppose it contains a volume 𝛥𝑉 of the fluid and let 

𝜌 = 𝜌(𝑥, 𝑦, 𝑧, 𝑡) 

be the fluid density (mass per unit volume) at any point (𝑥, 𝑦, 𝑧) of the fluid in 

𝛥𝑉 at any time. 
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Suppose 𝑛̂ is the unit outward drawn normal at any surface element 𝛿𝑠 of 𝛥𝑆 

were 

𝛿𝑠 << 𝛥𝑆 

Then if 𝑞 is the fluid velocity and the element 𝛿𝑠, the normal component of 𝑞 

measure outwards from 𝛥𝑉 is 

𝑛̂ ⋅ 𝑞 

Thus, the rate of efflux of fluid mass per unit time across 

𝛿𝑠 = 𝜌𝑛̂ ⋅ 𝑞 𝛿𝑠 

Total rate of mass flow out of 𝛥𝑉 across 𝛥𝑆 

∫ 𝜌
𝛥𝑆

𝑛̂ ⋅ 𝑞 𝑑𝑠 

Total rate of mass flow into extract in same format  

𝛥𝑉 = − ∫ 𝑛
𝛥𝑆

⋅ (𝜌𝑞) 𝑑𝑠 

                        𝛥𝑉 = − ∫ ∇
𝛥𝑉

⋅ (𝜌𝑞) 𝑑𝑣   → (1) 

At time 𝑡, the mass of fluid within the element is 

∫ 𝜌
𝛥𝑉

 𝑑𝑣 

Local rate of mass increase within 

𝛥𝑉 =
∂

∂𝑡
∫ 𝜌

𝛥𝑉

 𝑑𝑣 
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                    𝛥𝑉 = ∫
∂𝜌

∂𝑡𝛥𝑉

 𝑑𝑣   → (2) 

In the absence of sources and sinks within 𝛥𝑉, matter is not created (or) 

destroyed in this region, so that 

∫
∂𝜌

∂𝑡𝛥𝑉

 𝑑𝑣 = − ∫ ∇
𝛥𝑉

⋅ (𝜌𝑞) 𝑑𝑣 

From (1) and (2), 

(1) + (2),  

∫ {
∂𝜌

∂𝑡
+ ∇ ⋅ (𝜌𝑞)}

𝛥𝑉

𝑑𝑣 = 0 

This last relation is true for all volumes 𝛥𝑉  

If    
𝜕𝜌

𝜕𝑡
+ 𝛻 ⋅ (𝜌𝑞) = 0   → (3) 

This is the general equation of continuity which must always hold at any point 

of a fluid free from sources and sinks. 

Since 

𝛻 ⋅ (𝜌𝑞) = 𝜌𝛻 ⋅ 𝑞 + 𝛻𝜌 ⋅ 𝑞 

other forms of (3) are 

𝜕𝜌

𝜕𝑡
+ 𝜌𝛻 ⋅ 𝑞 + 𝑞 ⋅ 𝛻𝜌 = 0   → (4) 

𝑑𝜌

𝑑𝑡
+ 𝜌𝛻 ⋅ 𝑞 = 0   → (5) 

𝑑

𝑑𝑡
(𝑙𝑜𝑔𝜌) + 𝛻 ⋅ 𝑞 = 0   → (6) 

Hence the proof. 
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Note: 

● For steady flow in which the pattern does not vary with time at any 

location 

𝜕𝜌

𝜕𝑡
= 0 

From (3) 

𝜕𝜌

𝜕𝑡
+ 𝛻 ⋅ (𝜌𝑞) = 0 ⇒ 𝛻 ⋅ (𝜌𝑞) = 0 

● For an incompressible fluid the density of any particle is invariable 

with time so that 

𝑑𝜌

𝑑𝑡
= 0 

● For homogeneous and non-homogeneous incompressible fluid 𝜌 is 

constant throughout the entire fluid. 

● From (5) 

𝑑𝜌

𝑑𝑡
+ 𝜌𝛻 ⋅ 𝑞 = 0 

the equation of continuity is 

𝛻 ⋅ 𝑞 = 0 

● If the flow is of the potential kind, then there exists a velocity 

potential 𝜙 such that 

𝑞 = −𝛻𝜙 

𝛻 ⋅ 𝑞 = 0 

𝛻 ⋅ (𝛻𝜙) = 0 

𝛻2𝜙 = 0 

which is a Laplace equation. 

 

1.8.2. Problems: 



18 | P a g e  
 

Test whether the motion specified by 

𝒒⃗⃗⃗ =
𝒌𝟐(𝒙𝒋 − 𝒚𝒊)

𝒙𝟐 + 𝒚𝟐
 

(𝒌 − 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕) is a possible motion for all incompressible fluid. If so, 

determine the equations of the stream lines. Also, test whether the motion 

is of the potential kind and if so, determine the velocity potential. 

Solution: 

Given: 

𝑞⃗ =
𝑘2(𝑥𝑗 − 𝑦𝑖)

𝑥2 + 𝑦2
→ (1) (𝑘 − 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) 

For an incompressible fluid, we've 

𝛻 ⋅ 𝑞⃗ = 0 

𝛻𝑞⃗ = [𝑖
𝜕

𝜕𝑥
+ 𝑗

𝜕

𝜕𝑦
+ 𝑘⃗⃗

𝜕

𝜕𝑧
] ⋅ [

𝑘2(𝑥𝑗 − 𝑦𝑖)

𝑥2 + 𝑦2
] 

      =
𝜕

𝜕𝑥
𝑘2 (

−𝑦

𝑥2 + 𝑦2
) +

𝜕

𝜕𝑦
𝑘2 (

𝑥

𝑥2 + 𝑦2
) +

𝜕

𝜕𝑧
(0) 

      = 𝑘2 [
(𝑥2 + 𝑦2)(0) + 𝑦(2𝑥)

(𝑥2 + 𝑦2)2
+

(𝑥2 + 𝑦2)(0) − 𝑥(2𝑦)

(𝑥2 + 𝑦2)2
] 

      = 𝑘2 [
2𝑥𝑦 − 2𝑥𝑦

(𝑥2 + 𝑦2)2] = 0 

𝛻 ⋅ 𝑞⃗ = 0 

Thus, the equation of continuity for an incompressible fluid is satisfied and so 

such a motion is possible. 

The cartesian components of velocity are 𝑞⃗ = [𝑢, 𝑣, 𝑤] 

𝑢 = −
𝜕𝜙

𝜕𝑥
,   𝑣 = −

𝜕𝜙

𝜕𝑦
,   𝑤 = −

𝜕𝜙

𝜕𝑧
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𝑞⃗ = [−
𝜕𝜙

𝜕𝑥
, −

𝜕𝜙

𝜕𝑦
, −

𝜕𝜙

𝜕𝑧
] 

were 

𝜙 = 𝜙(𝑥, 𝑦, 𝑧, 𝑡) 

Let  

𝑢 = −
𝑘2𝑦

𝑥2 + 𝑦2
,   𝑣 =

𝑘2𝑥

𝑥2 + 𝑦2
,   𝑤 = 0 

The equation of stream lines is 

𝑑𝑥

𝑢
=

𝑑𝑦

𝑣
=

𝑑𝑧

𝑤
 

𝑑𝑥

−
𝑘2𝑦

𝑥2 + 𝑦2

=
𝑑𝑦

𝑘2𝑥
𝑥2 + 𝑦2

=
𝑑𝑧

0
 

considering the first two ratios, 

𝑑𝑥

−
𝑘2𝑦

𝑥2 + 𝑦2

=
𝑑𝑦

𝑘2𝑥
𝑥2 + 𝑦2

 

𝑑𝑥

−𝑦
=

𝑑𝑦

𝑥
 

𝑥 𝑑𝑥 = −𝑦 𝑑𝑦 

Integrate on both sides 

∫ 𝑥 𝑑𝑥 = −∫ 𝑦 𝑑𝑦 

𝑥2

2
= −

𝑦2

2
+ 𝐶 

𝑥2

2
+

𝑦2

2
= 𝐶 

𝑥2 + 𝑦2

2
= 𝐶 

𝑥2 + 𝑦2 = 2𝐶  (𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) 
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𝑥2 + 𝑦2 = 𝐶 → (2) 

Now, 

𝑑𝑧 = 0 

𝑧 = 𝐶 → (3) 

Thus, the stream lines are circles whose centers are on the z-axis, their planes 

being perpendicular to this axis. 

⇒ 𝑐𝑢𝑟𝑙𝑞⃗ = 0 

⇒ 𝛻 × 𝑞⃗ = 0 

∇ × 𝑞⃗ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣ 𝑖 𝑗 𝑘⃗⃗

∂

∂𝑥

∂

∂𝑦

∂

∂𝑧

−
𝑘2𝑦

𝑥2 + 𝑦2

𝑘2𝑥

𝑥2 + 𝑦2
0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

= 𝑖[0] − 𝑗[0] + 𝑘⃗⃗ [
𝜕

𝜕𝑥
(

𝑘2𝑥

𝑥2+𝑦2) −
𝜕

𝜕𝑦
(−

𝑘2𝑦

𝑥2+𝑦2)]                                           

= 𝑘⃗⃗ ⋅ 𝑘2 [
(𝑥2+𝑦2)(1)−𝑥(2𝑥)

(𝑥2+𝑦2)2 +
(𝑥2+𝑦2)(1)−𝑦(2𝑦)

(𝑥2+𝑦2)2 ]  

= 𝑘⃗⃗ ⋅ 𝑘2 [
2𝑥2 + 2𝑦2 − 2𝑥2 − 2𝑦2

(𝑥2 + 𝑦2)2
] 

= 0 

∴ 𝛻 × 𝑞⃗ = 0 

Thus, the flow is of the potential kind and we can find 𝜙(𝑥, 𝑦, 𝑧) such that 

𝑞⃗ = −𝛻𝜙 

𝑞⃗ = −
𝜕𝜙

𝜕𝑥
𝑖 −

𝜕𝜙

𝜕𝑦
𝑗 −

𝜕𝜙

𝜕𝑧
𝑘⃗⃗ 

(i.e.,) 𝑞⃗ = 𝑢𝑖 + 𝑣𝑗 + 𝑤𝑘⃗⃗ 

Were 𝑢 = −
𝜕𝜙

𝜕𝑥
,   𝑣 = −

𝜕𝜙

𝜕𝑦
,   𝑤 = −

𝜕𝜙

𝜕𝑧
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𝜕𝜙

𝜕𝑥
=

𝑘2𝑦

𝑥2+𝑦2 ,  
𝜕𝜙

𝜕𝑦
=

−𝑘2𝑥

𝑥2+𝑦2 ,  
𝜕𝜙

𝜕𝑧
= 0 → (6) 

From (6), 

𝜙 = 𝜙(𝑥, 𝑦) 

From (4), 

𝜕𝜙

𝜕𝑥
=

𝑘2𝑦

𝑥2 + 𝑦2
 

Take Integration 

∫
𝜕𝜙

𝜕𝑥
𝑑𝑥 = 𝑘2𝑦∫

1

𝑥2 + 𝑦2
𝑑𝑥 

𝜙 = 𝑘2𝑦 ⋅
1

𝑦
𝑡𝑎𝑛−1 (

𝑥

𝑦
) + 𝐶 

𝜙 = 𝑘2𝑡𝑎𝑛−1 (
𝑥

𝑦
) + 𝐶 

Put 𝐶 = 𝑓(𝑦) 

⇒ 𝜙(𝑥, 𝑦) = 𝑘2𝑡𝑎𝑛−1 (
𝑥

𝑦
) + 𝑓(𝑦) → (7) 

Diff. w.r.t to 𝑦, partially 

𝜕𝜙

𝜕𝑦
= 𝑘2

1

1 +
𝑥2

𝑦2

(
−𝑥

𝑦2
) + 𝑓′(𝑦) 

= −
𝑘2𝑥

𝑥2 + 𝑦2
+ 𝑓′(𝑦) → (8) 

Comparing eqn. (5) and (8), 

−
𝑘2𝑥

𝑥2+𝑦2 = −
𝑘2𝑥

𝑥2+𝑦2 + 𝑓′(𝑦)  

⇒ 𝑓′(𝑦) = 0  

𝑓(𝑦) = 𝐶 

As the constant is immaterial, we may take 
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𝜙(𝑥, 𝑦) = 𝑘2𝑡𝑎𝑛−1 (
𝑥

𝑦
) 

The equipotential are given by the planes 

𝑢𝑑𝑥 + 𝑣𝑑𝑦 + 𝑤𝑑𝑧 = 0 

−
𝑘2𝑦

𝑥2 + 𝑦2
𝑑𝑥 +

𝑘2𝑥

𝑥2 + 𝑦2
𝑑𝑦 + 0 = 0 

−
𝑘2𝑦

𝑥2 + 𝑦2
𝑑𝑥 = −

𝑘2𝑥

𝑥2 + 𝑦2
𝑑𝑦 

⇒ 𝑦 𝑑𝑥 = 𝑥 𝑑𝑦 

𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
 

Take Integration on both sides 

∫
𝑑𝑥

𝑥
= ∫

𝑑𝑦

𝑦
 

𝑙𝑜𝑔𝑥 = 𝑙𝑜𝑔𝑦 + 𝑙𝑜𝑔𝑐 

𝑙𝑜𝑔𝑥 − 𝑙𝑜𝑔𝑦 = 𝑙𝑜𝑔𝑐 

𝑙𝑜𝑔 (
𝑥

𝑦
) = 𝑙𝑜𝑔𝑐 

⇒
𝑥

𝑦
= 𝑐 

𝑥 = 𝑦𝑐 

Hence the proof. 

1.8.3. For an incompressible fluid, 𝒒 = [−𝝎𝒚, 𝝎𝒙, 𝟎] (𝜔 – constant). 

Discuss the nature of the flow. 

Solution: 

Given; 

𝑞𝑣 = [−𝜔𝑦, 𝜔𝑥, 0] 
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∇ × 𝑞𝑣 =

∣
∣
∣
∣
∣
∣
∣ 𝑖 𝑗 𝑘⃗⃗

∂

∂𝑥

∂

∂𝑦

∂

∂𝑧
−𝜔𝑦 𝜔𝑥 0 ∣

∣
∣
∣
∣
∣
∣

 

             = 𝑖(0) − 𝑗(0) + 𝑘 ⃗⃗⃗ ⃗ [
𝜕

𝜕𝑥
(𝜔𝑥) +

𝜕

𝜕𝑦
(𝜔𝑦)] 

             = 𝑘⃗⃗[𝜔 + 𝜔] 

             = 2𝜔𝑘⃗⃗  

𝛻 × 𝑞𝑣 ≠ 0 

Thus, the flow is not of the potential kind. 

Since 

𝑞 = [−𝜔𝑦, 𝜔𝑥, 0] 

It can easily be shown that a rigid body rotating about the z-axis with constant 

vector angular velocity 𝜔𝑘⃗⃗ gives the same type of motion. 

For the velocity point (𝑥, 𝑦, 𝑧) in the body is −𝜔𝑦𝑖 + 𝜔𝑥𝑗  

𝑞𝑣 = [−𝜔𝑦, 𝜔𝑥, 0] 

𝛻 ⋅ 𝑞 = [𝑖
𝜕

𝜕𝑥
+ 𝑗

𝜕

𝜕𝑦
+ 𝑘⃗⃗

𝜕

𝜕𝑧
] [−𝜔𝑦, 𝜔𝑥, 0]                                                       

           = 𝑖𝑖(0) + 𝑗𝑗(0) + 0 

𝛻 ⋅ 𝑞 = 0 

The equation of the stream line is 

𝑑𝑥

𝑢
=

𝑑𝑦

𝑣
=

𝑑𝑧

𝑤
 

𝑑𝑥

−𝜔𝑦
=

𝑑𝑦

𝜔𝑥
=

𝑑𝑧

0
 

Consider the first two ratios, we get  
𝑑𝑥

−𝜔𝑦
=

𝑑𝑦

𝜔𝑥
  

⇒ 𝜔𝑥𝑑𝑥 = −𝜔𝑦 𝑑𝑦 
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⇒ 𝑥 𝑑𝑥 = −𝑦 𝑑𝑦 

Integrate on both sides 

∫ 𝑥 𝑑𝑥 = −∫ 𝑦 𝑑𝑦 

𝑥2

2
= −

𝑦2

2
+ 𝑐 

𝑥2

2
+

𝑦2

2
= 𝑐 

𝑥2 + 𝑦2 = 𝑐 → (1) 

Also, 

𝑑𝑧 = 0 

𝑧 = 𝑐 → (2) 

(i.e.,) Equations of stream lines are circles. 

Hence the solution. 

1.8.4. For a fluid moving in a fine tube of variable section 𝑨, prove from 

first principles that the equation of continuity is 

𝑨
𝝏𝝆

𝝏𝒕
+

𝝏

𝝏𝒔
(𝑨𝝆𝑽) = 𝟎 

where 𝑽 is the speed at a point 𝑷, of the fluid and 𝑺 is the length of the 

tube up to 𝑷. What does this become for a steady incompressible flow? 
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Solution: 

Let 𝑂𝑃𝑃′ be the central stream line of the tube and 

let 𝑆,  𝑆 + 𝛿𝑠 be the arc length of 𝑂𝑃,  𝑂𝑃′. 

Let 𝑉 be the fluid velocity at 𝑃 and 𝐴, 

the arc of the section at 𝑃. 

Since the tube is a fine bore, we may assume conditions are sensibly constant 

over the section 𝐴. 

So that the rate of mass flux over 𝐴 in the sense of 𝑆 increasing is 𝜌𝑉𝐴 per 

unit time. 

At the neighboring section 𝐴′ through 𝑃′, 

the mass flux per unit time in the direction of 𝑆 increasing is 

𝜌𝑉𝐴 + 𝛿𝑠 ⋅
𝜕

𝜕𝑠
(𝜌𝑉𝐴) 

at the same instant of time 𝑡. 

Thus, the net rate of flow of mass into the element between the sections 

𝐴,  𝐴 + 𝛿𝐴 (fixed in space) is 



26 | P a g e  
 

−𝛿𝑠 (
𝜕

𝜕𝑠
) (𝜌𝑉𝐴) → (1) 

But at time 𝑡, the mass between the sections is 𝜌𝐴𝛿𝑠 and so, its rate of 

increase is 

𝜕

𝜕𝑡
(𝜌𝐴𝛿𝑠) (or) 

𝜕𝜌

𝜕𝑡
(𝐴𝛿𝑠) → (2) 

In the absence of sources and sinks then we've 

−𝛿𝑠
𝜕

𝜕𝑠
(𝜌𝑉𝐴) =

𝜕𝜌

𝜕𝑡
(𝐴𝛿𝑠) 

𝜕

𝜕𝑠
(𝜌𝑉𝐴) +

𝜕𝜌

𝜕𝑡
(𝐴) = 0 

𝐴
𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑠
(𝐴𝜌𝑉) = 0 

For steady incompressible flow, ρ is everywhere constant and the equation 

reduces to 

𝑑

𝑑𝑠
(𝑣𝐴) = 0 

𝑑(𝑣𝐴) = 0 

Integrate on both sides 

∫ 𝑑(𝑣𝐴) = 0 

⇒ 𝑣𝐴 = constant, over every section. 

The volume of fluid crossing every section per unit time is constant. 

Hence the solution. 

1.8.5. liquid flows through a pipe whose surface is the surface of 

revolution of the curve 

𝒚 = 𝒂 +
𝒌𝒙𝟐

𝒂
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about the x-axis ( −𝒂 ≤  𝒙 ≤  𝒂 ). If the liquid enters at the end 𝒙 =

 −𝒂 of the pipe with velocity v, show that time taken by a liquid particle to 

traverse the entire length of the pipe from 𝒙 =  −𝒂 to a is 

(
𝟐𝒂

𝒗(𝟏 + 𝒌)𝟐
) (𝟏 +

𝟐

𝟑
𝒌 +

𝟏

𝟓
𝒌𝟐) 

[Assume that k is so small that the flow remains appreciably one 

dimensional throughout] 

Solution: 

 

 

Let V₀ be the velocity at the section 𝑥 =  0. 

The area of the section 𝑥 =  −𝑎  is 𝜋𝑎2(1 + 𝑘)2 and x = 0 is 𝜋𝑎2 

The area of the section distance 𝑥 from 0 is 

𝜋 {𝑎 + (
𝑘𝑥2

𝑎
)}

2

 

and so, the equation of continuity is 

                                    𝜋𝑎2(1 + 𝑘)2𝑣 = 𝜋𝑎2𝑉0 

              = 𝜋 {𝑎 + (
𝑘𝑥2

𝑎
)}

2

𝑣       (v = ẋ) 

Compare first and last terms 
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𝜋𝑎2(1 + 𝑘)2𝑣 = 𝜋 {𝑎 +
𝑘𝑥2

𝑎
}

2

𝑥̇ 

𝑎2(1 + 𝑘)2𝑣 = {𝑎 +
𝑘𝑥2

𝑎
}

2
𝑑𝑥

𝑑𝑡
 

𝑑𝑡 =
(𝑎 +

𝑘𝑥2

𝑎
)

2

𝑎2(1 + 𝑘)2𝑣
𝑑𝑥 

=
(

𝑎2 + 𝑘𝑥2

𝑎
)

2

𝑎2(1 + 𝑘)2𝑣
𝑑𝑥 

𝑑𝑡 =
1

𝑎2

(𝑎2 + 𝑘𝑥2)2

𝑎2(1 + 𝑘)2𝑣
𝑑𝑥 

𝑑𝑡 =
1

𝑎4
[
𝑎4 + 𝑘2𝑥4 + 2𝑎2𝑘𝑥2

(1 + 𝑘)2𝑣
] 𝑑𝑥 

Integrate on both sides 

∫ 𝑑𝑡 =
1

𝑎4 [
1

(1 + 𝑘)2𝑣
] ∫ (𝑎4 + 𝑘2𝑥4 + 2𝑘𝑎2𝑥2)𝑑𝑥

𝑎

−𝑎

 

𝑡 =
2

𝑎4(1 + 𝑘)2𝑣
∫ (𝑎4 + 𝑘2𝑥4 + 2𝑘𝑎2𝑥2)𝑑𝑥

𝑎

0

 

=
2

𝑎4(1 + 𝑘)2𝑣
[𝑎4𝑥 +

𝑘2𝑥5

5
+

2𝑘𝑎2𝑥3

3
]

0

𝑎

 

=
2

𝑎4(1 + 𝑘)2𝑣
[𝑎5 +

𝑘2𝑎5

5
+

2

3
𝑘𝑎5] 

=
2

𝑎4(1 + 𝑘)2𝑣
𝑎5 [1 +

𝑘2

5
+

2

3
𝑘] 

𝑡 =
2𝑎

(1 + 𝑘)2𝑣
[1 +

2

3
𝑘 +

𝑘2

5
] 

Hence the solution. 
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1.8.6. Book work: 

Find the acceleration of fluid particle travelling along a curve 𝜁. 

Solution: 

 

A fluid particle travelling along a curve 𝜁 at time ‘t’, its position P is specified 

by 

𝑂𝑃⃗⃗⃗⃗ ⃗⃗ = 𝑟 

and its velocity ‘q’ along the tangent at P to 𝜁 is in the direction of the 

particles of motion. 

Then the instantaneous acceleration ‘𝑓’ at P is 

𝑓 =
𝑑𝑞

𝑑𝑡
=

𝜕𝑞

𝜕𝑡
+ (𝑞. 𝛻)𝑞   → (1) 

Taking the cartesian components of q as [𝑢, 𝑣, 𝑤]  this shows that the 

components of acceleration are 

𝑑𝑢

𝑑𝑡
=

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
 

𝑑𝑣

𝑑𝑡
=

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
 

𝑑𝑤

𝑑𝑡
=

𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
   → (2) 
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In tensor form, with co-ordinates the set of equations from (2) could be written 

as 

𝑑𝑈𝑖

𝑑𝑡
=

𝜕𝑈𝑖

𝜕𝑡
+ 𝑈𝑗𝑈𝑖,𝑗  → (3) 

The vectorial form from eqn. (1), the term (𝑞. 𝛻)𝑞 may be developed in a form 

(𝑞. 𝛻)𝑞 = ∑ {(𝑞. 𝑖)
𝜕𝑞

𝜕𝑥
} 

consider, 

(𝑞. 𝑖)
𝜕𝑞

𝜕𝑥
= (𝑞.

𝜕𝑞

𝜕𝑥
) 𝑖 − 𝑞 ∧ (𝑖 ∧

𝜕𝑞

𝜕𝑥
) 

               = 𝑖
𝜕

𝜕𝑥
(

1

2
𝑞2) − 𝑞 ∧ (𝑖 ∧

𝜕𝑞

𝜕𝑥
) 

∑(𝑞. 𝑖)
𝜕𝑞

𝜕𝑥
= ∑𝑖

𝜕

𝜕𝑥
(

1

2
𝑞2) − 𝑞 ∧ ∑ (𝑖 ∧

𝜕𝑞

𝜕𝑥
) 

                = 𝛻 (
1

2
𝑞2) − 𝑞 ∧ (𝛻 ∧ 𝑞)    → (4) 

Sub (4) in (1), we get 

𝑓 =
𝜕𝑞

𝜕𝑡
+ 𝛻 (

1

2
𝑞2) − 𝑞 ∧ (𝛻 ∧ 𝑞) 

This equation is known as acceleration of fluid. 

Note: 

If the flow is potential kind 

𝛻 ∧ 𝑞 = 0 

∴ The acceleration of fluid becomes 

𝑓 =
𝜕𝑞

𝜕𝑡
+ 𝛻 (

1

2
𝑞2) 
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1.8.7. Condition at a rigid boundary: 

 

P is a point on the boundary where the fluid velocity is 𝑞⃗ and where the 

boundary has the velocity 𝑈⃗⃗⃗. 

If 𝑛⃗⃗ specifies a unit normal direction at P, then since there must be no relative 

normal velocity at P between boundary and fluid. 

We must have the two normal components equal. 

(i.e.) 

𝑞⃗. 𝑛⃗⃗ = 𝑈⃗⃗⃗. 𝑛⃗⃗ 

In the case of viscous fluid this is the only condition. 

For viscous fluid in which there is no slip, the tangential components must 

also be equal. 

In the case when the boundary is at rest, we require 

𝑞⃗. 𝑛⃗⃗ = 0 

at every point of the boundary. 
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Unit - II 

Equations of Motion of a Fluid 

 

2.1.1 State pascal’s law for static fluids. 

(or) 

Pressure at a point in a fluid at rest. 

● When the fluid is at rest. The pressure at an internal point P is the 

same in all directions. Thus, in the above considerations, the 

orientation of δA is immaterial. 

● The pressure at all points at the same depth below the free-horizontal 

surface of a fluid at rest is the same. At a point P distances h below the 

free surface, the pressure is π + ρgh where π is the atmospheric 

pressure at the free surface, ρ the fluid density and g are the 

acceleration due to gravity. 

● If any pressure is applied to the free surface of a fluid, it is transmitted 

equally to all parts of the fluid. 

 

Hydro static pressure: 

The value of this unique limit 

𝑙𝑖𝑚
𝛿𝐴→0

𝛿𝐹

𝛿𝐴
= 𝑃 

then P is called the hydrostatic pressure at P. 

 

 

2.2.1 Derive the pressure at a point in a moving fluid. 

(or) 
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Prove that any point P of a moving inviscid fluid the pressure P is the 

same in all directions. 

(or) 

Prove that any point P of a moving inviscid fluid the pressure P is 

independent of the orientation of δA. 

Proof: 

 

We consider the motion of an elemental tetrahedron PQRS of fluid. 

Whose edges PQ, PR, PS are taken parallel to the coordinate axis OX, OY, 

OZ and of length δx, δy, δz at time t. 

The tetrahedron is moving with the local velocity q of the fluid at P. 

Let P be the pressure on the triangle QRS and δS its area. 

Further suppose that direction cosines of the normal to δS drawn outwards 

from the tetrahedron are [l, m, n]. 

Then the total force exerted by the fluid outside the tetrahedron drawn on the 

face QRS is 

−𝑃𝛿𝑆(𝑙𝑖 + 𝑚𝑗 + 𝑛𝑘⃗⃗) = −
1

2
𝑃(𝛿𝑦𝛿𝑧𝑖 + 𝛿𝑧𝛿𝑥𝑗 + 𝛿𝑥𝛿𝑦𝑘⃗⃗) 

Since 
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𝑙𝛿𝑆 = 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑓𝑎𝑐𝑒 𝑃𝑅𝑆 =
1

2
𝛿𝑦𝛿𝑧 

𝑚𝛿𝑆 = 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑓𝑎𝑐𝑒 𝑃𝑄𝑆 =
1

2
𝛿𝑧𝛿𝑥 

𝑛𝛿𝑆 = 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑓𝑎𝑐𝑒 𝑃𝑄𝑅 =
1

2
𝛿𝑥𝛿𝑦 

Now, suppose 𝑃𝑥 , 𝑃𝑦, 𝑃𝑧 are the pressure on the planes PRS, PQS, PRQ. 

Since the area of these faces are respectively 

1

2
𝛿𝑦𝛿𝑧, 

1

2
𝛿𝑧𝛿𝑥, 

1

2
𝛿𝑥𝛿𝑦 

the forces exerted on them by the outside fluid are respectively 

1

2
𝑃𝑥𝛿𝑦𝛿𝑧𝑖, 

1

2
𝑃𝑦𝛿𝑧𝛿𝑥𝑗, 

1

2
𝑃𝑧𝛿𝑥𝛿𝑦𝑘⃗⃗ 

Thus, the total surface force on the tetrahedron is 

1

2
{(𝑃𝑥 − 𝑃)𝛿𝑦𝛿𝑧𝑖 + (𝑃𝑦 − 𝑃)𝛿𝑧𝛿𝑥𝑗 + (𝑃𝑧 − 𝑃)𝛿𝑥𝛿𝑦𝑘⃗⃗} 

In addition to the surface forces the fluid element may be subject to body 

forces which are due to external cases, such a gravity. 

Let F be the mean body force per unit mass within the tetrahedron, so that 

1

6
𝜌𝐹𝛿𝑥𝛿𝑦𝛿𝑧 is the total body force acting, ρ being the mean fluid density. 

Then, the net force on the element is 

1

2
{(𝑃𝑥 − 𝑃)𝛿𝑦𝛿𝑧𝑖 + (𝑃𝑦 − 𝑃)𝛿𝑧𝛿𝑥𝑗 + (𝑃𝑧 − 𝑃)𝛿𝑥𝛿𝑦𝑘⃗⃗} +

1

6
𝜌𝐹𝛿𝑥𝛿𝑦𝛿𝑧 

Now, let q be the velocity at P then 
𝑑𝑞

𝑑𝑡
 is the acceleration of P so that if the 

mass 
1

6
𝜌𝛿𝑥𝛿𝑦𝛿𝑧 say constant, 

The equation of motion is 
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1

2
{(𝑃𝑥 − 𝑃)𝛿𝑦𝛿𝑧𝑖 + (𝑃𝑦 − 𝑃)𝛿𝑧𝛿𝑥𝑗 + (𝑃𝑧 − 𝑃)𝛿𝑥𝛿𝑦𝑘⃗⃗} +

1

6
𝜌𝐹𝛿𝑥𝛿𝑦𝛿𝑧

=
1

6
𝜌𝛿𝑥𝛿𝑦𝛿𝑧

𝑑𝑞

𝑑𝑡
 

This equation contains quantities of the second and third order of small 

quantities. 

When we make edges of tetrahedron vanishingly small, we’ve 

1

2
[(𝑃𝑥 − 𝑃)𝛿𝑦𝛿𝑧𝑖 + (𝑃𝑦 − 𝑃)𝛿𝑧𝛿𝑥𝑗 + (𝑃𝑧 − 𝑃)𝛿𝑥𝛿𝑦𝑘⃗⃗] = 0 

so that equating coefficients of the unit vectors at once. 

(i.e.,) 
1

2
(𝑃𝑥 − 𝑃)𝛿𝑦𝛿𝑧𝑖 = 0 

⇒ 𝑃𝑥 − 𝑃 = 0 

𝑃𝑥 = 𝑃 

Similarly, 

𝑃𝑦 = 𝑃  

𝑃𝑧 = 𝑃 

∴ 𝑃𝑥 = 𝑃𝑦 = 𝑃𝑧 = 𝑃 

Since the choice of axes is quite arbitrary, this establishes that at any point P 

of a moving inviscid fluid the pressure P is the same in all directions. 

Hence the proof. 

2.2.2. Conditions at a boundary of two inviscid immiscible fluids. 

Solution: 
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By the diagram, the two fluids separated by a plane boundary, their velocities 

at P and the boundary being 𝑞1 and 𝑞2 respectively. 

Consider a small cylindrical hot box shaped element of normal section δS 

containing P and projecting into both fluids, it is generated as being normal to 

the surface. 

Since there is no fluid transfer across the boundary. 

𝑃1𝛿𝑆 = 𝑃2𝛿𝑆 

⇒ 𝑃1 = 𝑃2 

In particular for the case of a liquid in contact with the atmosphere, the 

pressure at the free surface is the same as that of the atmosphere. 

2.3.1. Euler’s equations of motion with suitable examples. 

Solution: 
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At time ‘t’, suppose that ΔS denotes the closed surface of the particle of a 

moving fluid. 

The particle moving along with the fluid with velocity q. 

We take the particle to be of a fixed mass 𝜌𝛥𝑉, ρ being the density and ΔV the 

volume. 

As and 𝛥𝑣 are to be made vanishingly small. 

Suppose that 𝛿𝑠 (<<  𝛥𝑠) is a surface element of Δs and that ‘n’ is the unit 

normal vector to δs, drawn outwards from the particle. 

If ‘p’ denotes the fluid pressure at 𝛿𝑠, then since δs is moving locally with the 

fluid, the force on it due to the fluid outside the particle is 

− 𝜌𝛿𝑠 𝑛. 

Hence the total surface force on the fluid particle due to the actions of the 

surrounding is 

− ∫ 𝑛
𝛥𝑠

𝜌 𝑑𝑠 = − ∫ ∇
𝛥𝑣

𝜌 𝑑𝑣 

Let F be the body force per unit mass at any volume element 𝛿𝑣 (<<  𝛥𝑣) of 

the particle. 



38 | P a g e  
 

Then 𝜌𝐹𝛥𝑣, is the body force on the element δv and so that total body force 

on the entire particle is 

∫ 𝜌
𝛥𝑣

𝐹 𝛥𝑣. 

Since the mass of the volume element 𝛿𝑣 is 𝜌𝑑𝑣, that of the entire fluid 

particle is 

∫ 𝜌
𝛥𝑣

 𝑑𝑣. 

but this mass is constant. 

Hence the equation of motion of the fluid particle is 

∫ (𝜌𝐹 − ∇𝑝)
𝛥𝑣

𝑑𝑣 =
𝑑𝑞

𝑑𝑡
∫ 𝜌

𝛥𝑣

 𝑑𝑣 

The terms on the left-hand side represents the total force acting. 

𝑑𝑞

𝑑𝑡
 is the acceleration of the fluid particle. 

To the first order this equation approximates to 

(𝜌𝐹 − 𝛻𝑝)𝛥𝑣 =
𝑑𝑞

𝑑𝑡
𝜌𝛥𝑣 

so that in the limits as 𝛥𝑣 → 0 

𝑑𝑞

𝑑𝑡
=

(𝜌𝐹 − 𝛻𝑝)𝛥𝑣

𝜌𝛻𝑣
 

𝑑𝑞

𝑑𝑡
= 𝐹 −

𝛻𝑝

𝜌
→ (1) 

This equation is known as Euler’s equation of motion. 

Other forms of Euler’s Lagrange equation 
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𝜕𝑞

𝜕𝑡
+ (𝑞 ⋅ 𝛻)𝑞 = 𝐹 −

1

𝜌
𝛻𝜌 

𝜕𝑞

𝜕𝑡
+ 𝛻 (

1

2
𝑞2) − 𝑞 ∧ (𝛻 ∧ 𝑞) = 𝐹 −

1

𝜌
𝛻𝑝 → (2) 

In tensor form with 𝑥𝑖 as coordinates 𝑢𝑖 as velocity components 

𝐹𝑖 as components of body force (𝑖 = 1,2,3) 

The equations of motion may be written, 

𝜕𝑈𝑖

𝜕𝑡
+ 𝑈𝑗𝑈𝑖,𝑗 = 𝐹𝑖 −

1

𝜌
𝑃𝑖𝑖 . 

Hence the solution. 

2.3.2. AB is a tube of small uniform bore forming a quadrantal arc of a 

circle of radius ‘a’ and centre O, OA being horizontal and OB vertical 

with V below O. Then the tube is full of liquid with density ρ the end B 

being closed. If B is suddenly opened, show that initially 
𝑑𝑢

𝑑𝑡
=

2𝑔

𝜋
,       

where 𝑢 = 𝑢(𝑡) is the velocity, and that the pressure at a point whose 

angular distance from A is θ immediately drops to 𝜌𝑔𝑎 (𝑠𝑖𝑛𝜃 −
2𝜃

𝜋
) above 

atmospheric pressure. Prove further that when the liquid remaining in 

the tube subtends at an angle β at the centre 
𝑑2𝛽

𝑑𝑡2 =
2𝑔

𝑎𝛽
𝑠𝑖𝑛2 (

𝛽

2
). 

Solution: 
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Step:1 

By diagram arc 𝐴𝑃 = 𝑆, 

𝐴𝑃′ = 𝑆 + 𝛿𝑆 

at time ‘t’. 

The equation of motion of the element 𝑃𝑃′ along the arc in the direction of S 

increasing is 

𝑑𝑢

𝑑𝑡
= 𝑔𝑐𝑜𝑠𝜃 −

1

𝜌

𝜕𝑃

𝜕𝑆
→ (1) 

Now, 

𝑑𝑢

𝑑𝑡
=

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑠
 

𝑑𝑢

𝑑𝑡
=

𝜕𝑢

𝜕𝑡
+

𝜕

𝜕𝑠
(

𝑢2

2
) → (2) 

where 𝑦 is the depth of P below OA. 

Hence the equation of motion is from (1) and (2), 

𝜕𝑢

𝜕𝑡
+

𝜕

𝜕𝑠
(

𝑢2

2
) = 𝑔𝑐𝑜𝑠𝜃 −

1

𝜌

𝜕𝑃

𝜕𝑠
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⇒
𝜕𝑢

𝜕𝑡
+

𝜕

𝜕𝑠
(

𝑢2

2
) = 𝑔

𝑑𝑦

𝑑𝑠
−

1

𝜌

𝜕𝑃

𝜕𝑠
→ (3) 

Integrate eqn. (3) both sides w.r.to S keeping ‘t’ is constant. 

∫
𝜕𝑢

𝜕𝑡
𝑑𝑠 + ∫

𝜕

𝜕𝑠
(

𝑢2

2
) 𝑑𝑠 = ∫ 𝑔

𝑑𝑦

𝑑𝑠
𝑑𝑠 −

1

𝜌
∫

𝜕𝑃

𝜕𝑠
𝑑𝑠 

⇒ 𝑆
𝜕𝑢

𝜕𝑡
+

1

2
𝑢2 = 𝑔𝑦 −

1

𝜌
𝑃 + 𝑓(𝑡) → (4) 

Since at any time ‘t’ 
𝜕𝑢

𝜕𝑡
 is the same at all points of the liquid. 

Initially, taking 𝑡 = 0, at A we have 𝑠 = 0,  𝑢 = 0 𝑃 =

𝜋 [𝑡ℎ𝑒 𝑎𝑡𝑚𝑜𝑠𝑝ℎ𝑒𝑟𝑖𝑐 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒],  𝑦 = 0  

(4) ⇒ 0 = −
𝜋

𝜌
+ 𝑓(0) → (5) 

Also, when 𝑡 = 0, at B we’ve 

𝑠 =
1

2
𝜋𝑎,  𝑢 = 0,  𝑃 = 𝜋,  𝑦 = 𝑎 

(4) ⇒
𝜋𝑎

2

𝜕𝑢

𝜕𝑡
= 𝑔𝑎 −

𝜋

𝜌
+ 𝑓(0) → (6) 

Sub (5) in (6), 

𝜋𝑎

2

𝜕𝑢

𝜕𝑡
= 𝑔𝑎 

𝜕𝑢

𝜕𝑡
=

2𝑔𝑎

𝜋𝑎
 

𝜕𝑢

𝜕𝑡
=

2𝑔

𝜋
 𝑎𝑡 𝑡 = 0 → (7) 

Hence, 

(
𝑑𝑢

𝑑𝑡
)

𝑡=0
= (

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑠
)

𝑡=0
=

2𝑔

𝜋
 

Step:2 
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From (4), take 𝑆 = (
𝜋

2
− 𝛽) 𝑎 

𝑦 = 𝑎𝑐𝑜𝑠𝛽 𝑃 = 𝜋 

The conditions at the upper free surface then 

𝑆
𝜕𝑢

𝜕𝑡
+

1

2
𝑢2 = 𝑔𝑦 −

1

𝜌
𝑃 + 𝑓(𝑡) 

(
𝜋

2
− 𝛽) 𝑎

𝜕𝑢

𝜕𝑡
+

1

2
𝑢2 = 𝑔𝑎𝑐𝑜𝑠𝛽 −

𝜋

𝜌
+ 𝑓(𝑡) → (8) 

Also, in eqn. (4), 

take 

𝑆 =
1

2
𝑎𝜋  

𝑦 = 𝑎  

𝑃 = 𝜋  

𝑎𝜋

2

𝜕𝑢

𝜕𝑡
+

1

2
𝑢2 = 𝑔𝑎 −

𝜋

𝜌
+ 𝑓(𝑡) → (9) 

From eqn., (8) - (9), 

𝜋𝑎

2

𝜕𝑢

𝜕𝑡
− 𝛽𝑎

𝜕𝑢

𝜕𝑡
+

1

2
𝑢2 −

𝜋𝑎

2

𝜕𝑢

𝜕𝑡
−

1

2
𝑢2 

= 𝑔𝑎𝑐𝑜𝑠𝛽 −
𝜋

𝜌
+ 𝑓(𝑡) − 𝑔𝑎

𝜋

𝜌
− 𝑓(𝑡) 

−𝛽𝑎
𝜕𝑢

𝜕𝑡
= 𝑔𝑎(𝑐𝑜𝑠𝛽 − 1) 

−𝛽𝑎
𝜕𝑢

𝜕𝑡
= −𝑔𝑎(1 − 𝑐𝑜𝑠𝛽) 

𝜕𝑢

𝜕𝑡
=

−𝑔𝑎

−𝛽𝑎
(1 − 𝑐𝑜𝑠𝛽). 

𝜕𝑢

𝜕𝑡
=

𝑔

𝛽
(1 − 𝑐𝑜𝑠2 (

𝛽

2
)) 
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𝜕𝑢

𝜕𝑡
=

2𝑔

𝛽
(2𝑠𝑖𝑛2

𝛽

2
) 

=
2𝑔

𝛽
(𝑠𝑖𝑛2

𝛽

2
) → (10) 

Now consider, 

𝑢 =
𝜕

𝜕𝑡
(

𝜋

2
− 𝛽) 𝑎 

𝑢 = −
𝜕𝛽

𝜕𝑡
𝑎 + 0 

𝜕𝑢

𝜕𝑡
= 𝑎

𝜕

𝜕𝑡
(−

𝜕𝛽

𝜕𝑡
) 

𝜕𝑢

𝜕𝑡
= 𝑎 (−

𝜕2𝛽

𝜕𝑡2 ) → (11) 

From (10) and (11), 

−
𝜕2𝛽

𝜕𝑡2
(𝑎) =

2𝑔

𝛽
𝑠𝑖𝑛2 (

𝛽

2
) 

⇒
𝑑2𝛽

𝑑𝑡2
= −

2𝑔

𝑎𝛽
𝑠𝑖𝑛2 (

𝛽

2
) 

Step : 3 

From (4), 

𝑠
𝜕𝑢

𝜕𝑡
+

1

2
𝑢2 = 𝑔𝑦 −

1

𝜌
𝑃 + 𝑓(𝑡) 

take 𝑠 = 𝑎𝜃,  𝑢 = 0,  𝑡 = 0,  𝑦 = 𝑎𝑠𝑖𝑛𝜃 

𝜕𝑢

𝜕𝑡
=

2𝑔

𝜋
 

𝑎𝜃
2𝑔

𝜋
+ 0 = 𝑔𝑎𝑠𝑖𝑛𝜃 −

𝑃

𝜌
+ 𝑓(0) → (12) 

From (5), 
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𝑓(0) =
𝜋

𝜌
→ (13) 

Sub. (13) in (12), 

2𝑎𝑔𝜃

𝜋
= 𝑔𝑎𝑠𝑖𝑛𝜃 −

𝑃

𝜌
+

𝜋

𝜌
 

2𝑎𝑔𝜃

𝜋
− 𝑔𝑎𝑠𝑖𝑛𝜃 =

𝜋 − 𝑃

𝜌
 

𝜌𝑔𝑎 (
2𝜃

𝜋
− 𝑠𝑖𝑛𝜃) = 𝜋 − 𝑃 

⇒ 𝜌𝑔𝑎 (𝑠𝑖𝑛𝜃 −
2𝜃

𝜋
) = 𝑃 − 𝜋 

Hence the solution. 

2.4.1. Derive Bernoulli's equation. 

(or) 

Deduce Bernoulli's equation of motion from the Euler’s equation and 

explain how it is used in the pitot tube in measuring the velocity of fluids. 

Solution: 

Let us suppose that the body forces are conservative and that the flow is of the 

potential kind. 

Then there exists a scalar function 𝛺, 𝜙 

such that 

𝐹 = −𝛻𝛺 𝑎𝑛𝑑 𝑞 = −𝛻𝜙 

then 

𝛻 ∧ 𝑞 = 0 

By the other forms of Euler’s Lagrange’s equation 

𝜕𝑞

𝜕𝑡
+ 𝛻 (

1

2
𝑞2) − 𝑞 ∧ (𝛻 ∧ 𝑞) = 𝐹 −

1

𝜌
𝛻𝑃 
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⇒
𝜕𝑞

𝜕𝑡
+ 𝛻 (

1

2
𝑞2) = 𝐹 −

1

𝜌
𝛻𝑃   ∵ 𝛻 ∧ 𝑞 = 0 

∴ 𝑞 = −𝛻𝜙 

⇒ −𝛻
𝜕𝜙

𝜕𝑡
+ 𝛻 (

1

2
𝑞2) = −𝛻𝛺 −

1

𝜌
𝛻𝑃 → (1) 

let 𝑟 be the position vector of the fluid particle at time ‘t’ 

and let 𝑑𝑟 be an instantaneous displacement made in the position of the 

particle at these instant ‘t’. 

Then scalar multiplying, eqn. (1) by 𝑑𝑟 and using 𝑑𝑟𝛻𝛺 = 𝑑𝛺 and 𝛻 = 𝑑 

(1) ⇒ −𝑑 (
𝜕𝜙

𝜕𝑡
) + 𝑑 (

1

2
𝑞2) = −𝑑𝛺 −

1

𝜌
𝑑𝑃 

subject to ‘t’ be constant. 

Rearranging and integrating 

−∫ 𝑑 [
𝜕𝜙

𝜕𝑡
] + ∫ 𝑑 [

1

2
𝑞2] = −∫ 𝑑𝛺 − ∫

1

𝜌
𝑑𝑃 

−
𝜕𝜙

𝜕𝑡
+

1

2
𝑞2 = −𝛺 − ∫

𝑑𝑃

𝜌
+ 𝑓(𝑡) 

 
1

2
𝑞2 −

𝜕𝜙

𝜕𝑡
+ 𝛺 + ∫

𝑑𝑃

𝜌
= 𝑓(𝑡) → (2) 

where 𝑓(𝑡) is an arbitrary function of ‘t’. 

Arising from the integration in which ‘t’ is being kept constant. 

From equation (2), is Bernoulli’s equation in its most general form 

The other forms of Bernoulli’s equation 

(i) For steady motion 

𝜕𝜙

𝜕𝑡
= 0 

and 𝑓(𝑡) is constant. 
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1

2
𝑞2 + 𝛺 + ∫

𝑑𝑃

𝜌
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 → (3) 

(ii) The fluid is homogeneous and incompressible so-that 𝜌 is constant 

1

2
𝑞2 + 𝛺 +

𝑃

𝜌
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 → (4) 

Hence the solution. 

2.4.2. Derive the pitot tube. 

Solution: 

 

Let 𝑃 be the pressure in the stream where the fluid velocity is 𝑞. 

Then, 𝑃 is also the pressure on the inside and outside of the hole and hence 

also at the meniscus 𝐷 of the mercury on the U-tube. 

Considering the stream entering the tube AB, this is brought to rest at the 

meniscus 𝐶. 

Let 𝑃0 be the pressure here. Then by applying Bernoulli’s equation along the 

stream line extending from infinity, entering the inner tube at 𝐴 and being 

finally brought to rest at 𝐶 

1

2
𝑞2 +

𝑃

𝜌
=

𝑃0

𝜌
 

where 𝜌 is the density of the water. 
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⇒
1

2
𝑞2 =

𝑃0

𝜌
−

𝑃

𝜌
 

𝑞2 = 2 (
𝑃0 − 𝑃

𝜌
) 

𝑞 = √
2

𝜌
(𝑃0 − 𝑃) 

The pressure difference (𝑃0 − 𝑃) is measured from the difference in levels of 

mercury. 

In fact, if ℎ is the difference and 𝜎, the density of the mercury 

𝑃0 − 𝑃 = 𝑔ℎ𝜎 

Thus, the ambient velocity of the stream of water is measurable. 

The device is also very suitable for measuring subsonic air streams. 

At low speeds air may be treated as an incompressible fluid. 

Hence the proof. 

2.4.3. Explain venturi tube. 

Solution: 

The venturi tube is a device for measuring flow in a pipe. 

The pipe is steadily constricted from a section 𝑆1 to a much smaller section 𝑆2. 

U-tube serving as a mercury manometer being inserted between the broad and 

narrow sections at A and B. 

Let 𝑞1, 𝑞2 be the fluid velocities at A and B and 𝑃1 and 𝑃2 the pressure. 
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The section of areas being 𝑆1, 𝑆2 at these locations the equation of continuity, 

taking the fluid to be incompressible is 

𝑞1𝑆1 = 𝑞2𝑆2    → (1) 

Applying Bernoulli’s equation along central stream line from A to B, 

𝑃1

𝜌
+

1

2
𝑞1

2 =
𝑃2

𝜌
+

1

2
𝑞2

2       → (2) 

𝜌 being the density of the fluid. 

From (1) ⇒ 

𝑞2 =
𝑞1𝑆1

𝑆2
 

𝑞2
2 =

𝑞1
2𝑆1

2

𝑆2
2  

Sub 𝑞2
2 in eqn. (2), 

𝑃1

𝜌
+

1

2
𝑞1

2 =
𝑃2

𝜌
+

1

2
(

𝑞1
2𝑆1

2

𝑆2
2 ) 

⇒
1

2
𝑞1

2 −
1

2

𝑞1
2𝑆1

2

𝑆2
2 =

𝑃2

𝜌
−

𝑃1

𝜌
 

1

2
𝑞1

2 (1 −
𝑆1

2

𝑆2
2) =

𝑃2 − 𝑃1

𝜌
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𝑞1
2 = (

𝑃2 − 𝑃1

𝜌
) (

2𝑆2
2

𝑆2
2 − 𝑆1

2) 

𝑞1 = √
2𝑆2

2(𝑃2 − 𝑃1)

𝜌(𝑆2
2 − 𝑆1

2)
 

𝑞1 = √
−2𝑆2

2(𝑃1 − 𝑃2)

−𝜌(𝑆1
2 − 𝑆2

2)
 

𝑞1 = √
2𝑆2

2(𝑃1 − 𝑃2)

𝜌(𝑆1
2 − 𝑆2

2)
     → (3) 

eqn. (3) clearly shows that 𝑃1 > 𝑃2 

(i.e.,) The fluid pressure is minimum at the constriction. 

This result is rather surprising intuitively certainly 𝑞2 > 𝑞1. 

The result must mean that when one dimensional flow is constricted the 

pressure energy of the fluid is mostly converted into kinetic energy. 

If ℎ is the difference of meniscus in the mercury manometer and 𝜎, 

The density of mercury 

𝑃1 − 𝑃2 = 𝜎𝑔ℎ   → (4) 

From (3) and (4), 

unable 𝑞1 to be found. 

The mass of liquid flowing through the unconstructed part of the pipe per unit 

time is 𝜌𝑞1𝑆1. 

2.4.4. A long pipe is of length ‘l’ and has a slowly tapering cross section. It 

is inclined at angle α to the horizontal and water flows steadily through it 

from the upper to the lower end. The section at the upper end has twice 

the radius of the lower end. At the lower end, the water is delivered at 
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atmospheric pressure. If the pressure at the upper end is twice 

atmospheric. Find the velocity of delivering. 

Solution: 

 

Let 𝑞1, 𝑞2 be the entry and exit velocities. 

2𝑎, 𝑎, the radius of the entry and exit sections. 

Take the horizontal through the centre of the entry section as zero level of 

potential energy. 

When the flow is steady, taking 𝜋 as the pressure at exit and 2𝜋 at entry, 

Bernoulli’s equation is 

1

2
𝑞2 + 𝛺 +

𝑃

𝜌
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

(or) 

2𝜋

𝜌
+

1

2
𝑞1

2 + 0 =
𝜋

𝜌
+

1

2
𝑞2

2 − 𝑔𝑙𝑠𝑖𝑛𝛼 → (1) 

since 𝑔𝑙𝑠𝑖𝑛𝛼 is the potential energy per unit mass of the gravitational force at 

the lower end. 
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Further, the equation of continuity, since the fluid at the lower end. 

The fluid is incompressible is 

𝑞1𝜋(2𝑎)2 = 𝑞2𝜋(𝑎)2 → (2) 

⇒ 𝑞1𝜋4𝑎2 = 𝑞2𝜋𝑎2 

𝑞1 =
𝑞2𝜋𝑎2

𝜋4𝑎2
 

𝑞1 =
𝑞2

4
 

Sub 𝑞1 in eqn. (1) 

⇒
2𝜋

𝜌
+

1

2
(

𝑞2

4
)

2

=
𝜋

𝜌
+

1

2
(𝑞2)2 − 𝑔𝑙𝑠𝑖𝑛𝛼 

2𝜋

𝜌
−

𝜋

𝜌
+ 𝑔𝑙𝑠𝑖𝑛𝛼 =

1

2
𝑞2

2 −
1

32
𝑞2

2 

𝜋

𝜌
+ 𝑔𝑙𝑠𝑖𝑛𝛼 =

15𝑞2
2

32
 

This is the desired exit velocity. 

Hence the proof. 

2.5.1. Discussion of the case of steady motion under conservative body 

forces. 

Solution: 

Bernoulli’s equation was derived for potential flow under conservative body 

forces. 

We know steady cases that arise when the flow is no longer of the potential 

kind but is steady. 

The body forces are still assumed to be conservative. 

Euler’s equation of motion written in the form 

𝜕𝑞

𝜕𝑡
+ 𝛻 (

1

2
𝑞2) − 𝑞 ∧ 𝜁 = 𝐹 −

1

𝜌
𝛻𝑃 
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were 

𝜁 = 𝛻 ∧ 𝑞, 

the vorticity vector. 

If the forces are conservative, then 

𝐹 = −𝛻𝛺 

So that the flow is steady 

𝜕𝑞

𝜕𝑡
+ 𝛻 (

1

2
𝑞2) +

1

𝜌
𝛻𝑃 + 𝛻𝛺 = 𝑞 ∧ 𝜁 

𝛻 (
1

2
𝑞2 + ∫

𝑑𝑝

𝜌
+ 𝛺) = 𝑞 ∧ 𝜁 

scalar multiplying this equation through by 𝑑𝑟,a time independent variation in 

the position vector 𝑟 of the fluid particle, 

𝑑 (
1

2
𝑞2 + ∫

𝑑𝑝

𝜌
+ 𝛺) = 𝑑𝑟 ⋅ 𝑞 ∧ 𝜁 → (1) 

Case (i): 

𝑞 ∧ 𝜁 = 0 

This is realized when either, 

(i) 𝑞 and 𝜁 are parallel. 

(i.e.) when the stream lines and vortex lines coincide. For such a motion 𝑞 is 

termed a beltrami vector. 

(ii) when 𝜁 = 0 the condition for potential flow. 

From eqn. (1) RHS will be zero 

𝑑 (
1

2
𝑞2 + ∫

𝑑𝑝

𝜌
+ 𝛺) = 0 

at all times throughout the entire flow field. 

Now, integrate on both sides 
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∫ 𝑑 (
1

2
𝑞2 + ∫

𝑑𝑝

𝜌
+ 𝛺) = 0 

½ 𝑞² + ∫  𝑑𝑝/𝑝 +  𝛺 =  𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡   →  (2) 

Throughout the entire field of flow, the constant is the same throughout the 

entire field. 

Since the differential ‘dr’ in eqn. (1) is any arbitrary small variation on the 

Position vector ‘r’ in the field. 

 

Case (ii): 

𝑞 ∧  𝜁  ≠  0 

Now, 𝑞 ∧  𝜁   is perpendicular to the vector 𝑞 , 𝜁. 

Hence, if 𝑑𝑟 ≠  0 then 𝑑𝑟. 𝑞 ∧  𝜁 =  0 wherever dr lies in the plane of 𝑞 , 𝜁. 

Thus, if we take the variation dr in the surface containing both the stream lines 

and vortex lines from eqn. (1) 

𝑑 (
1

2
 𝑞² +  ∫  

𝑑𝑝

𝜌
 +  𝛺 )  =  0 

take integration, 

1

2
 𝑞² +  ∫  

𝑑𝑝

𝜌
 +  𝛺  =  𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡   →  (3) 

over a surface containing the stream lines and vortex lines, 

we note that the constant in eqn. (3) is the same everywhere on any one such a 

surface, but that its value varies from one such a surface to another 

Also, equation (3) holds, 

Irrespective of whether the motion is rotational (or) irrotational. 

Hence the proof. 
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2.6.1. Some flows Involving Axial Symmetry. 

Let 𝜙(𝑟, 𝜃, 𝜓) be the velocity potential at any point having spherical polar co-

ordinates (𝑟, 𝜃, 𝜓) in a field of steady irrotational incompressible flow. 

Then in this co-ordinate system, the Laplace equation is 𝛻2𝜙 = 0  

𝑠𝑖𝑛𝜃
𝜕

𝜕𝑟
(𝑟2

𝜕𝜙

𝜕𝑟
) +

𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜃
) +

1

𝑠𝑖𝑛𝜃
(

𝜕2𝜙

𝜕𝜓2) = 0 

(or) 

𝑠𝑖𝑛𝜃 𝑟2
𝜕2𝜙

𝜕𝑟2
+ 𝑠𝑖𝑛𝜃

𝜕2𝜙

𝜕𝜃2
+

1

𝑠𝑖𝑛𝜃

𝜕2𝜓

𝜕𝜓2
= 0 

where there is a symmetry about a line 𝜃 = 0, 𝜙 = 𝜙(𝑟, 𝜃) 

𝑠𝑖𝑛𝜃
𝜕

𝜕𝑟
(𝑟2

𝜕𝜙

𝜕𝑟
) +

𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜃
) = 0   → (1) 

It is easily confirmed by direct substitution that special solution of eqn. (1), 

𝜙 = 𝑟𝑐𝑜𝑠𝜃 

𝜙 =
1

𝑟2
𝑐𝑜𝑠𝜃 

∴  𝑇ℎ𝑒 𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑞𝑛. (1)  

𝜙(𝑟, 𝜃) = (𝐴𝑟 + 𝐵𝑟−2)𝑐𝑜𝑠𝜃   → (2) 

We now investigate a number of flows with axial symmetry which have 

solutions of eqn. (2). 

Hence the proof. 
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2.6.2. Explain (stationary) sphere in a uniform stream. 

Solution: 

 

By a diagram a solid stationary sphere of radius 𝑎 placed in a uniform stream 

of incompressible fluid. 

For which the undisturbed velocity is −𝑈𝑖, where 𝑈 is a constant and 𝑖 is a 

constant unit vector in the direction 𝑂𝑋⃗⃗ ⃗⃗ ⃗⃗ , the axis symmetry. 

PM is perpendicular from 𝑃 on 𝑂𝑋 and 𝑂𝑀 = 𝑥. 

The spherical polar co-ordinates of 𝑃 are (𝑟, 𝜃, 𝜓) referred to 𝑂𝑋 as the line 

𝜃 = 0. 

Thus 

𝑥 = 𝑟𝑐𝑜𝑠𝜃 

In the absence of the sphere, the flow would be uniform and parallel to 𝑂𝑋⃗⃗ ⃗⃗ ⃗⃗ , 

the velocity everywhere being −𝑈𝑖, which is clearly −𝛻(𝑈𝑥). 

𝑈𝑥 = 𝑈𝑟𝑐𝑜𝑠𝜃 

When the sphere is inserted, it will produce perturbation of the stream. 

The stream lines are disposed around the sphere. 
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Consequently, their undisturbed potential 𝑈𝑟𝑐𝑜𝑠𝜃 of the parallel flow has to 

be modified by a perturbation potential due to the presence of the sphere. 

The following conditions 

● It must satisfy the Laplace equation for the case of axial symmetry. 

● It must tend to zero at large distances from the sphere, so as to recover 

the conditions of uniform parallel flow at infinity. 

A harmonic function satisfying these requirements is 
𝑐𝑜𝑠𝜃

𝑟2   

(2) ⇒ 𝜙(𝑟, 𝜃) = 𝐴𝑟𝑐𝑜𝑠𝜃 + 𝐵𝑟−2𝑐𝑜𝑠𝜃 

𝜙(𝑟, 𝜃) = 𝑈𝑟𝑐𝑜𝑠𝜃 + 𝐴𝑟−2𝑐𝑜𝑠𝜃  (𝑟 ≥ 𝑎)    → (1) 

For the velocity potential at 𝑃(𝑟, 𝜃, 𝜙) when the sphere is inserted in the 

stream. 

The constant 𝐴 in equation (1) is determinable from the fact that there is no 

flow to the surface 𝑟 = 𝑎. 

Diff. eqn. (1) with respect to 𝑟, 

𝜕𝜙

𝜕𝑟
= 𝑈𝑐𝑜𝑠𝜃 + 𝐴(−2𝑟)−3𝑐𝑜𝑠𝜃 

      = 𝑈𝑐𝑜𝑠𝜃 −
2𝐴

𝑟3 𝑐𝑜𝑠𝜃 

(
𝜕𝜙

𝜕𝑟
)

𝑟=𝑎
= 𝑈𝑐𝑜𝑠𝜃 −

2𝐴

𝑎3
𝑐𝑜𝑠𝜃 

Let (
𝜕𝜙

𝜕𝑟
)

𝑟=𝑎
= 0 

𝑈𝑐𝑜𝑠𝜃 −
2𝐴

𝑎3
𝑐𝑜𝑠𝜃 = 0 

𝑈𝑐𝑜𝑠𝜃 =
2𝐴

𝑎3
𝑐𝑜𝑠𝜃 

𝐴𝑐𝑜𝑠𝜃 =
𝑎3𝑈𝑐𝑜𝑠𝜃

2
   → (𝐴) 
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Sub 𝐴 in (1), we get 

𝜙(𝑟, 𝜃) = 𝑈𝑟𝑐𝑜𝑠𝜃 +
𝑎3𝑈𝑐𝑜𝑠𝜃

2
𝑟−2 

𝜙(𝑟, 𝜃) = 𝑈𝑐𝑜𝑠𝜃 [𝑟 +
𝑎3

2
𝑟−2] 

Since 
𝜕𝜙

𝜕𝑟
 on the sphere is correctly determined by eqn. (2) gives the correct 

uniform velocity −𝑈𝑖 at infinity, we infer that the eqn. (2) is unique. 

The velocity components at 𝑃(𝑟, 𝜃, 𝜓) for 𝑟 ≥ 𝑎 

𝑞𝑟 = −
𝜕𝜙

𝜕𝑟
 

𝑞𝑟 = −𝑈𝑐𝑜𝑠𝜃 [1 +
1

2
𝑎3(−2𝑟−3)]+0 

𝑞𝑟 = −𝑈𝑐𝑜𝑠𝜃 [1 −
𝑎3

𝑟3
]    → (𝐵) 

(1,
1

𝑟
,

1

𝑟𝑠𝑖𝑛𝜃
)  𝑓𝑜𝑟 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠  

𝑞𝜃 = −
1

𝑟

𝜕𝜙

𝜕𝜃
 

     =
1

𝑟
[𝑈(−𝑠𝑖𝑛𝜃) (𝑟 +

1

2
𝑎3𝑟−2) + 0 

     =
1

𝑟
𝑈𝑠𝑖𝑛𝜃 (𝑟 +

1

2
𝑎3𝑟−2) 

𝑞𝜃 = 𝑈𝑠𝑖𝑛𝜃 (1 +
1

2
𝑎3𝑟−3)    → (𝐶) 

𝑞𝜓 = −
1

𝑟𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜓
 

𝑞𝜓 = 0   → (𝐷) 

The stagnation points of the flow all those points, if any where the velocity 

𝑞 = 0. 

These are found from the equation 
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𝑈𝑐𝑜𝑠𝜃(1 − 𝑎3𝑟−3) = 0 = 𝑈𝑠𝑖𝑛𝜃 (1 +
1

2
𝑎3𝑟−3) 

⇒ −
𝜕𝜙

𝜕𝑟
= 0 

⇒ −𝑈𝑐𝑜𝑠𝜃(1 − 𝑎3𝑟−3) = 0 

⇒ 𝑈𝑐𝑜𝑠𝜃(1 − 𝑎3𝑟−3) = 0   → (∗) 

⇒ −
1

𝑟

𝜕𝜙

𝜕𝜓
= 0 

⇒ 𝑈𝑠𝑖𝑛𝜃 (1 +
1

2
𝑎3𝑟−3) = 0   → (∗∗) 

From (∗) and (∗∗), 

𝑈𝑠𝑖𝑛𝜃 (1 +
1

2
𝑎3𝑟−3) = 0 

𝑈𝑐𝑜𝑠𝜃(1 − 𝑎3𝑟−3) = 0 

since 𝑟 ≥ 𝑎 are consistently satisfied only by 𝑟 = 𝑎,  𝑠𝑖𝑛𝜃 = 0 

(i.e.) by 𝑟 = 𝑎,  𝜃 = 0 (or) 𝜋 

These corresponds to the points 𝐴, 𝐵. 

We can find the stagnation pressure 𝑃0 at 𝐴. 

By applying Bernoulli's equation along the stream line along 𝑋𝐴. 

Taking 𝑃∞ to be the pressure at ∞ where the velocity is −𝑈𝑖. 

1

2
𝑞2 + 𝛺 +

𝑃

𝜌
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

𝑃∞

𝜌
+

1

2
(𝑈)2 =

𝑃0

𝜌
+ 0 

𝑃∞

𝜌
+

1

2
𝑈2 =

𝑃0

𝜌
 

𝑃0 = 𝑃∞ +
1

2
𝜌𝑈2    → (3) 

The pressure at any point 𝑐(𝑎, 𝜃, 𝜓) on the surface of the sphere may be found. 
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At such a point 𝑟 = 𝑎 

(𝐵) ⇒ 𝑞𝑟 = −𝑈𝑐𝑜𝑠𝜃 [1 −
𝑎3

𝑟3
] 

𝑞𝑟 = 0 

(𝐶) ⇒ 𝑞𝜃 = 𝑈𝑠𝑖𝑛𝜃 [1 +
1

2
𝑎3𝑎−3] 

𝑞𝜃 =
3

2
𝑈𝑠𝑖𝑛𝜃 

(𝐷) ⇒ 𝑞𝜓 = 0 

Applying Bernoulli's equation along the stream line 𝑋𝐴𝐶, if 𝑃 denotes the 

pressure at 𝑐. 

𝑃

𝜌
+

1

2
(

3

2
𝑈𝑠𝑖𝑛𝜃)

2

=
𝑃∞

𝜌
+

1

2
𝑈2 

𝑃

𝜌
+

9

8
𝑈2𝑠𝑖𝑛2𝜃 =

𝑃∞

𝜌
+

1

2
𝑈2 

𝑃

𝜌
=

𝑃∞

𝜌
+

1

2
𝑈2 −

9

8
𝑈2𝑠𝑖𝑛2𝜃 

𝑃 = 𝑃∞ +
𝜌

2
𝑈2 [1 −

9

4
𝑠𝑖𝑛2𝜃]    → (4) 

Now minimum 𝑠𝑖𝑛2𝜃 = 1 

𝑃 = 𝑃∞ +
𝜌

2
𝑈2 (1 −

9

4
) 

𝑚𝑖𝑛𝑃 = 𝑃∞ −
5𝜌

8
𝑈2 ∴ 

The minimum pressure occurs on the equatorial line 𝑟 = 𝑎,  𝜃 =
𝜋

2
 

When 𝑚𝑖𝑛𝑝 = 0 

𝑃∞ −
5𝜌

8
𝑈2 = 0 
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5𝜌

8
𝑈2 = 𝑃∞ 

𝑈2 =
8𝑃∞

5𝜌
 

𝑈 = √
8𝑃∞

5𝜌
   → (5) 

This indicates that when the speed 𝑈 of the undisturbed stream is increased a 

point will be reached at which the pressure everywhere along the equatorial 

line 

𝑟 = 𝑎,  𝜃 =
𝜋

2
 

fall to zero. 

At this stage the fluid will tend to break away from the surface of the sphere 

along the equatorial line. 

 

 

Then the thrust on 𝛿𝑠 is 𝑃 𝛿𝑠 along 𝑃0𝑂 where 𝑃 is given by (4). 

The zone bounded by the circle is along 𝑋𝑂. 
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The component of the thrust on the zone is along 𝑋𝑂 and of amount 

∫ 𝑃
zone

cos𝜃 𝛿𝑠 = 𝑃cos𝜃 ∫ 𝛿
zone

𝑠 

= 𝑃𝑐𝑜𝑠𝜃(𝑆) 

= 𝑃𝑐𝑜𝑠𝜃(2𝜋𝑎2𝑠𝑖𝑛𝜃 𝛿𝜃) 

since 𝑃𝑐𝑜𝑠𝜃 is to the first order constant over the zone. 

Hence the total thrust on the hemisphere 𝑟 = 𝑎,  0 ≤ 𝜃 ≤
𝜋

2
  

2𝜋𝑎2sin𝜃cos𝜃 (𝑃∞ +
1

2
𝜌𝑈2 −

9

8
𝜌𝑈2sin2𝜃) 𝑑𝜃  

= 2𝜋𝑎2 ∫ sin
𝜋/2

0

𝜃cos𝜃 (𝑃∞ +
1

2
𝜌𝑈2 −

9

8
𝜌𝑈2sin2𝜃) 𝑑𝜃 

= 𝜋𝑎2 ∫ sin
𝜋/2

0

2𝜃 (𝑃∞ +
1

2
𝜌𝑈2 −

9

8
𝜌𝑈2sin2𝜃) 𝑑𝜃 

= 𝜋𝑎2 [∫ sin
𝜋/2

0

2𝜃 𝑃∞ 𝑑𝜃 

+ ∫
1

2

𝜋/2

0

sin2𝜃 𝜌𝑈2 𝑑𝜃 − ∫
9

8

𝜋/2

0

𝜌𝑈2sin2𝜃sin2𝜃 𝑑𝜃] 

= 𝜋𝑎2 [𝑃∞ ∫ sin
𝜋/2

0

2𝜃 𝑑𝜃

+
𝜌𝑈2

2
∫ sin

𝜋/2

0

2𝜃 𝑑𝜃  −
9

8
𝜌𝑈2 ∫ sin

𝜋/2

0

2𝜃sin2𝜃 𝑑𝜃] 
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= −𝜋𝑎2 [𝑃∞ (
cos2𝜃

2
) +

𝜌𝑈2

2
(

cos2𝜃

2
) L −

9

16
𝜌𝑈2 (

cos2𝜃

2
−

cos4𝜃

8
)]

0

𝜋/2

 

= 𝜋𝑎2 [𝑃∞(−1) − 𝑃∞ +
𝜌𝑈2

2
(−

1

2
−

1

2
) −

9

16
𝜌𝑈2 (−

1

2
−

1

2
− (

1

8
−

1

8
))] 

= 𝜋𝑎2 {−2𝑃∞ −
𝜌𝑈2

2
+

9

16
𝜌𝑈2} 

= 𝜋𝑎2 [𝑃∞ −
1

16
𝜌𝑈2] 

The equation of the stream lines in spherical polars are given by 

𝑑𝑟

𝑞𝑟
=

𝑟 𝑑𝜃

𝑞𝜃
=

𝑟𝑠𝑖𝑛𝜃 𝑑𝜓

𝑞𝜓
 

(or) 

𝑑𝑟

−𝑐𝑜𝑠𝜃(1 − 𝑎3𝑟−3)
=

𝑟 𝑑𝜃

𝑠𝑖𝑛𝜃 (1 +
1
2 𝑎3𝑟−3)

 =
𝑟𝑠𝑖𝑛𝜃 𝑑𝜓

0
 

Equating the last ratios, 
𝑟𝑠𝑖𝑛𝜃 𝑑𝜓

0
  

⇒ 𝑑𝜓 = 0 

Integrating, 

𝜓 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

Taking first two ratios, 

𝑑𝑟

−𝑐𝑜𝑠𝜃(1 − 𝑎3𝑟−3)
= 𝑟

𝑑𝜃

𝑠𝑖𝑛𝜃 (1 +
1
2 𝑎3𝑟−3)

 

(1 +
1
2

𝑎3𝑟−3)

−(1 − 𝑎3𝑟−3)

𝑑𝑟

𝑟
=

𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃
 𝑑𝜃 

Integrating on both sides. 
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∫ −
(1 +

1
2

𝑎3𝑟−3)

𝑟(1 − 𝑎3𝑟−3)
 𝑑𝑟 = 𝑙𝑜𝑔 𝑠𝑖𝑛𝜃 + 𝑙𝑜𝑔𝑐 

∫
1 +

1
2

𝑎3

𝑟3

−𝑟 (
𝑟3 − 𝑎3

𝑟3 )
 𝑑𝑟 = 𝑙𝑜𝑔𝑠𝑖𝑛𝜃 + 𝑙𝑜𝑔𝑐 

−
1

2
∫

2𝑟3 + 𝑎3

𝑟(𝑟3 − 𝑎3)
 𝑑𝑟 = 𝑙𝑜𝑔𝑠𝑖𝑛𝜃 + 𝑙𝑜𝑔𝑐 

𝑁𝑟 and 𝐷𝑟 ÷ by 𝑟 

∫ −
1

𝑟

2𝑟2 + 𝑎3𝑟−1

(𝑟3 − 𝑎3)
 𝑑𝑟 = 𝑙𝑜𝑔𝑠𝑖𝑛𝜃 + 𝑙𝑜𝑔𝑐 

𝑁𝑟 and 𝐷𝑟 ÷ by 𝑟 

∫ −
1

2

(2𝑟 + 𝑎3𝑟−2)

(𝑟2 − 𝑎3𝑟−1)
 𝑑𝑟 = 𝑙𝑜𝑔𝑠𝑖𝑛𝜃 + 𝑙𝑜𝑔𝑐 

−𝑙𝑜𝑔(𝑟2 − 𝑎3𝑟−1) = 2𝑙𝑜𝑔𝑠𝑖𝑛𝜃 + 𝑙𝑜𝑔𝑐 

       = 𝑙𝑜𝑔𝑠𝑖𝑛2𝜃 + 𝑙𝑜𝑔𝑐 

−𝑙𝑜𝑔 (
𝑟3 − 𝑎3

𝑟
) = 𝑙𝑜𝑔𝑠𝑖𝑛2𝜃 + 𝑙𝑜𝑔𝑐 

−𝑙𝑜𝑔(𝑟3 − 𝑎3) + 𝑙𝑜𝑔𝑟 = 𝑙𝑜𝑔𝑠𝑖𝑛2𝜃 + 𝑙𝑜𝑔𝑐 

⇒ −𝑙𝑜𝑔(𝑟3 − 𝑎3) + 𝑙𝑜𝑔𝑐𝑟 = 𝑙𝑜𝑔𝑠𝑖𝑛2𝜃 

𝑙𝑜𝑔 [
𝑐𝑟

𝑟3 − 𝑎3] = 𝑙𝑜𝑔𝑠𝑖𝑛2𝜃 

𝑐𝑟

𝑟3 − 𝑎3
= 𝑠𝑖𝑛2𝜃 

𝜓 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

we know that, 

𝑟 = 𝑎, we must take 𝑐 = 0 for 𝑠𝑖𝑛𝜃 = 0 

𝑠𝑖𝑛𝜃 to be finite. 
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Hence the proof. 

2.6.3. Explain a sphere moving with constant velocity in liquid which is 

otherwise at rest. 

Solution: 

 

 

By the diagram, a solid sphere centre 𝑂, radius 𝑎, moving with uniform 

velocity 𝑈𝑖 in a compressible fluid of infinite extent which is at rest at infinity. 

𝑂𝑋 are the axis of symmetry and the direction of the unit vector 𝑖. 

As we required 𝜙 to be finite at infinity, we take the velocity potential at 

𝑃(𝑟, 𝜃, 𝜓) [𝑟 ≥ 𝑎] 

𝜙(𝑟, 𝜃) = 𝐴𝑟−2𝑐𝑜𝑠𝜃   → (1) 

which satisfies the axially symmetric form of Laplace equation in spherical 

polar coordinates. 

From (1) ⇒ 

𝑞𝑟 = −
𝜕𝜙

𝜕𝑟
 

      =
2𝐴𝑐𝑜𝑠𝜃

𝑟3
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𝑞𝜃 = −
1

𝑟

𝜕𝜙

𝜕𝜃
 

      = −
1

𝑟
𝐴𝑟−2𝑠𝑖𝑛𝜃 

𝑞𝜃 =
𝐴𝑠𝑖𝑛𝜃

𝑟3
 

𝑞𝜓 = −
1

𝑟𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜓
= 0 

Hence at 𝑃0(𝑎, 𝜃, 𝜓) on the surface  

𝑞𝑟 = 2𝐴𝑎−3𝑐𝑜𝑠𝜃                   ∴ 𝑟 = 𝑎 

𝑞𝜃 = 𝐴𝑎−3𝑠𝑖𝑛𝜃 

𝑞𝜓 = 0 

Now the velocity of 𝑃0 is 𝑈𝑖 

Hence 𝑞𝑟 = 𝑈𝑐𝑜𝑠𝜃 

2𝐴𝑎−3𝑐𝑜𝑠𝜃 = 𝑈𝑐𝑜𝑠𝜃 

2𝐴𝑎−3 = 𝑈 

𝐴 =
𝑈𝑎3

2
 

From (1) ⇒ 𝜙(𝑟, 𝜃) = 𝐴𝑟−2𝑐𝑜𝑠𝜃 

         =
𝑈𝑎3

2
𝑟−2𝑐𝑜𝑠𝜃   → (2) 

To find the kinetic energy of the fluid 

we may use the result. 

Then denoting by 𝑆, the sphere, 

the kinetic energy is given by 

𝑇 =
1

2
𝜌 ∫𝜙

𝑆

∂𝜙

∂𝑛
 𝑑𝑆 
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    =
1

2
𝜌 ∫ {𝜙 (−

∂𝜙

∂𝑟
)}

𝑟=𝑎𝑆

𝑑𝑆 

From eqn. (2), 

𝜕𝜙

𝜕𝑟
= −

1

2
𝑈𝑎3𝑐𝑜𝑠𝜃

2

𝑟3
 

       = −
𝑈𝑎3𝑐𝑜𝑠𝜃

𝑟3
 

Now consider, 

𝜙 (−
𝜕𝜙

𝜕𝑟
)

𝑟=𝑎
=

1

2
𝑈𝑎3𝑟−2𝑐𝑜𝑠𝜃 ⋅

𝑈𝑎3

𝑟3
𝑐𝑜𝑠𝜃 

            =
1

2
𝑈2𝑎3𝑎−2𝑐𝑜𝑠𝜃 𝑈𝑎3𝑎−3𝑐𝑜𝑠𝜃 

            =
1

2
𝑈2𝑎𝑐𝑜𝑠2𝜃 

𝑇 =
1

2
𝜌 ∫ {𝜙 (−

∂𝜙

∂𝑟
)}

𝑟=𝑎𝑆

𝑑𝑆 

     =
1

4
𝜌𝑎𝑈2 ∫cos2

𝑆

𝜃 𝑑𝑆 

       =
1

4
𝜌𝑎𝑈2 ∫cos2

𝑆

𝜃 2𝜋𝑎2sin𝜃 𝑑𝜃 

       =
1

2
𝜌𝜋𝑎3𝑈2 ∫cos2

𝑆

𝜃sin𝜃 𝑑𝜃 

Now consider, ∫ cos2𝜋

0
𝜃sin𝜃 𝑑𝜃 = ∫ 𝑡2−1

1
 𝑑𝑡 

Let 𝑡 = 𝑐𝑜𝑠𝜃                    𝜃 = 0,  𝑡 = 1 

𝑑𝑡

𝑑𝜃
= −𝑠𝑖𝑛𝜃                    𝜃 = 𝜋,  𝑡 = −1 
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−𝑑𝑡 = 𝑠𝑖𝑛𝜃 𝑑𝜃 

∫ cos2
𝜋

0

𝜃sin𝜃 𝑑𝜃 = ∫ 𝑡2
1

−1

 𝑑𝑡 

      = 2 ∫ 𝑡2
1

0

 𝑑𝑡 

      = 2 [
𝑡3

3
]

0

1

 

      = 2 (
1

3
) 

      =
2

3
 

(A) ⇒ 𝑇 =
1

2
𝜋𝜌𝑎3𝑈2 (

2

3
)  

𝑇 =
1

3
𝜌𝜋𝑎3𝑈2 

 𝑇 =
1

4
𝑀′𝑈2 

Were   
𝑀′

4
=

1

3
𝜋𝜌𝑎3 

where 𝑀′ is the mass of fluid displaced. 

The total kinetic energy of the sphere and fluid is 
1

2
(𝑀 +

1

2
𝑀′) 𝑈2. 

The quantity 𝑀 +
1

2
𝑀′ is called the virtual mass of the sphere. 

Hence the solution. 
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Unit - III 

Some Three-Dimensional flows 

Introduction: 

In the previous chapter, we discussed a number of problems which were 

mainly of the three - dimensional type. 

We now develop special methods for treating other problems in 3 - 

dimensions. 

The flows considered in this chapter are entirely incompressible in the sense 

that the fluids are of constant density throughout. 

3.1.1. Define three - dimensional sources, sinks and   doublets and 

obtain velocity potential. 

Solution: 

 

S - sphere  

r - radius  

m – mass 

Source: 

Suppose at a point ‘O’ in a fluid the flow is such that it is directed radially 

outwards from ‘O’ 

in all directions and in a symmetrical manner. 

Then the fluid enters the system through ‘O’ which is termed a simple source. 

Sink: 

If at ‘O’ the volume entering per unit time is 4𝜋𝑚, where 𝑚 is a constant, then 

the strength of the source is defined to be ‘m’. 
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If the flow is such that fluid is directed radially inwards to ‘O’ from all 

direction in a symmetrical manner, then fluid leaves the system at ‘O’ which is 

termed a simple sink. 

 

 

Velocity potential: 

A sink of strength ‘m’ is a source of strength ‘−m’ at O in a fluid which is 

assumed to contain no other sources or sinks and which would otherwise be at 

rest. 

S is the surface of the sphere with centre ‘O’ and radius ‘r’ and P is a field on 

S such that 𝑂𝑃⃗⃗⃗⃗ ⃗⃗ = 𝑟. 

Then the fluid velocity at P is 𝑞, along 𝑂𝑃⃗⃗⃗⃗ ⃗⃗  and the magnitude 𝑞 is everywhere 

constant over S. 

The volume of fluid crossing S per unit-time is 4𝜋𝑟2 × 𝑞, that emitted from 

‘O’ per unit-time is 4𝜋𝑚. 

Since the fluid is incompressible, these two are equal from consideration of 

continuity. 

i.e. 4𝜋𝑟2𝑞 = 4𝜋𝑚  

𝑟2𝑞 = 𝑚 

𝑞 =
𝑚

𝑟2
 

𝑞⃗ =
𝑚

𝑟2
 𝑟 

i.e. 𝑐𝑢𝑟𝑙 𝑞⃗ = 0  [𝑒𝑥𝑐𝑒𝑝𝑡 𝑎𝑡 𝑟 = 0] 

so that the flow is of the potential kind. 

Let 𝜙 be the velocity potential at P 

From consideration of symmetry, 
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𝜙 = 𝜙(𝑟) 

𝛻𝜙 = 𝜙′(𝑟) 𝑟 

−𝑞⃗ = −𝛻𝜙 

−
𝑚

𝑟2
 𝑟 = 𝜙′(𝑟) 𝑟 

𝑚

𝑟2
 𝑟 = −𝛻𝜙 

𝜙′(𝑟) = −
𝑚

𝑟2
 

Integrating, 

∫
𝑑

𝑑𝑟
(𝜙(𝑟)) 𝑑𝑟 = −𝑚∫

1

𝑟2
 𝑑𝑟 

𝜙(𝑟) = −𝑚(−𝑟−1) + 𝑐 

𝜙(𝑟) =
𝑚

𝑟
+ 𝑐 

𝜙(𝑟) =
𝑚

𝑟
 

since it is incompressible fluid. 

This is velocity potential. 

Doublet: 

 

Suppose we have simple sources of strengths −𝑚 at O and 𝑚 at 𝑂′ in a fluid, 

where 𝑂𝑂′ = 𝛿𝑠 
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let P be any other point in the fluid such that 

𝑂𝑃⃗⃗⃗⃗ ⃗⃗ = 𝑟 𝑎𝑛𝑑 𝑂′𝑃⃗⃗⃗⃗⃗⃗⃗⃗ = 𝑟′ 

we’ve 

𝑟 = |𝑟| 

𝑟′ = |𝑟′| 

𝛿𝑠 = |𝛿𝑠| 

Also, let 

𝜇 = 𝑚𝛿𝑠 

Now, suppose that 𝑚 → ∞, 𝛿𝑠 → 0 in such a way that 𝜇 remains finite and 

constant. 

Then in the limit the two sources ±𝑚, of infinitely great magnitude and 

coincident at O, are said to constitute a three - dimensional doublet (or) dipole 

at ‘O’. 

The quantity ‘𝜇’ is termed the moment or strength of the doublet.  

The quantity 

𝜇 = 𝜇𝑎⃗ 

where 𝑎⃗ is the unit vector in the direction 𝑂𝑂′⃗⃗⃗⃗⃗⃗ ⃗⃗  is called the vector moment of 

the doublet. 

Also, the direction of 𝑎⃗ is that of the axis of the doublet. 

Hence the solution. 

3.1.2. Book work: 

Find the velocity component of P due to the doublet at O. 

(or) 

Find the velocity potential at P due to the doublet at O. 

Solution: 
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For the configuration, assuming the flow to be entirely due to −𝑚 at O and 𝑚 

at 𝑂′. 

 

The velocity potential at P is 

𝜙 =
𝑚

𝑟′
−

𝑚

𝑟
 

𝜙 =
𝑚𝑟 − 𝑚𝑟′

𝑟𝑟′
 

𝜙 =
𝑚(𝑟 − 𝑟′)

𝑟𝑟′
⋅

(𝑟 + 𝑟′)

(𝑟 + 𝑟′)
 

𝜙 =
𝑚𝛿𝑠(𝑟 + 𝑟′)

𝑟𝑟′(𝑟 + 𝑟′)
 

𝜙 =
𝜇(𝑟 + 𝑟′)

𝑟𝑟′(𝑟 + 𝑟′)
→ (1) 

were 

𝜇 = 𝑚𝛿𝑠 

∵ 𝑂𝑃⃗⃗⃗⃗ ⃗⃗ = 𝑂𝑂′⃗⃗⃗⃗⃗⃗ ⃗⃗ − 𝑂′𝑃⃗⃗⃗⃗⃗⃗⃗⃗  

𝑟 = 𝛿𝑠 + 𝑟′ 

𝛿𝑠 = 𝑟 − 𝑟′ 

Now keep O fixed and let 𝑂′ → 𝑂, so that 𝑟′ → 𝑟, 𝜇 is constant. 

Then in the limit we’ve 
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(1) ⇒ 𝜙 =
𝜇(𝑟 + 𝑟)

𝑟𝑟(𝑟 + 𝑟)
 

                =
𝜇(2𝑟)

𝑟2(2𝑟)
 

𝜙 =
𝜇

𝑟2          (or)       𝜙 = 𝜇𝑟−2 

From (1) 

𝜙 =
𝜇𝑟

𝑟𝑟′(𝑟 + 𝑟′)
+

𝜇𝑟′

𝑟𝑟′(𝑟 + 𝑟′)
 

But 𝑟′ = 𝑟 

𝜙 =
𝜇𝑟

𝑟2(2𝑟)
+

𝜇𝑟′

𝑟2(2𝑟)
 

𝜙 =
2𝜇𝑟

𝑟2(2𝑟)
 

𝜙 =
(𝐻 ⋅ 𝑟)

𝑟3
 

𝜙 = (𝐻 ⋅ 𝑟)𝑟−3    → (2) 

with ∠𝑃𝑂𝑂′, other equivalent forms for 𝜙 are 

(2) ⇒ 𝜙 = 𝜇|𝑟̂|𝑟−3 

                 = 𝐻𝑟 𝑟−3𝑐𝑜𝑠𝜃 

              𝜙 = 𝐻𝑟−2𝑐𝑜𝑠𝜃 

This shows that 𝜙 = 𝜙(𝑟, 𝜃),  

So that the axis of the doublet is on the axis of symmetry. 

Let 𝑃 to have spherical polar coordinates (𝑟, 𝜃, 𝜓) refer to the axis of the 

doublet as initial line, the velocity potential at 𝑃 being 

𝜙 =
𝐻

𝑟2
𝑐𝑜𝑠𝜃   → (3) 

we can find the velocity component at 𝑃 as 



74 | P a g e  
 

𝑞𝑟 = −
𝜕𝜙

𝜕𝑟
 

𝑞𝜃 = −
1

𝑟

𝜕𝜙

𝜕𝜃
 

𝑞𝜓 = −
1

𝑟𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜓
 

From (3) ⇒ 

𝑞𝑟 = −
𝜕𝜙

𝜕𝑟
=

2𝐻

𝑟3
𝑐𝑜𝑠𝜃 

𝑞𝜃 = −
1

𝑟

𝜕𝜙

𝜕𝜃
=

𝐻

𝑟3
𝑠𝑖𝑛𝜃 

𝑞𝜓 = −
1

𝑟𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜓
= 0 

3.1.3. Discuss the Doublet in a uniform stream. 

Solution: 

 

A doublet of vector moment 𝜇 = 𝐻𝑖̂ at ‘O’ in a uniform stream whose 

velocity, in the absence of the doublet would be −𝑈𝑖̂. 

We first find the velocity potential 𝜙(𝑟, 𝜃) at the field point 𝑃 in the fluid 

having spherical polar co-ordinates (𝑟, 𝜃, 𝜓). 
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If 𝑃𝑀 is the perpendicular from 𝑃 on 𝑂𝑋 and if 𝑂𝑀 = 𝑥, then the velocity 

potential at 𝑃 due to the stream line is 

𝑈𝑥 = 𝑈𝑟𝑐𝑜𝑠𝜃 

That due to the doublet at 𝑂 is 

𝜇𝑐𝑜𝑠𝜃

𝑟2
 

so that the total velocity potential at 𝑃 is 

𝜙(𝑟, 𝜃) = 𝑈𝑟𝑐𝑜𝑠𝜃 +
𝜇

𝑟2 𝑐𝑜𝑠𝜃  

              = (𝑈𝑟 + 𝐻𝑟−2)𝑐𝑜𝑠𝜃   → (1) 

The velocity components at 𝑃 are 

(1) ⇒ 𝑞𝑟 = −
𝜕𝜙

𝜕𝑟
= − [𝑈 +

𝐻(−2)

𝑟3
] 𝑐𝑜𝑠𝜃 

𝑞𝑟 = (2𝐻𝑟−3 − 𝑈)𝑐𝑜𝑠𝜃 

𝑞𝜃 = −
1

𝑟

𝜕𝜙

𝜕𝜃
=

1

𝑟
(𝑈𝑟 + 𝐻𝑟−2)𝑠𝑖𝑛𝜃 

𝑞𝜃 = (𝑈 + 𝐻𝑟−3)𝑠𝑖𝑛𝜃 

𝑞𝜓 = −
1

𝑟𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜓
= 0 

∴   𝑞𝑟 = (2𝐻𝑟−3 − 𝑈)𝑐𝑜𝑠𝜃 

𝑞𝜃 = (𝑈 + 𝐻𝑟−3)𝑠𝑖𝑛𝜃                   → (2) 

𝑞𝜓 = 0   

From eqn. (2) we see that 

𝑞𝑟 = 0 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 

(i) 𝑐𝑜𝑠𝜃 = 0,  𝜃 =
𝜋

2
 

(ii) 𝑟 = (
2𝐻

𝑈
)

1/3
 

Put 𝑟 = 𝑎 
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𝑎3 =
2𝐻

𝑈
 

 𝐻 =
𝑎3𝑈

2
 

Then it follows that there is no flow over the surface of the sphere 𝑟 = 𝑎. 

In fact for 𝑟 ≥ 𝑎 with 

𝐻 =
𝑎3𝑈

2
 

substituted in eqn. (2), we obtain the same velocity potential as was obtained 

for uniform flow past a stationary sphere of radius ‘𝑎’. 

For the region 𝑟 ≥ 𝑎, the analysis of the half disk sphere problem is the same 

as that of the dipole of strength, 

1

2
𝑈𝑎3 

in the uniform stream of velocity −𝑈𝑖, the axis of the dipole being in the 

direction of 𝑖. 

Hence the solution. 

3.1.4. PROBLEM: 

Doublets of strengths 𝜇1, 𝜇2 are situated at points 𝐴1, 𝐴2 whose cartesian 

coordinates are (0,0, 𝑐1), (0,0, 𝑐2) their axis being directed towards and 

away from the origin respectively. Find the condition that there is no 

transport of the fluid over the surface of the sphere 

𝑥2 + 𝑦2 + 𝑧2 = 𝑐1𝑐2. 
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Solution: 

 

By diagram 𝑂𝐴2𝐴1, has an initial line. 

𝑃 has spherical polar coordinates (𝑟, 𝜃, 𝜓). 

The axis of the doublets of 𝐴1, 𝐴2 make angles 𝛼1, 𝛼2 with 𝐴1𝑃, 𝐴2𝑃. 

Then the velocity potential at 𝑃 is 

𝜙 =
𝜇2𝑐𝑜𝑠𝛼2

𝐴2𝑃2
+

𝜇1𝑐𝑜𝑠𝛼1

𝐴1𝑃2
   → (1) 

Carnot’s theorem, (cosines formula) 

𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐𝑐𝑜𝑠𝐴  

𝑏2 = 𝑎2 + 𝑐2 − 2𝑎𝑐𝑐𝑜𝑠𝐵 

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏𝑐𝑜𝑠𝐶  

𝐴1𝑃2 = 𝑟2 + 𝑐1
2 − 2𝑟𝑐1𝑐𝑜𝑠𝜃  

𝐴2𝑃2 = 𝑟2 + 𝑐2
2 − 2𝑟𝑐2𝑐𝑜𝑠𝜃  

𝑐𝑜𝑠𝛼2 =
𝐴1𝐴2

𝐴2𝑃
 

𝐴1𝐴2 = 𝑂𝐴1 − 𝑂𝐴2  

𝑐𝑜𝑠𝛼2 =
𝑟 𝑐𝑜𝑠𝜃 −  𝑐2

𝐴2𝑃
   → (2) 

𝑐𝑜𝑠𝛼1 =
𝐴2𝐴1

𝐴1𝑃
 



78 | P a g e  
 

𝑐𝑜𝑠𝛼1 =
𝑂𝐴1 −  𝑂𝐴2

𝐴1𝑃
 

𝑐𝑜𝑠𝛼1 =
𝑐1 −  𝑟 𝑐𝑜𝑠𝜃

𝐴1𝑃
   → (3) 

Substitute eqn. (2) and (3) in (1), 

𝜙 =
𝐻2𝑐𝑜𝑠𝛼2

𝐴2𝑃2
+

𝐻1𝑐𝑜𝑠𝛼1

𝐴1𝑃2
 

∴ 𝑐𝑜𝑠𝛼1 =
𝑐1 − 𝑟𝑐𝑜𝑠𝜃

𝐴1𝑃
 

𝑐𝑜𝑠𝛼2 =
𝑟 𝑐𝑜𝑠𝜃 − 𝑐2

𝐴2𝑃
 

𝐴1𝑃2 = 𝑟2 + 𝑐1
2 − 2𝑟𝑐1𝑐𝑜𝑠𝜃 

⇒ 𝐴1𝑃 = (𝑟2 + 𝑐1
2 − 2𝑟𝑐1𝑐𝑜𝑠𝜃)1/2 

𝐴2𝑃2 = 𝑟2 + 𝑐2
2 − 2𝑟𝑐2𝑐𝑜𝑠𝜃 

⇒ 𝐴2𝑃 = (𝑟2 + 𝑐2
2 − 2𝑟𝑐2𝑐𝑜𝑠𝜃)1/2 

∴  𝜙 =
𝜇2

[𝑟 𝑐𝑜𝑠𝜃 − 𝑐2]
𝐴2𝑃

𝐴2𝑃2
+

𝜇1
[𝑐1 − 𝑟𝑐𝑜𝑠𝜃]

𝐴1𝑃

𝐴1𝑃2
 

𝜙 =
𝜇2[𝑟 𝑐𝑜𝑠𝜃 − 𝑐2]

(𝑟2 + 𝑐2
2 − 2𝑟𝑐2𝑐𝑜𝑠𝜃)(𝑟2 + 𝑐2

2 − 2𝑟𝑐2𝑐𝑜𝑠𝜃)1/2

+
𝜇1[𝑐1 − 𝑟𝑐𝑜𝑠𝜃]

(𝑟2 + 𝑐1
2 − 2𝑟𝑐1𝑐𝑜𝑠𝜃)(𝑟2 + 𝑐1

2 − 2𝑟𝑐1𝑐𝑜𝑠𝜃)1/2
 

𝜙 =
𝜇2(𝑟 𝑐𝑜𝑠𝜃 − 𝑐2)

(𝑟2 + 𝑐2
2 − 2𝑟𝑐2𝑐𝑜𝑠𝜃)3/2

+
𝜇1(𝑐1 − 𝑟𝑐𝑜𝑠𝜃)

(𝑟2 + 𝑐1
2 − 2𝑟𝑐1𝑐𝑜𝑠𝜃)3/2

 

𝜙 = 𝜇2[𝑟 𝑐𝑜𝑠𝜃 − 𝑐2][𝑟2 + 𝑐2
2 − 2𝑟𝑐2𝑐𝑜𝑠𝜃]−3/2  

+ 𝜇1[𝑐1 − 𝑟𝑐𝑜𝑠𝜃][𝑟2 + 𝑐1
2 − 2𝑟𝑐1𝑐𝑜𝑠𝜃]−3/2 

we require that 
𝜕𝜙

𝜕𝑟
= 0 

when 𝑟 = (𝑐1𝑐2)1/2 
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𝜕𝜙

𝜕𝑟
= 𝜇2{[(𝑟 𝑐𝑜𝑠𝜃 − 𝑐2) {

−3

2
(𝑟2 + 𝑐2

2 − 2𝑟𝑐2𝑐𝑜𝑠𝜃)−5/2} (2𝑟 −

           2𝑐2𝑐𝑜𝑠𝜃)] +(𝑟2 + 𝑐2
2 − 2𝑟𝑐2𝑐𝑜𝑠𝜃)−3/2(𝑐𝑜𝑠𝜃)} +𝜇1{[(𝑐1 −

            𝑟𝑐𝑜𝑠𝜃) {
−3

2
(𝑟2 + 𝑐1

2 − 2𝑟𝑐1𝑐𝑜𝑠𝜃)−5/2} (2𝑟 − 2𝑐1𝑐𝑜𝑠𝜃)] 

            +(𝑟2 + 𝑐1
2 − 2𝑟𝑐1𝑐𝑜𝑠𝜃)−3/2(−𝑐𝑜𝑠𝜃)} 

Thus we find, 

𝜇2[𝑐𝑜𝑠𝜃{𝑐1𝑐2 − 2𝑐2(𝑐1𝑐2)1/2𝑐𝑜𝑠𝜃 + 𝑐2
2}

−3/2
 −3{(𝑐1𝑐2)1/2𝑐𝑜𝑠𝜃 −

𝑐2}{(𝑐1𝑐2)1/2 − 𝑐2𝑐𝑜𝑠𝜃} {𝑐1𝑐2 − 2𝑐2(𝑐1𝑐2)1/2𝑐𝑜𝑠𝜃 + 𝑐2
2}

−5/2
]  

= 𝜇1[𝑐𝑜𝑠𝜃{𝑐1𝑐2 − 2𝑐1(𝑐1𝑐2)1/2𝑐𝑜𝑠𝜃 + 𝑐1
2}

−3/2

+ 3{𝑐1 − (𝑐1𝑐2)1/2𝑐𝑜𝑠𝜃}{(𝑐1𝑐2)1/2

− 𝑐1𝑐𝑜𝑠𝜃}{𝑐1𝑐2 − 2𝑐1(𝑐1𝑐2)1/2𝑐𝑜𝑠𝜃 + 𝑐1
2}

−5/2
] 

Hence, 

𝜃 =
𝜋

2
⇒ 𝑐𝑜𝑠

𝜋

2
= 0  

𝜇2 [(3𝑐2)(𝑐1𝑐2)1/2(𝑐1𝑐2 + 𝑐2
2)−5/2]  

                                       = 𝜇1[(3𝑐1)(𝑐1𝑐2)1/2(𝑐1𝑐2 + 𝑐1
2)−5/2]  

𝜇2{(3𝑐2)(𝑐1𝑐2)1/2[𝑐2(𝑐1 + 𝑐2)]−5/2}  

                                            = 𝜇1{(3𝑐1)(𝑐1𝑐2)1/2[𝑐1(𝑐2 + 𝑐1)]−5/2} 

𝜇2{3(𝑐1𝑐2)1/2(𝑐1 + 𝑐2)−5/2(𝑐2)−3/2}  

                                            = 𝜇1{3(𝑐1𝑐2)1/2(𝑐1 + 𝑐2)−5/2(𝑐1)−3/2}  

𝜇2

𝜇1
=

3 × (𝑐1𝑐2)1/2 × (𝑐1 + 𝑐2)−5/2(𝑐1)−3/2

3 × (𝑐1𝑐2)1/2 × (𝑐1 + 𝑐2)−5/2(𝑐2)−3/2
 

𝜇2

𝜇1
=

(𝑐1)−3/2

(𝑐2)−3/2
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𝜇2

𝜇1
=

(𝑐2)3/2

(𝑐1)3/2
 

𝜇2

𝜇1
= (

𝑐2

𝑐1
)

3/2

 

Hence the solution. 

3.1.5. Prove that the velocity potential at a point 𝑃 due to a uniform finite 

line source 𝐴𝐵 of strength 𝑚 per unit length is of the form 

𝜙 = 𝑚𝑙𝑜𝑔𝑓 

where 

𝑓 =
𝑟2 + 𝑥2

𝑟1 + 𝑥1
=

𝑟1 − 𝑥1

𝑟2 − 𝑥2
=

𝑎 + 𝑙

𝑎 − 𝑙
 

in which 𝐴𝐵 = 2𝑙,  𝑃𝐴 = 𝑟1,  𝑃𝐵 = 𝑟2,  𝑁𝐴 = 𝑥1,  𝑁𝐵 = 𝑥2, 

𝑁 being the foot of the perpendicular from 𝑃 on the line 𝐴𝐵, and 2𝑎 the 

length of the major axis of the spheroid through 𝑃 having 𝐴, 𝐵 as foci. 

show that the velocity at 𝑃 is 

[
2𝑚𝑙𝑐𝑜𝑠𝛼

𝑎2 − 𝑙2 ] 𝑢 

where 𝑢 is the unit vector along the normal to the spheroid at 𝑃 and 2𝛼 =

∠𝐴𝑃𝐵. 

Solution: 
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The line section of length 𝛿𝑥 in 𝐴𝐵 at distance 𝑥 from 𝐴 is effectively a point 

source of strength 𝑚𝛿𝑥 giving velocity potential at 𝑃 of amount 
𝑚𝛿𝑥

𝑟
 where 

𝐴𝑃 = 𝑟. 

From elementary geometry, 

𝑟2 = 𝑟1
2 + 𝑥2 − 2𝑥1𝑥, and so that the total velocity potential at 𝑃 due to the 

entire line distribution is 

𝜙 = ∫
𝑚 𝑑𝑥

𝑟

2𝑙

0

 

𝜙 = 𝑚 ∫
𝑑𝑥

√𝑟1
2 + 𝑥2 − 2𝑥1𝑥

2𝑙

0

 

∴   𝑟1
2 − 𝑥1

2 + (𝑥1 − 𝑥)2 = 𝑟1
2 − 𝑥1

2 + 𝑥1
2 + 𝑥2 − 2𝑥1𝑥  

                                            = 𝑟1
2 + 𝑥2 − 2𝑥1𝑥  

                 𝜙 = 𝑚 ∫
𝑑𝑥

[𝑟1
2 − 𝑥1

2 + (𝑥1 − 𝑥)2]1/2

2𝑙

0

 

were, 

𝑑2 = 𝑟1
2 − 𝑥1

2 
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∴ ∫
𝑑𝑥

√𝑥2 + 𝑎2
= 𝑠𝑖𝑛ℎ−1 (

𝑥

𝑎
)  (𝑜𝑟) = 𝑙𝑜𝑔 (

𝑥 + √𝑥2 + 𝑎2

𝑎
) 

  

put 𝑎 = 𝑑 

𝜙 = −𝑚 [𝑙𝑜𝑔 (
(𝑥1 − 𝑥) + √(𝑥1 − 𝑥)2 + 𝑑2

𝑑
)]

0

2𝑙

 

𝜙 = 𝑚{−𝑙𝑜𝑔 [
(𝑥1−2𝑙)+√(𝑥1−2𝑙)2+𝑑2

𝑑
] +𝑙𝑜𝑔 [

𝑥1+√𝑥1
2+𝑑2

𝑑
]} 

where 𝑥2 = 𝑥1 − 2𝑙 

𝜙 = 𝑚 [−𝑙𝑜𝑔 (
𝑥2 + √𝑥2

2 + 𝑑2

𝑑
) + 𝑙𝑜𝑔 (

𝑥1 + √𝑥1
2 + 𝑑2

𝑑
)] 

𝜙 = 𝑚 [𝑙𝑜𝑔 (
𝑥1+√𝑥1

2+𝑑2

𝑥2+√𝑥2
2+𝑑2

)] 𝜙 = 𝑚𝑙𝑜𝑔 [
𝑥1+𝑟1

𝑥2+𝑟2
]    → (1) 

Where, 𝑟1 = √𝑥1
2 + 𝑑2  and 𝑟2 = √𝑥2

2 + 𝑑2 

⇒ 𝑟1
2 − 𝑥1

2 = 𝑑2 

𝑟2
2 − 𝑥2

2 = 𝑑2 

⇒ 𝑟1
2 − 𝑥1

2 = 𝑟2
2 − 𝑥2

2 

(𝑟1 − 𝑥1)(𝑟1 + 𝑥1) = (𝑟2 − 𝑥2)(𝑟2 + 𝑥2) 

𝑟1 + 𝑥1

𝑟2 + 𝑥2
=

𝑟2 − 𝑥2

𝑟1 − 𝑥1
=

𝑟1 + 𝑥1 + 𝑟2 − 𝑥2

𝑟2 + 𝑥2 + 𝑟1 − 𝑥1
 =

𝑟1 + 𝑟2 + 2𝑙

𝑟1 + 𝑟2 − 2𝑙
                     ∵ 𝑥1 − 𝑥2

= 2𝑙 

At 𝑃 on the spheroid through 𝑃 having 𝐴, 𝐵 has foci, 

𝑟1 + 𝑟2 = 2𝑎 

Hence, 



83 | P a g e  
 

𝑟1 + 𝑥1

𝑟2 + 𝑥2
=

2𝑎 + 2𝑙

2𝑎 − 2𝑙
=

2(𝑎 + 𝑙)

2(𝑎 − 𝑙)
=

𝑎 + 𝑙

𝑎 − 𝑙
 

From (1) 

𝜙 = 𝑚𝑙𝑜𝑔 (
𝑥1 + 𝑟1

𝑥2 + 𝑟2
) 

𝜙 = 𝑚𝑙𝑜𝑔 (
𝑎 + 𝑙

𝑎 − 𝑙
) 

The Equi potentials are given by 

𝜙 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  

𝑎 + 𝑙

𝑎 − 𝑙
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

Thus, these are 𝑎 = constant (or) 𝑟1 + 𝑟2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

These surfaces are confocal ellipsoids of revolution about 𝐴𝐵 with 𝐴, 𝐵 as 

foci. 

 

Let 𝑃 be any point on the ellipsoid specified the parameter 𝑎, 𝑃′ a point on the 

neighbouring ellipsoid specified the parameter 𝑎 + 𝛿𝑎, 

were 

𝑃𝑃′⃗⃗ ⃗⃗ ⃗⃗ ⃗ = 𝛿𝑛 𝑢 

Then the velocity at 𝑃 is 

−𝛻𝜙 = −
𝜕𝜙

𝜕𝑛
𝑢 
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−𝛻𝜙 = −
𝜕

𝜕𝑛
[𝑚𝑙𝑜𝑔 (

𝑎 + 𝑙

𝑎 − 𝑙
)] 𝑢 

−𝛻𝜙 = −𝑚𝑢
𝜕

𝜕𝑛
[𝑙𝑜𝑔(𝑎 + 𝑙) − 𝑙𝑜𝑔(𝑎 − 𝑙)] 

−𝛻𝜙 = −𝑚𝑢 [
1

𝑎 + 𝑙

𝜕𝑎

𝜕𝑛
−

1

𝑎 − 𝑙

𝜕𝑎

𝜕𝑛
] 

−𝛻𝜙 = −𝑚𝑢 [
1

𝑎 + 𝑙
−

1

𝑎 − 𝑙
]

𝜕𝑎

𝜕𝑛
 

−𝛻𝜙 = −𝑚𝑢 [
𝑎 − 𝑙 − 𝑎 − 𝑙

𝑎2 − 𝑙2 ]
𝜕𝑎

𝜕𝑛
 

−𝛻𝜙 = −𝑚𝑢 [
−2𝑙

𝑎2 − 𝑙2]
𝜕𝑎

𝜕𝑛
 

−𝛻𝜙 =
2𝑙𝑚

𝑎2 − 𝑙2 [
𝜕𝑎

𝜕𝑛
] 𝑢⃗⃗    → (2) 

Now the normal at 𝑃 bisects 2𝛼, the angle between the focal radii 𝐴𝑃, 𝑃𝐵. 

By the diagram, 

𝐴𝑃′2 = (𝐴𝑃 + 𝑃𝑃′)2 

𝐴𝑃′ = (𝐴𝑃2 + 𝑃𝑃′2 + 2𝐴𝑃 ⋅ 𝑃𝑃′)1/2 

𝑟1 + 𝛿𝑟1 = [𝑟1
2 + 𝛿𝑛

2 + 2𝑟1(𝛿𝑛𝑐𝑜𝑠𝛼)]
1/2

 ≃ 𝑟1 + 𝛿𝑛𝑐𝑜𝑠𝛼   → (3) 𝑟2 +

𝛿𝑟2 = [𝑟2
2 + 𝛿𝑛

2 + 2𝑟2(𝛿𝑛𝑐𝑜𝑠𝛼)]
1/2

 ≃ 𝑟2 + 𝛿𝑛𝑐𝑜𝑠𝛼   → (4) 

Since 

2𝑎 = 𝑟1 + 𝑟2 

2𝛿𝑎 = 𝛿(𝑟1 + 𝑟2) 

= 𝛿𝑟1 + 𝛿𝑟2 + 𝑟1 + 𝑟2 − 𝑟1 − 𝑟2 

= (𝑟1 + 𝛿𝑟1) + (𝑟2 + 𝛿𝑟2) − (𝑟1 + 𝑟2) 

2𝛿𝑎 = 𝑟1 + 𝛿𝑛𝑐𝑜𝑠𝛼 + 𝑟2 + 𝛿𝑛𝑐𝑜𝑠𝛼 − 𝑟1 − 𝑟2 

2𝛿𝑎 = 2𝛿𝑛𝑐𝑜𝑠𝛼 

𝛿𝑎 = 𝛿𝑛𝑐𝑜𝑠𝛼 
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𝛿𝑎

𝛿𝑛
= 𝑐𝑜𝑠𝛼 

∴ −𝛻𝜙 =
2𝑙𝑚

𝑎2 − 𝑙2
𝑐𝑜𝑠𝛼 𝑢 

3.2.1 Images in a rigid infinite plane: 

Suppose a surface 𝑆 can be drawn in a moving fluid in such a way that there is 

no transport of fluid across 𝑆. 

let 𝑆 divide the fluid into two regions labelled 1,2. 

Then any system of sources sinks (or) doublets in 2 is called an image system 

of the region 1 in 𝑆. 

3.2.2. A three-dimensional doublet of strength 𝝁 whose axis is in the 

direction 𝑶𝑿 is distant 𝒂 from the rigid plane 𝒙 = 𝟎 which is the sole 

boundary of liquid of density 𝝆, infinite in extent. Find the pressure at a 

point on the boundary distant 𝒓 from the doublet given that the pressure 

at infinity is 𝑷∞. show that the pressure on the plane is least at a distance 

𝒂√𝟓

𝟐
 from the doublet. 

Solution: 

By diagram 1, shows the physical model 𝑦𝑦′ being a rigid boundary. 

The appropriate image system is represented in diagram 2 in which 𝑃 having 

spherical polar coordinates (𝑟, 𝜃, 𝜓) is the considered field point in the region 

[0 ≤ 𝜃 ≤ 𝜋/2] 

Thus, the velocity potential at 𝑃 is 

𝜙 =
𝜇𝑐𝑜𝑠𝛼

𝐴𝑃2
+

𝜇𝑐𝑜𝑠𝛼′

𝐴′𝑃2
   → (1) 
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Now, 

𝐴𝑃2 = 𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃 

𝐴′𝑃2 = 𝑟2 + 𝑎2 + 2𝑎𝑟𝑐𝑜𝑠𝜃 

𝑐𝑜𝑠𝛼 =
𝑟 𝑐𝑜𝑠𝜃 − 𝑎

𝐴𝑃
,                    𝑐𝑜𝑠𝛼′ = −

𝑟 𝑐𝑜𝑠𝜃 + 𝑎

𝐴′𝑃
 

𝑐𝑜𝑠𝛼 =
𝑟 𝑐𝑜𝑠𝜃 − 𝑎

(𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃)
1
2

,     

𝑐𝑜𝑠𝛼′ = −
𝑟 𝑐𝑜𝑠𝜃 + 𝑎

(𝑟2 + 𝑎2 + 2𝑎𝑟𝑐𝑜𝑠𝜃)1/2
 

𝑐𝑜𝑠𝛼 = (𝑟 𝑐𝑜𝑠𝜃 − 𝑎)(𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃)−1/2 , 

𝑐𝑜𝑠𝛼′ = −(𝑟 𝑐𝑜𝑠𝜃 + 𝑎)(𝑟2 + 𝑎2 + 2𝑎𝑟𝑐𝑜𝑠𝜃)−1/2 
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From (1) 

𝜙 =
𝜇(𝑟 𝑐𝑜𝑠𝜃 − 𝑎)(𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃)−1/2

𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃

−
𝜇(𝑟 𝑐𝑜𝑠𝜃 + 𝑎)(𝑟2 + 𝑎2 + 2𝑎𝑟𝑐𝑜𝑠𝜃)−1/2

𝑟2 + 𝑎2 + 2𝑎𝑟𝑐𝑜𝑠𝜃
 

𝜙 = 𝜇(𝑟 𝑐𝑜𝑠𝜃 − 𝑎)(𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃)−3/2  

𝑞𝑟 = −
𝜕𝜙

𝜕𝑟
  

𝑞𝑟 = −𝜇{(𝑟 𝑐𝑜𝑠𝜃 − 𝑎) [
−3

2
(𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃)−5/2] (2𝑟 −

             2𝑎𝑐𝑜𝑠𝜃) + (𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃)−3/2(𝑐𝑜𝑠𝜃)} +𝜇{(𝑟 𝑐𝑜𝑠𝜃 +

             𝑎) [
−3

2
(𝑟2 + 𝑎2 + 2𝑎𝑟𝑐𝑜𝑠𝜃)−5/2] (2𝑟 + 2𝑎𝑐𝑜𝑠𝜃)                     

+(𝑟2 + 𝑎2 + 2𝑎𝑟𝑐𝑜𝑠𝜃)−3/2(𝑐𝑜𝑠𝜃)} 

when 

𝜃 =
𝜋

2
,   𝑐𝑜𝑠

𝜋

2
= 0 

𝑞𝑟 = −𝜇 {
−3𝑎

2
(𝑟2 + 𝑎2)−5/2(2𝑟)} +𝜇 {

−3𝑎

2
(𝑟2 + 𝑎2)−5/2(2𝑟)}  

𝑞𝑟 =
−3𝑎𝜇𝑟

(𝑟2+𝑎2)5/2 −
3𝑎𝜇𝑟

(𝑟2+𝑎2)5/2  

𝑞𝑟 =
−6𝑎𝜇𝑟

(𝑟2+𝑎2)5/2  

𝑞𝜃 = −
1

𝑟

𝜕𝜙

𝜕𝜃
  

𝑞𝜃 = −
𝜇

𝑟
{[(𝑟𝑐𝑜𝑠𝜃 − 𝑎) (

−3

2
(𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃)−5/2) (2𝑎𝑟𝑠𝑖𝑛𝜃) 

           +(𝑟2 + 𝑎2 − 2𝑎𝑟𝑐𝑜𝑠𝜃)−3/2(−𝑟𝑠𝑖𝑛𝜃)] −[(𝑟𝑐𝑜𝑠𝜃 +

              𝑎) (
−3

2
(𝑟2 + 𝑎2 + 2𝑎𝑟𝑐𝑜𝑠𝜃)−5/2) (−2𝑎𝑟𝑠𝑖𝑛𝜃) +(𝑟2 + 𝑎2 +

               2𝑎𝑟𝑐𝑜𝑠𝜃)−3/2(−𝑟𝑠𝑖𝑛𝜃)]}  
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= −
𝜇

𝑟
{[

3𝑎

2
(𝑟2 + 𝑎2)−5/2(2𝑎𝑟) + (𝑟2 + 𝑎2)−3/2(−𝑟)] − [

−3𝑎

2
(𝑟2 +

         𝑎2)−5/2(−2𝑎𝑟) + (𝑟2 + 𝑎2)−3/2(−𝑟)]} 

Along the streamline through (𝑟, 𝜋/2, 𝜓) 

𝑞𝜃 =
𝜇

𝑟
[

−3𝑎2𝑟

(𝑟2 + 𝑎2)5/2
+

𝑟

(𝑟2 + 𝑎2)3/2
+

3𝑎2𝑟

(𝑟2 + 𝑎2)5/2
−

𝑟

(𝑟2 + 𝑎2)3/2
] 

𝑞𝜃 = 0 

𝑞𝜓 = −
1

𝑟𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜃
 

𝑞𝜓 = 0 

Along the streamline through (𝑟, 𝜋/2, 𝜓) 

Bernoulli's equation 

𝑃

𝜌
+

1

2
𝑞2 =

𝑃∞

𝜌
 

𝑃

𝜌
+

1

2

36𝑎2𝜇2𝑟2

(𝑟2 + 𝑎2)5
=

𝑃∞

𝜌
 

𝑃

𝜌
+ 18𝜇2𝑎2𝑟2(𝑟2 + 𝑎2)−5 =

𝑃∞

𝜌
 

𝑃

𝜌
=

𝑃∞

𝜌
− 18𝜇2𝑎2𝑟2(𝑟2 + 𝑎2)−5 

Multiply by 𝜌 on both sides 

𝑃 = 𝑃∞ − 18𝜌𝜇2𝑎2𝑟2(𝑟2 + 𝑎2)−5 

𝑑𝑃

𝑑𝑟
= −18𝜌𝜇2𝑎2[𝑟2(−5)(𝑟2 + 𝑎2)−6(2𝑟) + (𝑟2 + 𝑎2)−5(2𝑟)] 

       = −36𝜌𝜇2𝑎2𝑟(𝑟2 + 𝑎2)−5[−5𝑟2(𝑟2 + 𝑎2)−1 + 1] 

      = −36𝜌𝜇2𝑎2𝑟(𝑟2 + 𝑎2)−5 [
−5𝑟2 + 1(𝑟2 + 𝑎2)

𝑟2 + 𝑎2
] 

      = −36𝜌𝜇2𝑎2𝑟(𝑟2 + 𝑎2)−6(−4𝑟2 + 𝑎2) 
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𝑑𝑃

𝑑𝑟
= 36𝜌𝜇2𝑎2𝑟(𝑟2 + 𝑎2)−6(4𝑟2 − 𝑎2) 

𝑟 =
𝑎

2
 

𝑑𝑃

𝑑𝑟
= 0 

Also, 

𝑟 >
𝑎

2
⇒

𝑑𝑃

𝑑𝑟
> 0 

𝑟 <
𝑎

2
⇒

𝑑𝑃

𝑑𝑟
< 0 

Hence 𝑃 is minimum at 𝑟 =
𝑎

2
 on the plane. 

(i.e.,) at a distance 
𝑎√5

2
 from the doublet. 

3.3. Image in solid sphere: 

A harmonic function satisfies the Laplace equation, 𝛻2𝜙 = 0 in spherical 

polar coordinates, the Laplace equation is given by 

𝛻2𝜙 =
1

𝑟2𝑠𝑖𝑛𝜃
{

𝜕

𝜕𝑟
(𝑟2𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝑟
) +

𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜃
) +

𝜕

𝜕𝜓
(

1

𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜓
)} = 0 

Theorem: 1 

If 𝑟𝑛𝑆𝑛(𝜃, 𝜓) is a harmonic function, so also is 𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓). 

Proof: 

It is given that 𝑟𝑛𝑆𝑛(𝜃, 𝜓) is harmonic. 

∴This function satisfies the Laplace equation are 𝛻2𝜙 =

1

𝑟2𝑠𝑖𝑛𝜃
{

𝜕

𝜕𝑟
(𝑟2𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝑟
) +

𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜃
) +

𝜕

𝜕𝜓
(

1

𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝜓
)} = 0 

Put 𝜙 = 𝑟𝑛𝑆𝑛(𝜃, 𝜓) 𝛻2(𝑟𝑛𝑆𝑛(𝜃, 𝜓)) =

1

𝑟2𝑠𝑖𝑛𝜃
{

𝜕

𝜕𝑟
(𝑟2𝑠𝑖𝑛𝜃 [

𝜕

𝜕𝑟
(𝑟𝑛𝑆𝑛(𝜃, 𝜓))]) +

𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃

𝜕

𝜕𝜃
(𝑟𝑛𝑆𝑛(𝜃, 𝜓))) +
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𝜕

𝜕𝜓
(

1

𝑠𝑖𝑛𝜃

𝜕

𝜕𝜓
(𝑟𝑛𝑆𝑛(𝜃, 𝜓)))} = 0 ⇒

1

𝑟2𝑠𝑖𝑛𝜃
[

𝜕

𝜕𝑟
(𝑟2𝑠𝑖𝑛𝜃 ⋅ 𝑛𝑟𝑛−1𝑆𝑛(𝜃, 𝜓)) +

𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃𝑟𝑛 𝜕𝑆𝑛

𝜕𝜃
) +

𝜕

𝜕𝜓
(

1

𝑠𝑖𝑛𝜃
𝑟𝑛 𝜕𝑆𝑛

𝜕𝜓
)] = 0  − − − − (1) 

Put 𝜙 = 𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓) 

If 𝑟𝑛𝑆𝑛(𝜃, 𝜓) is a harmonic function so also is 

𝛻2 (𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓))

=
1

𝑟2𝑠𝑖𝑛𝜃
{

𝜕

𝜕𝑟
(𝑟2𝑠𝑖𝑛𝜃 [

𝜕

𝜕𝑟
(𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓))])

+
𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃

𝜕

𝜕𝜃
(𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓)))

+
𝜕

𝜕𝜓
(

1

𝑠𝑖𝑛𝜃

𝜕

𝜕𝜓
(𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓)))} = 0 

⇒
1

𝑟2𝑠𝑖𝑛𝜃
{

𝜕

𝜕𝑟
(𝑟2𝑠𝑖𝑛𝜃[−(𝑛 + 1)]𝑟−(𝑛+2)𝑆𝑛(𝜃, 𝜓)) +

𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃𝑟−(𝑛+1) 𝜕𝑆𝑛

𝜕𝜃
)

+
𝜕

𝜕𝜓
(

1

𝑠𝑖𝑛𝜃
𝑟−(𝑛+1) 𝜕𝑆𝑛

𝜕𝜓
)} = 0 

⇒
𝜕

𝜕𝑟
[𝑠𝑖𝑛𝜃(−(𝑛 + 1))𝑟−𝑛𝑆𝑛(𝜃, 𝜓)] +

𝜕

𝜕𝜃
[𝑠𝑖𝑛𝜃𝑟−(𝑛+1) 𝜕𝑆𝑛

𝜕𝜃
]

+
𝜕

𝜕𝜓
[

1

𝑠𝑖𝑛𝜃
𝑟−(𝑛+1) 𝜕𝑆𝑛

𝜕𝜓
] = 0 

⇒ 𝑠𝑖𝑛𝜃𝑛(𝑛 + 1)𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓) + 𝑠𝑖𝑛𝜃𝑟−(𝑛+1) 𝜕2𝑆𝑛

𝜕𝜃2
+

1

𝑠𝑖𝑛𝜃
𝑟−(𝑛+1) 𝜕2𝑆𝑛

𝜕𝜓2

= 0 

⇒ 𝑟−(𝑛+1) {𝑠𝑖𝑛𝜃𝑛(𝑛 + 1)𝑆𝑛(𝜃, 𝜓) + 𝑠𝑖𝑛𝜃
𝜕2𝑆𝑛

𝜕𝜃2
+

1

𝑠𝑖𝑛𝜃

𝜕2𝑆𝑛

𝜕𝜓2 } = 0 
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⇒ 𝑠𝑖𝑛𝜃𝑛(𝑛 + 1)𝑆𝑛(𝜃, 𝜓) + 𝑠𝑖𝑛𝜃
𝜕2𝑆𝑛

𝜕𝜃2
+

1

𝑠𝑖𝑛𝜃

𝜕2𝑆𝑛

𝜕𝜓2
= 0  (2) 

From (1), 

𝜕

𝜕𝑟
(𝑠𝑖𝑛𝜃𝑛𝑟𝑛+1𝑆𝑛(𝜃, 𝜓)) +

𝜕

𝜕𝜃
(𝑠𝑖𝑛𝜃𝑟𝑛

𝜕𝑆𝑛

𝜕𝜃
) +

𝜕

𝜕𝜓
(

𝑟𝑛

𝑠𝑖𝑛𝜃

𝜕𝑆𝑛

𝜕𝜓
) = 0 

⇒ 𝑠𝑖𝑛𝜃𝑆𝑛(𝜃, 𝜓)𝑛(𝑛 + 1)𝑟𝑛 + 𝑠𝑖𝑛𝜃𝑟𝑛
𝜕2𝑆𝑛

𝜕𝜃2
+

𝑟𝑛

𝑠𝑖𝑛𝜃

𝜕2𝑆𝑛

𝜕𝜓2
= 0 

⇒ 𝑟𝑛 [𝑠𝑖𝑛𝜃𝑆𝑛(𝜃, 𝜓)𝑛(𝑛 + 1) + 𝑠𝑖𝑛𝜃
𝜕2𝑆𝑛

𝜕𝜃2
+

1

𝑠𝑖𝑛𝜃

𝜕2𝑆𝑛

𝜕𝜓2
] = 0 

⇒ 𝑠𝑖𝑛𝜃𝑆𝑛(𝜃, 𝜓)𝑛(𝑛 + 1) + 𝑠𝑖𝑛𝜃
𝜕2𝑆𝑛

𝜕𝜃2
+

1

𝑠𝑖𝑛𝜃

𝜕2𝑆𝑛

𝜕𝜓2
= 0 → (3) 

From equation (2) and (3), we get 

𝛻2𝜙 = 0 

This is a harmonic function. 

Hence the proof. 

Theorem: 2 

If 𝜙(𝑟, 𝜃, 𝜓) has an expansion of the form 

𝜙(𝑟, 𝜃, 𝜓) = ∑ 𝑎𝑛𝑟𝑛𝑆𝑛(𝜃, 𝜓)

∞

𝑛=0

 

the series on the right be uniformly convergent with respect to 𝑟, then for 

constant 𝜆, 

1

𝑟𝜆
∫ 𝑅𝜆−1𝜙(𝑅, 𝜃, 𝜓) 𝑑𝑅

𝑟

0

= ∑
𝑎𝑛𝑟𝑛𝑆𝑛(𝜃, 𝜓)

𝑛 + 𝜆

∞

𝑛=0
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Proof: 

Given: 

𝜙(𝑟, 𝜃, 𝜓) = ∑ 𝑎𝑛𝑟𝑛𝑆𝑛(𝜃, 𝜓)

∞

𝑛=0

 

Multiply both sides by 𝑅𝜆−1 and put 𝑟 = 𝑅 

𝑅𝜆−1𝜙(𝑅, 𝜃, 𝜓) = ∑ 𝑎𝑛𝑅𝑛𝑅𝜆−1𝑆𝑛(𝜃, 𝜓)

∞

𝑛=0

 

                             = ∑ 𝑎𝑛𝑅𝑛+𝜆−1𝑆𝑛(𝜃, 𝜓)

∞

𝑛=0

 

Integrating both sides w.r.t to 𝑅 and limits 0 to 𝑟, 

∫ 𝑅𝜆−1
𝑟

0

𝜙(𝑅, 𝜃, 𝜓) 𝑑𝑅 = ∫ ∑ 𝑎𝑛

∞

𝑛=0

𝑟

0

𝑅𝑛+𝜆−1𝑆𝑛(𝜃, 𝜓) 𝑑𝑅 

                                          = ∑ 𝑎𝑛

∞

𝑛=0

𝑆𝑛(𝜃, 𝜓) ∫ 𝑅𝑛+𝜆−1
𝑟

0

 𝑑𝑅 

                                          = ∑ [𝑎𝑛𝑆𝑛(𝜃, 𝜓)
𝑅𝑛+𝜆−1+1

𝑛 + 𝜆 − 1 + 1
]

0

𝑟∞

𝑛=0

 

                                          = ∑ [𝑎𝑛𝑆𝑛(𝜃, 𝜓)
𝑟𝑛+𝜆

𝑛 + 𝜆
]

∞

𝑛=0

 

                                          = 𝑟𝜆 ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛

𝑛 + 𝜆
𝑆𝑛(𝜃, 𝜓) 
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                                          = ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛

𝑛 + 𝜆
𝑆𝑛(𝜃, 𝜓) 

∴
1

𝑟𝜆
∫ 𝑅𝜆−1

𝑟

0

𝜙(𝑅, 𝜃, 𝜓) 𝑑𝑅 = ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛

𝑛 + 𝜆
𝑆𝑛(𝜃, 𝜓)    →  (1) 

Result: 

Put 𝜆 = 1 in eqn. (1), then 

1

𝑟
∫ 𝜙(𝑅, 𝜃, 𝜓) 𝑑𝑅

𝑟

0

= ∑ 𝛼𝑛

𝑟𝑛

𝑛 + 1
𝑆𝑛(𝜃, 𝜓)

∞

𝑛=0

 

Theorem : 3 

Wess's sphere theorem: 

Let 𝜙(𝑟, 𝜃, 𝜓) be the velocity potential at a point 𝑃 having spherical polar 

coordinates (𝑟, 𝜃, 𝜓) in an incompressible fluid having irrotational 

motion, there being no rigid boundaries. 

Also suppose has no singularities within the region 𝑟 ≤ 𝑎. Then when a 

solid of radius 𝑎 is introduced into the flow with its centre at the origin of 

coordinates, the new velocity potential at 𝑃 in the fluid is 

𝜙(𝑟, 𝜃, 𝜓) +
𝑎

𝑟
𝜙 (

𝑎2

𝑟
, 𝜃, 𝜓) −

1

𝑎
∫ 𝜙

𝑎2/𝑟

0

(𝑅, 𝜃, 𝜓) 𝑑𝑅,  (𝑟 > 𝑎). 

Proof: 

Suppose 𝜙 is a regular near the region. 

We assume it has an expansion of the form 

𝜙(𝑟, 𝜃, 𝜓) = ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛𝑆𝑛(𝜃, 𝜓) 

where each 𝑟𝑛𝑆𝑛(𝜃, 𝜓) is harmonic and each 𝑆𝑛 is known. 
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When the sphere is introduced into the stream it will produce a perturbation 

potential which will be zero at infinite and which must be harmonic. 

A suitable form to choose for the perturbation potential in virtue of theorem 1, 

is 

∑ 𝛽𝑛𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓)

∞

𝑛=0

 

where 𝛽𝑛 is the coefficient of un determinant. 

Thus the new velocity potential 𝑃 is 

𝜙(𝑟, 𝜃, 𝜓) = ∑ 𝛼𝑛𝑟𝑛𝑆𝑛(𝜃, 𝜓)

∞

𝑛=0

+ ∑ 𝛽𝑛𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓)

∞

𝑛=0

→ (1) 

On 𝑟 = 𝑎, we have 
𝜕𝜙

𝜕𝑟
= 0  

𝜕𝜙

𝜕𝑟
= ∑ 𝛼𝑛𝑛𝑟𝑛−1𝑆𝑛(𝜃, 𝜓)∞

𝑛=0 + ∑ 𝛽𝑛[−(𝑛 + 1)𝑟−(𝑛+2)]𝑆𝑛(𝜃, 𝜓)∞
𝑛=0  0 =

∑ [𝛼𝑛𝑛𝑟𝑛−1 − 𝛽𝑛(𝑛 + 1)𝑟−(𝑛+2)]𝑆𝑛(𝜃, 𝜓)∞
𝑛=0  

𝛼𝑛𝑛𝑟𝑛−1 − 𝛽𝑛(𝑛 + 1)𝑟−(𝑛+2) = 0 

𝛼𝑛𝑛𝑟𝑛−1 = 𝛽𝑛(𝑛 + 1)𝑟−(𝑛+2) 

𝛽𝑛 =
𝑛𝛼𝑛𝑎2𝑛+1

𝑛 + 1
 

𝛽𝑛 = (1 −
1

𝑛 + 1
) 𝛼𝑛𝑎2𝑛+1,   𝑛 = 0,1,2, … 

From (1) 

𝜙(𝑟, 𝜃, 𝜓) = ∑ 𝛼𝑛𝑟𝑛𝑆𝑛(𝜃, 𝜓)

∞

𝑛=0

+ ∑ (1 −
1

𝑛 + 1
) 𝛼𝑛𝑎2𝑛+1𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓) 

∞

𝑛=0
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= ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛𝑆𝑛(𝜃, 𝜓) + ∑ 𝛼𝑛

∞

𝑛=0

𝑎2𝑛+1𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓)

− ∑
1

𝑛 + 1

∞

𝑛=0

𝛼𝑛𝑎2𝑛+1𝑟−(𝑛+1)𝑆𝑛(𝜃, 𝜓) 

= ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛𝑆𝑛(𝜃, 𝜓) +
1

𝑎
∑ 𝛼𝑛

∞

𝑛=0

(
𝑎2

𝑟
)

𝑛+1

𝑆𝑛(𝜃, 𝜓)

−
1

𝑎
∑

𝛼𝑛 (
𝑎2

𝑟
)

𝑛+1

𝑆𝑛(𝜃, 𝜓)

𝑛 + 1

∞

𝑛=0

 

Put 𝑎 = 𝑟 

𝜙(𝑟, 𝜃, 𝜓) = ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛𝑆𝑛(𝜃, 𝜓) + ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛𝑆𝑛(𝜃, 𝜓) − ∑
𝛼𝑛𝑟𝑛𝑆𝑛(𝜃, 𝜓)

𝑛 + 1

∞

𝑛=0

 

∴  By theorem 2, 

1

𝑟
∫ 𝜙

𝑟

0

(𝑅, 𝜃, 𝜓) 𝑑𝑅 = ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛

𝑛 + 1
𝑆𝑛(𝜃, 𝜓) 

⇒ 𝜙(𝑟, 𝜃, 𝜓) = 𝜙(𝑟, 𝜃, 𝜓) +
𝑎

𝑟
𝜙 (

𝑎2

𝑟
, 𝜃, 𝜓)

−
1

𝑎
∫ 𝜙

𝑎2/𝑟

0

(𝑅, 𝜃, 𝜓) 𝑑𝑅,  (𝑟 > 𝑎) 

were, 
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𝜙(𝑟, 𝜃, 𝜓) = ∑ 𝛼𝑛

∞

𝑛=0

𝑟𝑛𝑆𝑛(𝜃, 𝜓)  {Theorem by (2)} 

were 

1

𝑎
∑ 𝛼𝑛

∞

𝑛=0

(
𝑎2

𝑟
)

𝑛+1

𝑆𝑛(𝜃, 𝜓) =
𝑎

𝑟
𝜙 (

𝑎2

𝑟
, 𝜃, 𝜓) 

∴  The new velocity potential at 𝑃 in the fluid is  

𝜙(𝑟, 𝜃, 𝜓) +
𝑎

𝑟
𝜙 (

𝑎2

𝑟
, 𝜃, 𝜓) −

1

𝑎
∫ 𝜙

𝑎2/𝑟

0

(𝑅, 𝜃, 𝜓) 𝑑𝑅,  (𝑟 > 𝑎) 

Hence the velocity potential at 

𝑃 =
𝑎

𝑟
𝜙 (

𝑎2

𝑟
, 𝜃, 𝜓) −

1

𝑎
∫ 𝜙

𝑎2

𝑟

0

(𝑅, 𝜃, 𝜓) 𝑑𝑅. 

Example: 1 

Image of a source in a solid sphere. 

Proof: 
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The velocity potential at (𝑟, 𝜃, 𝜓) in a fluid due to a simple source of strength 

𝑚 at (𝑓, 0,0) is 

𝜙(𝑟, 𝜃) = 𝑚(𝑟2 − 2𝑟𝑓𝑐𝑜𝑠𝜃 + 𝑓2)−1/2 → (1) 

Introduce a solid sphere in the region 𝑟 ≤ 𝑎 when 𝑎 ≤ 𝑓. 

By Wess's sphere theorem, 

𝜙(𝑟, 𝜃, 𝜓) =
𝑎

𝑟
𝜙 (

𝑎2

𝑟
, 𝜃, 𝜓) −

1

𝑎
∫ 𝜙

𝑎2/𝑟

0

(𝑅, 𝜃, 𝜓) 𝑑𝑅 

=
(𝑚𝑎/𝑓)

√𝑟2 − 2𝑟(𝑎2/𝑓)cos𝜃 + 𝑓2
−

𝑚

𝑎
∫

𝑑𝑅

√𝑅2 − 2𝑅𝑓cos𝜃 + 𝑓2

𝑎2/𝑟

0

 

=
(𝑚𝑎/𝑓)

√𝑟2 − 2𝑟(𝑎2/𝑓)cos𝜃 + 𝑓2
−

𝑚

𝑎
∫

𝑑𝑅

√𝑅2 − 2𝑅𝑓cos𝜃 + 𝑓2

𝑎2/𝑟

0

 

∴ The image system of a point source of strength m placed at f from the centre 

of solid sphere consist of a source of strength 
𝑚𝑎

𝑓
 at the inverse point in the 

sphere together with a continuous linear distribution sink of strength −
𝑚

𝑎
 per 

unit length, extending from the centre to the inverse point. 

Example : 2 

Images of a doublet in a sphere when the axis of the doublet passes 

through the centre of the sphere. 

Proof: 

A doublet 𝐴𝐵 with its axis 𝐵𝐴⃗⃗⃗⃗ ⃗⃗  pointing towards the centre 𝑂 of a sphere of 

radius 𝑎. 

Let 𝑂𝐴 = 𝑓 and 𝑂𝐵 = 𝑓 + 𝛿𝑓. 

Let 𝐴′, 𝐵′ are the points in the sphere inwards to 𝐴 and 𝐵. 

So that, 
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𝑂𝐴′ =
𝑎2

𝑓
      𝑂𝐵′ =

𝑎2

𝑓+𝛿𝑓
 

Let 𝐴 and 𝐵 be associate simple source of strength 𝑚, −𝑚. 

The strength of the doublet is 

𝜇 = 𝑚𝛿𝑓  where 𝑚 → ∞,  𝛿𝑓 → 0. 

In such a way that 𝜇 remains finite. 

The image of 𝑚 at 𝐴 consist of 
𝑚𝑎

𝑓
 at 𝐴′ together with a continuous line 

distribution from 𝑂 to 𝐴′ of sinks of density −
𝑚

𝑎
 per unit length, and the image 

of −𝑚 at 𝐵 consist of −
𝑚𝑎

𝑓+𝛿𝑓
 

at 𝐵′ together with a continuous line distribution from 𝑂 to 𝐵′ of source of 

density 
𝑚

𝑎
 per unit length. 

𝐵′𝐴′ = 𝑂𝐴′ − 𝑂𝐵′  

         =
𝑎2

𝑓
− (

𝑎2

𝑓 + 𝛿𝑓
) 

         =
𝑎2

𝑓
−

𝑎2

𝑓 (1 +
𝛿𝑓
𝑓

)
 

𝐵′𝐴′ =
𝑎2

𝑓
[1 − (1 +

𝛿𝑓

𝑓
)

−1

] 

(1 + 𝑥)−1 = 1 − 𝑥 + 𝑥2 − 𝑥3 + ⋯               
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          =
𝑎2

𝑓
[1 − {1 −

𝛿𝑓

𝑓
+ (

𝛿𝑓

𝑓
)

2

− (
𝛿𝑓

𝑓
)

3

+ ⋯ }] 

         =
𝑎2

𝑓
[(

𝛿𝑓

𝑓
) − (

𝛿𝑓

𝑓
)

2

+ (
𝛿𝑓

𝑓
)

3

+ ⋯ ] 

Since 𝛿𝑓 is very small, we neglect the higher powers. 

𝐵′𝐴′ =
𝑎2

𝑓
(

𝛿𝑓

𝑓
) 

(i.e.,) 𝐵′𝐴′ ≃
𝑎2

𝑓
(

𝛿𝑓

𝑓
) 

The strength of the doublet at 𝐴′ 

=
𝑚𝑎

𝑓
[
𝑎2𝛿𝑓

𝑓2
] 

=
𝑚𝑎3𝛿𝑓

𝑓3
 

=
𝜇𝑎3

𝑓3
 

where 𝜇 = 𝑚𝛿𝑓  

The image of doublet in a sphere is a doublet at 𝐴 of strength 𝜇 with its axis 

towards 𝑂 and a doublet at 𝐴′ of strength 
𝜇𝑎3

𝑓3  with its axis directed always 

from 𝑂.   

Hence the proof. 
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Unit – IV 

Some two-Dimensional Flows 

Two-dimensional flow: 

If a fluid moves in such a way that at any given instant the flow pattern in a 

certain plane is same in all other parallel planes within the fluid, then the flow 

is called two-dimensional flow. 

Note: 

No motion perpendicular to the plane 

z-axis is perpendicular to the parallel planes. 

4.1. Explain the stream function: 

 

Compressible: 

By diagram, 𝜁 is an arc of a curve in the (𝑥, 𝑦) -plane joining two points A, B. 

Fluid [compressible or incompressible] is constrained to flow in two-

dimensional steady motion parallel to this place. 

At 𝑃(𝑥, 𝑦) of the curve, the velocity components are [𝑢, 𝑣].  

P′ is the neighboring point (x + δx, y + δy) on 𝜁, so that PP′ = δs. If the tangent 

to 𝜁 at P makes angle α with OX, then the velocity component at P along the 

normal from right to left w.r.t travel from A to B is 𝑣 𝑐𝑜𝑠𝛼 − 𝑢𝑠𝑖𝑛𝛼 
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Hence the mass of fluid which crosses unit thickness of the surface element 

through PP′ normal to the plane of flow per unit time is 

𝜌(𝑣 𝑐𝑜𝑠𝛼 − 𝑢𝑠𝑖𝑛𝛼)𝛿𝑠 = 𝜌(𝑣𝛿𝑥 − 𝑢𝛿𝑦) 

This mass flux is constant denote it by δψ 

𝛿𝜓 = 𝜌(𝑣𝛿𝑥 − 𝑢𝛿𝑦)  

𝑑𝜓 = 𝜌(𝑣𝑑𝑥 − 𝑢𝑑𝑦) → (1) 

The total mass flux per unit thickness per unit time from right to left across the 

arc AB. 

From (1), Integrate with limit A to B 

∫ 𝑑
𝐵

𝐴
𝜓 = ∫ 𝜌

𝐵

𝐴
(𝑣𝑑𝑥 − 𝑢𝑑𝑦)  

 𝜓𝐵 − 𝜓𝐴 = ∫ 𝜌
𝐵

𝐴
(𝑣𝑑𝑥 − 𝑢𝑑𝑦) → (2) 

Clearly, when A and B are fixed, the integral eqn. (2) is independent of the 

shape of the curve 𝜁 joining them. 

⇒ 𝑑𝜓is a perfect differential. 

This may also we see from the fact that for steady flow the equation of 

continuity 

𝛻. (𝜌𝑞) = 0 

 
𝜕

𝜕𝑥
(𝜌𝑢) +

𝜕

𝜕𝑦
(𝜌𝑣) = 0 

Thus, 

𝜌𝑣 =
𝜕𝜓

𝜕𝑥
 

−𝜌𝑢 =
𝜕𝜓

𝜕𝑦
→ (3) 

Now, suppose the curve 𝜁 is a stream line. 

Then no fluid crosses its boundary. 



102 | P a g e  
 

Since 𝜓𝐵 − 𝜓𝐴 is the mass flux per unit time per unit thickness of A to P, 

𝜓𝐵 − 𝜓𝐴 = 0  

(or) 𝜓 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 along 𝜁 are the stream lines in the plane 

𝑧 = 0. 

For this reason, the function 𝜓(𝑥, 𝑦) is called the stream function. 

Incompressible: 

When the fluid is incompressible, the equation of continuity is 𝛻. 𝑞 = 0 even 

if the flow pattern is unsteady. 

Now, δψ denotes the volume of a fluid crossing unit thickness of PP′ from 

right to left per unit time. 

From eqns. (1), (2) and (3), 

𝑑𝜓 = 𝑣𝑑𝑥 − 𝑢𝑑𝑦 → (4)  

𝜓𝐵 − 𝜓𝐴 = ∫ (𝑣𝑑𝑥 − 𝑢𝑑𝑦)
𝐵

𝐴
→ (5)  

𝑣 =
𝜕𝜓

𝜕𝑥
 , −𝑢 =

𝜕𝜓

𝜕𝑦
→ (6) 

The flow to be irrotational, then there exists a velocity potential ϕ such that 

𝑢 = −
𝜕𝜙

𝜕𝑥
,   𝑣 = −

𝜕𝜙

𝜕𝑦
→ (7) 

The equation of continuity is 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 → (8) 

From eqns. (6), (7) and (8), 

𝜕𝜓

𝜕𝑥
=

𝜕𝜙

𝜕𝑦
 

𝜕𝜓

𝜕𝑦
= −

𝜕𝜙

𝜕𝑥
→ (9) 

From (8) 
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𝜕

𝜕𝑥
(−

𝜕𝜙

𝜕𝑥
) +

𝜕

𝜕𝑦
(−

𝜕𝜙

𝜕𝑦
) = 0 

⇒
𝜕2𝜙

𝜕𝑥2
+

𝜕2𝜙

𝜕𝑦2
= 0 → (10) 

Similarly, 

𝜕2𝜓

𝜕𝑥2
+

𝜕2𝜓

𝜕𝑦2
= 0 

Cross multiplies eqn. (9) terms 

−
𝜕𝜙

𝜕𝑥

𝜕𝜓

𝜕𝑥
=

𝜕𝜙

𝜕𝑦

𝜕𝜓

𝜕𝑦
 

𝜕𝜙

𝜕𝑥

𝜕𝜓

𝜕𝑥
+

𝜕𝜙

𝜕𝑦

𝜕𝜓

𝜕𝑦
= 0 

Thus for irrotational incompressible two-dimensional flow (steady or 

unsteady), 𝜙(𝑥, 𝑦), 𝜓(𝑥, 𝑦) are harmonic functions and the families of curves 

𝜙 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (equipotential) and 𝜓 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (stream lines) intersect 

orthogonally. 

From eqn. (1) as the perpendicularity of the vectors 𝛻𝜙,  𝛻𝜓. 

Hence the solution. 

4.2. The complex potential for two dimensional irrotational, 

incompressible flow. (or) Derive the C-R equations. 

Solution: 

Suppose that 𝑧 = 𝑥 + 𝑖𝑦 and 𝑤 = 𝑓(𝑧) = 𝜙(𝑥, 𝑦) + 𝑖𝜓(𝑥, 𝑦) 

where 𝑥, 𝑦, 𝜙, 𝜓 are all real and 𝑖 = √−1. 

we write, 

𝜙 = 𝑅𝑒(𝑤),  

𝜓 = 𝐼𝑚𝑔(𝑤). 
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Also, we suppose that 𝜙 and 𝜓 and the first derivatives are everywhere 

continuous within a given region. 

If at any point of the region specified by 𝑧, the derivative 
𝑑𝑤

𝑑𝑧
= 𝑓′(𝑧) is 

unique, then 𝑤 is said to be analytic (or) regular at that point. 

If the derivative is unique throughout the region, then 𝑤 is said to be analytic 

(or) regular throughout the region. 

The derivative of 𝑤 at 𝑧 is 

𝑑𝑤

𝑑𝑧
= 𝑓′(𝑧) = 𝑙𝑖𝑚

𝛿𝑥,𝛿𝑦→0
{
𝛿𝜙 + 𝑖𝛿𝜓

𝛿𝑥 + 𝑖𝛿𝑦
} 

were, 

𝛿𝜙 = 𝜙(𝑥 + 𝛿𝑥,  𝑦 + 𝛿𝑦) − 𝜙(𝑥, 𝑦) 

𝛿𝜓 = 𝜓(𝑥 + 𝛿𝑥,  𝑦 + 𝛿𝑦) − 𝜓(𝑥, 𝑦) 

This limit may be evaluated in infinitely many ways according to the nature of 

the differentiable 𝛿𝑥, 𝛿𝑦. 

If we first keep 𝑦 as constant so that 

𝛿𝑦 = 0, 

then 

𝑑𝑤

𝑑𝑧
= 𝑙𝑖𝑚

𝛿𝑥→0
{
𝛿𝜙 + 𝑖𝛿𝜓

𝛿𝑥
} 

𝑑𝑤

𝑑𝑧
=

𝜕𝜙

𝜕𝑥
+ 𝑖

𝜕𝜓

𝜕𝑥
   → (1) 

If, however, we keep 𝑥 constant so that 

𝛿𝑥 = 0, 

then 

𝑑𝑤

𝑑𝑧
= 𝑙𝑖𝑚

𝛿𝑦→0
{
𝛿𝜙 + 𝑖𝛿𝜓

𝑖𝛿𝑦
} 
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𝑑𝑤

𝑑𝑧
= −𝑖

𝜕𝜙

𝜕𝑦
+

𝜕𝜓

𝜕𝑦
   → (2) 

If 𝑤 is the analytic function, the two values of 
𝑑𝑤

𝑑𝑧
 by eq. (1) and (2) must be 

equal. 

Then equating the real and imaginary parts 

𝜕𝜙

𝜕𝑥
=

𝜕𝜓

𝜕𝑦
,      

𝜕𝜙

𝜕𝑦
= −

𝜕𝜓

𝜕𝑥
   → (3) 

The above equations are called the Cauchy’s Riemann equation. 

The necessary and sufficient condition for 𝑤 to be analytic at a point. 

If they hold at all points of a region, they express the necessary and sufficient 

conditions for 𝑤 to be analytic throughout the region. 

The function 𝜙, 𝜓 are termed conjugate functions. 

If we now assign to 𝜙 and 𝜓 the meanings of velocity potential and stream 

function for two dimensional, irrotational, incompressible, inviscid flow, then 

𝑤 = 𝜙 + 𝑖𝜓 

is called the complex velocity potential. 

The real and imaginary parts of 𝑤 are the velocity potential and the stream 

functions respectively. 

Compare the Cauchy’s Riemann eqn. (3) 

𝑑𝑤

𝑑𝑧
= −𝑢 + 𝑖𝑣 

since 

𝑢 = −
𝜕𝜙

𝜕𝑥
= −

𝜕𝜓

𝜕𝑦
 

𝑣 = −
𝜕𝜙

𝜕𝑦
=

𝜕𝜓

𝜕𝑥
 

Also |
𝑑𝑤

𝑑𝑧
| = √𝑢2 + 𝑣2 = 𝑞 
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(i.e.,) The speed of the fluid at any point. 

3. Discuss the flow for which 𝑤 = 𝑧2. 

Solution: 

𝑤 = 𝑧2 

we’ve 

𝜙 + 𝑖𝜓 = (𝑥 + 𝑖𝑦)2 

were 

𝑤 = 𝜙 + 𝑖𝜓  

𝑧 = 𝑥 + 𝑖𝑦  

⇒ 𝜙 + 𝑖𝜓 = 𝑥2 + 2𝑖𝑥𝑦 − 𝑦2 

Equating real and imaginary parts 

𝜙 = 𝑥2 − 𝑦2  

𝜓 = 2𝑥𝑦 

The equipotential are rectangular hyperbola 

𝑥2 − 𝑦2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

having asymptotes 

𝑦 = ±𝑥 

The stream lines are the rectangular hyperbola 

𝑥𝑦 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

having asymptotes 

𝑥 = 0,  𝑦 = 0 
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The two families of curves cut each other orthogonally. 

 

 

 

 

 

 

 

 

 

Since there is no flow over a stream line any one may be taken as a rigid 

barrier. 

In particular the axis 

𝑥 = 0,  𝑦 = 0 

may be taken as rigid boundaries. 

Since 

𝑤 = 𝑧2 

Differentiate 𝑤 w.r.t to 𝑧 

𝑑𝑤

𝑑𝑧
= 2𝑧 

is zero only at the horizon, this is the only stagnation point. 

It is easily confirmed that both 𝜙 and 𝜓 are harmonic and so from the first we 

infer that the flow is irrotational. 

Hence the solution. 
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4.3. Complex velocity potential for standard two-dimensional flows: 

We consider in turn the flow patterns due to a uniform stream; a line source 

and sink and a line doublet. 

Through this section the flow is assumed to be inviscid, irrotational, 

incompressible and two dimensional. 

Uniform stream: 

Case: 1 

We first consider the uniform stream having velocity – 𝑈𝑖. 

⇒ 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝜙 = 𝑈𝑥 

Clearly, since 𝑥 = 𝑅𝑒(𝑧) 

𝑤 = 𝑈𝑧 = 𝑈(𝑥 + 𝑖𝑦) 

The stream function 

𝜓 = 𝐼𝑚(𝑤) = 𝑈𝑦, 

so that the lines 𝑦 = constant, are the stream lines. 

Case (ii): 

Suppose the uniform stream is inclined to the positive 𝑥-axis at angle 𝛼, so 

that 

𝑞 = [−𝑈𝑐𝑜𝑠𝛼, −𝑈𝑠𝑖𝑛𝛼] 

The flow being obviously irrotational, we can find 𝜙 such that 

𝑞 = −𝛻𝜙  

𝜕𝜙

𝜕𝑥
= 𝑈𝑐𝑜𝑠𝛼,  

𝜕𝜙

𝜕𝑦
= 𝑈 𝑠𝑖𝑛𝛼  

𝑑𝜙 = (
𝜕𝜙

𝜕𝑥
) 𝑑𝑥 + (

𝜕𝜙

𝜕𝑦
) 𝑑𝑦  

𝑑𝜙 = 𝑈𝑐𝑜𝑠𝛼 𝑑𝑥 + 𝑈𝑠𝑖𝑛𝛼 𝑑𝑦 

Now integrate, 

∫ 𝑑𝜙 = ∫ 𝑈𝑐𝑜𝑠𝛼 𝑑𝑥 + ∫ 𝑈𝑠𝑖𝑛𝛼 𝑑𝑦  
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𝜙(𝑥, 𝑦) = 𝑥𝑈𝑐𝑜𝑠𝛼 + 𝑦𝑈𝑠𝑖𝑛𝛼  

𝜙(𝑥, 𝑦) = 𝑈(𝑥 𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼) 

in the simplest form. 

Also, since  

𝑞 = [−
𝜕𝜓

𝜕𝑦
,
𝜕𝜓

𝜕𝑥
] 

𝜕𝜓

𝜕𝑥
= 𝑈𝑐𝑜𝑠𝛼,  

𝜕𝜓

𝜕𝑦
= 𝑈 𝑠𝑖𝑛𝛼 

⇒ 𝑞 = (−𝑈𝑠𝑖𝑛𝛼,  𝑈𝑐𝑜𝑠𝛼) 

𝑑𝜓 = (
𝜕𝜓

𝜕𝑥
) 𝑑𝑥 + (

𝜕𝜓

𝜕𝑦
) 𝑑𝑦 

By C-R equation 

𝜕𝜙

𝜕𝑥
=

𝜕𝜓

𝜕𝑦
,  

𝜕𝜙

𝜕𝑦
= −

𝜕𝜓

𝜕𝑥
 

𝑑𝜓 = −
𝜕𝜙

𝜕𝑦
𝑑𝑥 +

𝜕𝜙

𝜕𝑥
𝑑𝑦 

𝑑𝜓 = −𝑈𝑠𝑖𝑛𝛼 𝑑𝑥 + 𝑈𝑐𝑜𝑠𝛼 𝑑𝑦 

Integrate, 

𝜓 = −𝑈𝑠𝑖𝑛𝛼(𝑥) + 𝑈𝑐𝑜𝑠𝛼(𝑦) 

𝜓(𝑥, 𝑦) = 𝑈[𝑦𝑐𝑜𝑠𝛼 − 𝑥𝑠𝑖𝑛𝛼] 

is another simplest form. 

Let 𝑤 = 𝜙 + 𝑖𝜓  

𝑤 = 𝑈(𝑥𝑐𝑜𝑠𝛼 + 𝑦𝑠𝑖𝑛𝛼) + 𝑖𝑈(−𝑥𝑠𝑖𝑛𝛼 + 𝑦𝑐𝑜𝑠𝛼)  

     = 𝑈[𝑥𝑐𝑜𝑠𝛼 − 𝑖𝑥𝑠𝑖𝑛𝛼] + 𝑦𝑠𝑖𝑛𝛼 + 𝑖𝑦𝑐𝑜𝑠𝛼  

     = 𝑈[𝑥(𝑐𝑜𝑠𝛼 − 𝑖𝑠𝑖𝑛𝛼) + 𝑖𝑦(𝑐𝑜𝑠𝛼 − 𝑖𝑠𝑖𝑛𝛼)]  

     = 𝑈[𝑥𝑒−𝑖𝛼 + 𝑖𝑦𝑒−𝑖𝛼]  

     = 𝑈𝑒−𝑖𝛼(𝑥 + 𝑖𝑦)  
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𝑤 = 𝑈𝑒−𝑖𝛼𝑧                                       where 𝑧 = 𝑥 + 𝑖𝑦. 

5. Line Source and Line Sinks: 

If 𝐴 is any point 𝑃 in the considered plane of flow and 𝐶 is any closed curve 

surrounding it. 

 

Let parallel infinite lines be drawn through 𝐴 and through every point of 𝐶, so 

that all are perpendicular to the plane of the flow. 

Suppose that fluid is emitted symmetrically from all points of the infinite line 

through 𝐴, the rate of emission from all such a point 𝐴 on the line being the 

same everywhere and parallel to the plane of flow. 

Then the line through 𝐴 is called the line source. 

If the fluid drains away through such a line under the same condition of 

symmetry, then the line is called a line sink. 
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6. Discuss the flow due to a uniform line doublet at 𝑂 of strength 𝜇 per 

unit length, its axis being along 𝑂𝑋̄. (or) Explain line doublets. (or) 

Discuss the flow for which 𝑤 =
𝜇

𝑧
 

Solution: 

 

The complex potential at 𝑃(𝑥, 𝑦) is 

𝑤 =
𝜇

𝑧
  (∵ 𝑧 = 𝑥 + 𝑖𝑦) 

𝑤 =
𝜇

𝑥 + 𝑖𝑦
 

Multiply by conjugate terms. 

𝑤 =
𝜇

𝑥 + 𝑖𝑦
×

𝑥 − 𝑖𝑦

𝑥 − 𝑖𝑦
 

𝑤 =
𝜇(𝑥 − 𝑖𝑦)

𝑥2 + 𝑦2
   → (1)                            𝑤 = 𝜙 + 𝑖𝜓 

From (1), 

Real part is (𝜙) =
𝜇𝑥

𝑥2+𝑦2 

Imaginary part is (𝜓) =
−𝜇𝑦

𝑥2+𝑦2 
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(i.e.,) The equipotential 𝜙 = constant 

𝜇𝑥

𝑥2 + 𝑦2
=

1

2𝐶1
 

2𝐶1𝜇𝑥 = 𝑥2 + 𝑦2 

2𝐾1𝑥 = 𝑥2 + 𝑦2                                    where 𝜇𝐶1 = 𝐾1 

The stream line 𝜓 = constant 

−𝜇𝑦

𝑥2 + 𝑦2
=

1

2𝐶2
 

−2𝐶2𝜇𝑦 = 𝑥2 + 𝑦2 

2𝐾2𝑦 = 𝑥2 + 𝑦2                                 where 𝐾2 = −𝜇𝐶2 

The first family have centres (𝐾1, 0) and radius 𝐾1, the second centres (0, 𝐾2) 

and radius 𝐾2. 

(ii) The two families are mutually orthogonal. 

Hence the solution.  

7. Find the equation of the stream lines due to uniform line sources of 

strength ‘𝑚’ through the points 𝐴(−𝑐, 0), 𝐵(𝑐, 0) and a uniform line sink 

of strength 2𝑚 through the origin. 

Solution: 

Let 𝑃 be the point such that 

𝑂𝑃 = 𝑧 = 𝑥 + 𝑖𝑦 

then 

𝐴𝑃 = 𝑧 + 𝑐  

𝐵𝑃 = 𝑧 − 𝑐 

and so the complex potential at 𝑃 is 
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𝑤 = −𝑚𝑙𝑜𝑔(𝑧 + 𝑐) − 𝑚𝑙𝑜𝑔(𝑧 − 𝑐) + 2𝑚𝑙𝑜𝑔𝑧 

    = 𝑚𝑙𝑜𝑔(𝑧 + 𝑐)−1 + 𝑚𝑙𝑜𝑔(𝑧 − 𝑐)−1 + 2𝑚𝑙𝑜𝑔𝑧 

    = 𝑚𝑙𝑜𝑔 (
1

𝑧 + 𝑐
) + 𝑚𝑙𝑜𝑔 (

1

𝑧 − 𝑐
) + 𝑚𝑙𝑜𝑔𝑧2 

    = 𝑚𝑙𝑜𝑔 [
1

𝑧 + 𝑐
⋅

1

𝑧 − 𝑐
⋅ 𝑧2] 

𝑤 = 𝑚𝑙𝑜𝑔 (
𝑧2

𝑧2 − 𝑐2) 

since 𝑧 = 𝑥 + 𝑖𝑦 

𝑤 = 𝑚𝑙𝑜𝑔 [
(𝑥 + 𝑖𝑦)2

(𝑥 + 𝑖𝑦)2 − 𝑐2
] 

𝑤 = 𝑚𝑙𝑜𝑔 [
𝑥2 − 𝑦2 + 2𝑥𝑖𝑦

𝑥2 − 𝑦2 + 2𝑥𝑖𝑦 − 𝑐2
] 

𝑤 = 𝑚𝑙𝑜𝑔 [
(𝑥2−𝑦2)+𝑖 2𝑥𝑦

(𝑥2−𝑦2−𝑐2)+𝑖 2𝑥𝑦
]  

𝑤 = 𝑚𝑙𝑜𝑔 [
(𝑥2−𝑦2)+𝑖 2𝑥𝑦

(𝑥2−𝑦2−𝑐2)+𝑖 2𝑥𝑦
×

(𝑥2−𝑦2−𝑐2)−𝑖 2𝑥𝑦

(𝑥2−𝑦2−𝑐2)−𝑖 2𝑥𝑦
]  

  = 𝑚𝑙𝑜𝑔 [
(𝑥2−𝑦2)

2
−𝑐2(𝑥2−𝑦2)−(𝑥2−𝑦2)2𝑖𝑥𝑦+(𝑥2−𝑦2)2𝑖𝑥𝑦−𝑐2(2𝑖𝑥𝑦)+4𝑥2𝑦2

[𝑥2−𝑦2−𝑐2]2+4𝑥2𝑦2 ] 𝑤 =

𝑚𝑙𝑜𝑔 [
(𝑥2−𝑦2)

2
−𝑐2(𝑥2−𝑦2)−𝑐2(2𝑖𝑥𝑦)+4𝑥2𝑦2

(𝑥2−𝑦2−𝑐2)2+4𝑥2𝑦2 ] 



114 | P a g e  
 

since, 

(𝑥2 − 𝑦2)2 = 𝑥4 + 𝑦4 − 2𝑥2𝑦2 + 4𝑥2𝑦2  

                   = 𝑥4 + 𝑦4 + 2𝑥2𝑦2  

                   = (𝑥2 + 𝑦2)2  

𝑤 = 𝑚𝑙𝑜𝑔 [
(𝑥2 + 𝑦2)2 − 𝑐2(𝑥2 − 𝑦2) − 𝑐2(2𝑖𝑥𝑦)

[(𝑥2 − 𝑦2) − 𝑐2]2 + 4𝑥2𝑦2
] 

𝜓 = 𝐼𝑚𝑔(𝑤) 

𝜓 = 𝑚𝑙𝑜𝑔 [
−2𝑥𝑦𝑐2

(𝑥2 + 𝑦2)2 − 𝑐2(𝑥2 − 𝑦2)
] 

𝜓 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝑘1  (𝑠𝑎𝑦)  

𝑘1 = 𝑚𝑙𝑜𝑔 [
−2𝑥𝑦𝑐2

(𝑥2+𝑦2)2−𝑐2(𝑥2−𝑦2)
]  

−2𝑥𝑦𝑐2

(𝑥2 + 𝑦2)2 − 𝑐2(𝑥2 − 𝑦2)
= 𝐾  𝑤ℎ𝑒𝑟𝑒 

𝑘1

𝑚𝑙𝑜𝑔
= 𝐾 

−2𝑥𝑦𝑐2 = 𝐾[(𝑥2 + 𝑦2)2 − 𝑐2(𝑥2 − 𝑦2)] 

𝐾(𝑥2 + 𝑦2)2 = −2𝑥𝑦𝑐2 + 𝐾𝑐2(𝑥2 − 𝑦2)  

(𝑥2 + 𝑦2)2 =
−2𝑥𝑦𝑐2

𝐾
+ 𝑐2(𝑥2 − 𝑦2)  

∴ (𝑥2 + 𝑦2)2 = 𝑘𝑥𝑦𝑐2 + 𝑐2(𝑥2 − 𝑦2),   𝑤ℎ𝑒𝑟𝑒 −
2

𝐾
= 𝑘 

Hence the solution. 

8. Describe the irrotational motion of an incompressible fluid for which the 

complex potential is 𝑤 = 𝑖𝑘 𝑙𝑜𝑔𝑧. Two parallel line vortices of strengths 

𝑘1, 𝑘2 (𝑘1 + 𝑘2 ≠ 0) in unlimited liquid cross the 𝑧-plane at point 𝐴, 𝐵 

respectively. The centre of mass of masses 𝑘1 at 𝐴 and 𝑘2 at 𝐵 is 𝐺. Show 

that if the motion of the liquid is due solely to these vortices, 𝐺 is a fixed 

point about which 𝐴, 𝐵 move in circles with angular velocity 
(𝑘1+𝑘2)

(𝐴𝐵)2 . Show 
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also that the fluid speed at any point 𝑃 in the 𝑧-plane is 
(𝑘1+𝑘2)𝐶𝑃

𝐴𝑃.𝐵𝑃
 where 𝐶 

is the centre of mass of masses 𝑘2 at 𝐴, 𝑘1 at 𝐵. 

Solution: 

 

𝑤 = 𝑖𝑘 𝑙𝑜𝑔𝑧 

put 𝑧 = 𝑟𝑒𝑖𝜃 

𝑤 = 𝑖𝑘[𝑙𝑜𝑔(𝑟𝑒𝑖𝜃)]  

    = 𝑖𝑘[𝑙𝑜𝑔𝑟 + 𝑙𝑜𝑔𝑒𝑖𝜃]  

    = 𝑖𝑘 𝑙𝑜𝑔 𝑟 + 𝑖𝑘 𝑖𝜃𝑙𝑜𝑔𝑒  

𝑤 = 𝑖𝑘𝑙𝑜𝑔𝑟 − 𝑘𝜃                                                                        ∴ 𝑖2 = −1 

equating real and imaginary parts 

𝜙 = −𝑘𝜃  

𝜓 = 𝑘𝑙𝑜𝑔𝑟 

This shows that the stream lines are concentric circles centre on 𝑂, the 

equipotential being the radii through 𝑂 cutting the circles orthogonally. 

Also, at (𝑟, 𝜃) in the plane of flow the velocity components are 

𝑞𝑟 = −
𝜕𝜙

𝜕𝑟
,  𝑞𝜃 = −

1

𝑟

𝜕𝜙

𝜕𝜃
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𝑞𝑟 = 0               𝑞𝜃 = −
1

𝑟
(−𝑘) =

𝑘

𝑟
 

The flow is due to a line vortex through 𝑂 of strength 𝑘. 

The line vortices at 𝐴, 𝐵, 𝑘1 at 𝐴 gives a velocity 
𝑘1

𝐴𝐵
 in that sense. 

𝑘2 at 𝐵 gives a velocity 
𝑘2

𝐴𝐵
 in that sense. 

Associating masses 𝑘1 at 𝐴, 𝑘2 at 𝐵, we see that the total linear momentum of 

the system in the direction of the velocity of 𝐵 is 

𝑘1 (
−𝑘2

𝐴𝐵
) + 𝑘2 (

𝑘1

𝐴𝐵
) = 0 

(i) The centroid 𝐺 of the two masses does not move. 

The diagram that the velocity of 𝐵 relative to 𝐴 is 
𝑘1+𝑘2

𝐴𝐵
 

so that the angular velocity of 𝐴𝐵 is 
𝑘1+𝑘2

(𝐴𝐵)2  

Thus the line rotates with this angular velocity about 𝐺. 

Let 𝑂 be the fixed origin of coordinates and suppose  

𝑂𝐴 = 𝑎,  𝑂𝐵 = 𝑏, 

𝑎 and 𝑏 being complex numbers. 

If 𝑃 be the point for which 𝑂𝑃 = 𝑧, 

then 

𝐴𝑃 = 𝑧 − 𝑎, 𝐵𝑃 = 𝑧 − 𝑏 

and the complex potential at 𝑃 is 

𝑤 = 𝑖𝑘 𝑙𝑜𝑔𝑧 

    = 𝑖(𝑘1 + 𝑘2) 𝑙𝑜𝑔 𝑧  

𝑤 = 𝑖𝑘1𝑙𝑜𝑔(𝑧 − 𝑎) + 𝑖𝑘2𝑙𝑜𝑔(𝑧 − 𝑏) 
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Differentiating w.r.t 𝑧 

𝑑𝑤

𝑑𝑧
=

𝑖𝑘1

𝑧 − 𝑎
+

𝑖𝑘2

𝑧 − 𝑏
 

𝑑𝑤

𝑑𝑧
= 𝑖 [

𝑘1(𝑧 − 𝑏) + 𝑘2(𝑧 − 𝑎)

(𝑧 − 𝑎)(𝑧 − 𝑏)
]    → (1) 

If 𝐶 denotes the centroid of 𝑘2 at 𝐴, 𝑘1 at 𝐵 and if 𝑂𝐶 = 𝑧‾, , then 

(𝑘1 + 𝑘2) 𝐶𝑃 = 𝑘2 𝐴𝑃 + 𝑘1 𝐵𝑃  

(𝑘1 + 𝑘2) 𝐶𝑃 = 𝑘2(𝑧 − 𝑎) + 𝑘1(𝑧 − 𝑏)    → (2) 

sub (2) in (1), 

𝑑𝑤

𝑑𝑧
=

𝑖(𝑘1 + 𝑘2)𝐶𝑃

(𝑧 − 𝑎)(𝑧 − 𝑏)
 

𝑑𝑤

𝑑𝑧
=

𝑖(𝑘1 + 𝑘2)(𝑧 − 𝑧‾)

(𝑧 − 𝑎)(𝑧 − 𝑏)
   → (3) 

Thus the speed of 𝑃 is, 

from (3), taking modulus on both sides 

|
𝑑𝑤

𝑑𝑧
| =

(𝑘1 + 𝑘2) |𝑧 − 𝑧‾|

|𝑧 − 𝑎| |𝑧 − 𝑏|
  

∴ |
𝑑𝑤

𝑑𝑧
| =

(𝑘1 + 𝑘2) 𝐶𝑃

𝐴𝑃. 𝐵𝑃
 

Hence the solution. 

4.4. A two-dimensional doublet of strength 𝜇𝑖 is at the point 𝑧 = 𝑖𝑎 in a 

stream of velocity −𝑉𝑖 in a semi-infinite liquid of constant density 

occupying the half plane 𝑦 > 0 and having 𝑦 = 0 as a rigid boundary (𝑖 is 

the unit vector on the positive 𝑥 − 𝑎𝑥𝑖𝑠). Show that the complex potential 

of the motion is 
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𝑤 = 𝑉𝑧 +
2𝜇𝑧

(𝑧2 + 𝑎2)
. 

Show that, also for 0 < 𝜇 < 4𝑎2𝑉, there are no stagnation points on this 

boundary, and that the pressure on it is a minimum at the origin and a 

maximum at the point 𝑧 = ±𝑎√3. 

Solution: 

The image system consisting of equal line doublets of strength 𝜇𝑖 at 𝐴(0, 𝑎), 

𝐴′(0, −𝑎). 

The velocity potential due to the uniform strength is 𝑉𝑥, so its complex 

velocity potential is 𝑉𝑧. 
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By diagram 2, 

𝑂𝑃⃗⃗⃗⃗ ⃗⃗ = 𝑧  

𝐴𝑃⃗⃗⃗⃗⃗⃗ = 𝑧 − 𝑖𝑎  

𝐴′𝑃⃗⃗ ⃗⃗ ⃗⃗ ⃗ = 𝑧 + 𝑖𝑎 

Thus, the complex potential due to the line doublets at 𝐴,  𝐴′ are respectively, 

𝜇(𝑧 − 𝑖𝑎)−1,  𝜇(𝑧 + 𝑖𝑎)−1 

and so, the total velocity potential at 𝑃 is 

𝑤 = 𝑉𝑧 + 𝜇(𝑧 − 𝑖𝑎)−1 + 𝜇(𝑧 + 𝑖𝑎)−1  

𝑤 = 𝑉𝑧 +
𝜇

𝑧 − 𝑖𝑎
+

𝜇

𝑧 + 𝑖𝑎
 

     = 𝑉𝑧 +
𝜇[𝑧 + 𝑖𝑎 + 𝑧 − 𝑖𝑎]

𝑧2 + 𝑎2
 

     = 𝑉𝑧 +
𝜇(2𝑧)

𝑧2 + 𝑎2
 

𝑤 = 𝑉𝑧 +
2𝜇𝑧

𝑧2 + 𝑎2
 

Diff. w.r. to 𝑧, 
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𝑑𝑤

𝑑𝑧
= 𝑉 + 2𝜇 [

(𝑧2 + 𝑎2)(1) − 2𝑧(𝑧)

(𝑧2 + 𝑎2)2
] 

       = 𝑉 + 2𝜇 [
𝑧2 + 𝑎2 − 𝑧2

(𝑧2 + 𝑎2)2
] 

𝑑𝑤

𝑑𝑧
= 𝑉 + 2𝜇 [

𝑎2 − 𝑧2

(𝑎2 + 𝑧2)2
] 

             (or) 

𝑑𝑤

𝑑𝑧
= 𝑉 + 2𝜇[(𝑎2 − 𝑧2)(𝑧2 + 𝑎2)−2]] = 𝑞 (𝑠𝑎𝑦) 

When 𝑧 = 𝑥, 

𝑑𝑤

𝑑𝑧
= 𝑉 + 2𝜇[(𝑎2 − 𝑥2)(𝑥2 + 𝑎2)−2] 

∴
𝑑𝑤

𝑑𝑥
= 0 

⇒ 𝑉 + 2𝜇[(𝑎2 − 𝑥2)(𝑥2 + 𝑎2)−2] = 0  (𝑠𝑎𝑦) 

𝑉 +
2𝜇(𝑎2 − 𝑥2)

(𝑥2 + 𝑎2)2
= 0 

𝑉(𝑥2 + 𝑎2)2 + 2𝜇(𝑎2 − 𝑥2)

(𝑥2 + 𝑎2)2
= 0 

⇒ 𝑉(𝑥2 + 𝑎2)2 + 2𝜇(𝑎2 − 𝑥2) = 0 

𝑉[𝑥4 + 𝑎4 + 2𝑥2𝑎2] + 2𝜇𝑎2 − 2𝜇𝑥2 = 0  

𝑉𝑥4 + 𝑉𝑎4 + 2𝑉𝑥2𝑎2 + 2𝜇𝑎2 − 2𝜇𝑥2 = 0  

𝑉𝑥4 + 2𝑥2(𝑉𝑎2 − 𝜇) + (𝑉𝑎4 + 2𝜇𝑎2) = 0 

This gives the speed of the fluid at any point (𝑥, 0) on the boundary 𝑦 = 0. 

Equating this expression to 0 gives the equation, 

𝑉(𝑥2)2 + 2𝑥2(𝑉𝑎2 − 𝜇) + (𝑉𝑎4 + 2𝜇𝑎2) = 0 

a quadratic in 𝑥2 whose discriminant is 
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𝛥 = 𝑏2 − 4𝑎𝑐                  

were  𝑎 = 𝑉,   𝑐 = 𝑉𝑎4 + 2𝜇𝑎2,   𝑏 = 2(𝑉𝑎2 − 𝜇)  

𝛥 = 4(𝑉𝑎2 − 𝜇)2 − 4𝑉(𝑉𝑎4 + 2𝜇𝑎2)  

    = 4[(𝑉𝑎2 − 𝜇)2 − 𝑉(𝑉𝑎4 + 2𝜇𝑎2)]  

    = 4[𝑉𝑎4 + 𝜇2 − 2𝜇𝑉𝑎2 − 𝑉𝑎4 − 2𝜇𝑉𝑎2]  

    = 4[𝜇2 − 4𝑉𝜇𝑎2]  

𝛥 = 4𝜇[𝜇 − 4𝑉𝑎2] 

Clearly, 𝛥 < 0 where 0 < 𝜇 < 4𝑎2𝑉 the quadratic equation has no real roots. 

This means there are no stagnation points on the boundary 𝑦 = 0. 

Applying Bernoulli’s equation along the streamline 𝑦 = 0 at (𝑥, 0) on the 

boundary, we have in the usual notation, 

⇒
𝑃

𝜌
+

1

2
(𝑞2) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

⇒
𝑃

𝜌
+

1

2
[𝑉 +

2𝜇(𝑎2 − 𝑥2)

(𝑎2 + 𝑥2)2
]

2

= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

Thus, 𝑃 is maximum when 𝑉 + 2𝜇[(𝑎2 − 𝑥2)(𝑎2 + 𝑥2)−2]2is a minimum and 

conversely, 

Let 𝑦 = [𝑉 + 2𝜇(𝑎2 − 𝑥2)(𝑎2 + 𝑥2)−2]2  

⇒ 𝑦1/2 = 𝑉 + 2𝜇(𝑎2 − 𝑥2)(𝑎2 + 𝑥2)−2 

Diff. w.r. to 𝑥, 

1

2
𝑦−1/2

𝑑𝑦

𝑑𝑥
= 0 + 2𝜇 [

(𝑎2 + 𝑥2)2(−2𝑥) − (𝑎2 − 𝑥2)[2(𝑎2 + 𝑥2)(2𝑥)]

(𝑎2 + 𝑥2)4
] 

1

2
𝑦−1/2𝑦′ = 2𝜇 ⋅ 2𝑥(𝑎2 + 𝑥2) [

−(𝑎2 + 𝑥2) − 2(𝑎2 − 𝑥2)

(𝑎2 + 𝑥2)3
] 

                   = −4𝜇𝑥 [
(𝑎2 + 𝑥2) + 2(𝑎2 − 𝑥2)

(𝑎2 + 𝑥2)3
] 
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                  = −4𝜇𝑥 [
𝑎2 + 𝑥2 + 2𝑎2 − 2𝑥2

(𝑎2 + 𝑥2)3
] 

1

2
𝑦−1/2𝑦′ = −4𝜇𝑥[(3𝑎2 − 𝑥2)(𝑎2 + 𝑥2)−3] → (1) 

(i.e) 𝑦′ = 0 𝑤ℎ𝑒𝑛 𝑥 = 0 

From (1), 

3𝑎2 − 𝑥2 = 0  

𝑥2 = 3𝑎2  

𝑥 = ±√3𝑎 

put 𝑥 = 𝑧 

𝑧 = ±𝑎√3 

(or) 

𝑧 = ±√3𝑎 

Hence the solution. 

4.5. The Milne - Thomson Circle Theorem: 

Statement: 

Let 𝑓(𝑧) be the complex velocity potential for a flow having no rigid 

boundaries and such that there have no singularities of flow within the 

circle |𝑧| = 𝑎. Then, on introducing the solid circular cylinder |𝑧| = 𝑎 into 

the flow, the new complex velocity potential is given by 

𝑤 = 𝑓(𝑧) + 𝑓 (
𝑎2

𝑧
)   𝑓𝑜𝑟 |𝑧| ≥ 𝑎. 

Proof: 

All the singularities of 𝑓(𝑧) occur in the region |𝑧| > 𝑎, and so the 

singularities of 𝑓 (
𝑎2

𝑧
) lie in |𝑧| < 𝑎. 
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Hence the singularities of 𝑓 (
𝑎2

𝑧
) also lie in |𝑧| < 𝑎. 

Thus 𝑓(𝑧) and 𝑓(𝑧) + 𝑓 (
𝑎2

𝑧
) both have the same singularities in the region 

|𝑧| > 𝑎 and so both functions, considered as complex velocity potentials, may 

be described to the same hydrodynamical distributions in the region |𝑧| > 𝑎. 

On the circle |𝑧| = 𝑎, 

Take 𝑧 = 𝑎𝑒𝑖𝜃 

Then, 
𝑎2

𝑧
= 𝑎𝑒−𝑖𝜃 

𝑤 = 𝑓(𝑧) + 𝑓 (
𝑎2

𝑧
) 

𝑤 = 𝑓(𝑎𝑒𝑖𝜃) + 𝑓(𝑎𝑒𝑖𝜃) 

(i.e) on |𝑧| = 𝑎,  𝑤 is the sum of a complex quantity and its complex 

conjugate and is therefore a real number. 

Hence, 

𝜓 = 𝐼𝑚𝑎𝑔(𝑤) = 0  𝑜𝑛 |𝑧| = 𝑎 

This shows that a circular boundary is a stream line across which no fluid 

flows. 

Hence, |𝑧| = 𝑎 is a possible boundary for the new flow and 

𝑤 = 𝑓(𝑧) + 𝑓 (
𝑎2

𝑧
) 

is the appropriate complex velocity potential for the new flow. 

Hence the proof. 
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11. Uniform flow past a stationary cylinder. 

 

A uniform stream having velocity −𝑈𝑖 gives rise to a complex potential 𝑈𝑧. 

Take 

𝑓(𝑧) = 𝑈𝑧 

𝑓(𝑧) = 𝑈𝑧 

𝑓(𝑎𝑒𝑖𝜃) = 𝑈(𝑎𝑒−𝑖𝜃) 

𝑓(𝑎𝑒𝑖𝜃) = 𝑈 (
𝑎2

𝑧
) 

Thus, on introducing the cylinder of circular section |𝑧| = 𝑎 into the stream, 

the complex potential for the region |𝑧| ≥ 𝑎, because 

𝑤 = 𝑓(𝑧) + 𝑓 (
𝑎2

𝑧
)  

    = 𝑈𝑧 + 𝑈𝑎2𝑧−1  

𝑤 = 𝑈(𝑧 + 𝑎2𝑧−1) 

Taking 𝑧 = 𝑟𝑒𝑖𝜃  
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𝑤 = 𝑈[𝑟𝑒𝑖𝜃 + 𝑎2𝑟−1𝑒−𝑖𝜃] 

    = 𝑈[𝑟(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃) + 𝑎2𝑟−1(𝑐𝑜𝑠𝜃 − 𝑖𝑠𝑖𝑛𝜃)] 

𝑤 = 𝑈𝑐𝑜𝑠𝜃 (𝑟 +
𝑎2

𝑟
) + 𝑖𝑈𝑠𝑖𝑛𝜃 (𝑟 −

𝑎2

𝑟
) 

Equating real and imaginary part 

∴  𝑤 = 𝜙 + 𝑖𝜓 

(i.e.,)  𝜙 = 𝑈𝑐𝑜𝑠𝜃 (𝑟 +
𝑎2

𝑟
)  

𝜓 = 𝑈 𝑠𝑖𝑛𝜃 (𝑟 −
𝑎2

𝑟
)  

𝑞𝑟 = −
𝜕𝜙

𝜕𝑟
,  𝑞𝜃 = −

1

𝑟

𝜕𝜙

𝜕𝜃
,  𝑞𝑧 = −

1

𝑟𝑠𝑖𝑛𝜃

𝜕𝜙

𝜕𝑧
 

Hence the velocity components are 

𝑞𝑟 = − [𝑈𝑐𝑜𝑠𝜃 (1 −
𝑎2

𝑟2)]  

𝑞𝜃 =
1

𝑟
[𝑈 𝑠𝑖𝑛𝜃 (𝑟 +

𝑎2

𝑟
)]  

𝑞𝑧 = 0 

Now, 

𝑞𝑟 = −
𝜕𝜓

𝜕𝑟
= − [𝑈 𝑠𝑖𝑛𝜃 (1 +

𝑎2

𝑟2)]  

𝑞𝜃 = −
1

𝑟

𝜕𝜓

𝜕𝜃
= −

1

𝑟
[𝑈𝑐𝑜𝑠𝜃 (𝑟 −

𝑎2

𝑟
)]  

𝑞𝑧 = −
1

𝑟𝑠𝑖𝑛𝜃

𝜕𝜓

𝜕𝑧
= 0 

Hence the solution. 
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Unit – V 

Viscous Fluid 

5.1. Stress component in a real fluid: 

 

Let 𝛿𝑠 be a small rigid plane area inserted at a point 𝑃 in a viscous fluid. 

Cartesian coordinates (𝑥, 𝑦, 𝑧) are refered to a set of fixed axis 𝑂𝑋, 𝑂𝑌, 𝑂𝑍. 

Suppose that 𝛿𝐹𝑛 is the forces exerted by the moving fluid on one side of 𝛿𝑠, 

the unit vector ‘𝑛’ being taken to specify the normal at 𝑃 to 𝛿𝑠 on this side. 

We know that, in the case of an inviscid fluid, 𝛿𝐹𝑛 is alligned with 𝑛. 

For a viscous fluid, however tractional forces are called into play between the 

fluid and the surface so that 

(𝛿𝐹𝑛 𝑤𝑖𝑙𝑙 𝑎𝑙𝑠𝑜 ℎ𝑎𝑣𝑒 𝑎 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 𝑡𝑜 𝛿𝑠) 

We suppose that the cartesian components of 𝛿𝐹𝑛 to the [𝛿𝐹𝑛𝑥 , 𝛿𝐹𝑛𝑦 , 𝛿𝐹𝑛𝑧], so 

that 

𝛿𝐹𝑛 = 𝛿𝐹𝑛𝑥  𝑖 + 𝛿𝐹𝑛𝑦  𝑗 + 𝛿𝐹𝑛𝑧 𝑘⃗⃗ 

Then the component of stress parallel to the axis are defined to be 

𝑃𝑛𝑥, 𝑃𝑛𝑦, 𝑃𝑛𝑧. 

Where; 

𝑃𝑛𝑥 = 𝑙𝑖𝑚
𝛿𝑠→0

[
𝛿𝐹𝑛𝑥

𝛿𝑠
] =

𝑑𝐹𝑛𝑥

𝑑𝑠
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𝑃𝑛𝑦 = 𝑙𝑖𝑚
𝛿𝑠→0

[
𝛿𝐹𝑛𝑦

𝛿𝑠
] =

𝑑𝐹𝑛𝑦

𝑑𝑠
 

𝑃𝑛𝑧 = 𝑙𝑖𝑚
𝛿𝑠→0

[
𝛿𝐹𝑛𝑧

𝛿𝑠
] =

𝑑𝐹𝑛𝑧

𝑑𝑠
 

In the components 𝑃𝑛𝑥, 𝑃𝑛𝑦, 𝑃𝑛𝑧 the first suffix ‘𝑛’ denotes the direction of the 

normal to the element 𝛿𝑠; the second suffix 𝑥, 𝑦, 𝑧 denotes the direction in 

which the component is measured. 

If we identify ‘𝑛’ in the unit vectors 𝑖, 𝑗, 𝑘⃗⃗ in 𝑂𝑋, 𝑂𝑌, 𝑂𝑍, we obtain the 

following three sets of stress components 

𝑃𝑥𝑥, 𝑃𝑥𝑦, 𝑃𝑥𝑧 

𝑃𝑦𝑥 , 𝑃𝑦𝑦, 𝑃𝑦𝑧 

𝑃𝑧𝑥 , 𝑃𝑧𝑦, 𝑃𝑧𝑧 

The diagonal elements 𝑃𝑥𝑥, 𝑃𝑦𝑦, 𝑃𝑧𝑧 of this array are called normal (or) direct 

stresses. 

The remaining six elements are called shearing stresses. 

For an inviscid fluid, 

𝑃𝑥𝑥 = 𝑃𝑦𝑦 = 𝑃𝑧𝑧 = −𝑃 

𝑃𝑥𝑦 = 𝑃𝑥𝑧 = ⋯ = 0 

Here, we regard the direct stresses as positive when they are tensile and 

negative when compressive, so that 𝑃 is the hydrostatic process. 

The matrix 

[𝑃𝑥𝑥 𝑃𝑥𝑦 𝑃𝑥𝑧 𝑃𝑦𝑥  𝑃𝑦𝑦 𝑃𝑦𝑧 𝑃𝑧𝑥  𝑃𝑧𝑦 𝑃𝑧𝑧 ] 

is called the stress matrix. 

The quantities 𝑃𝑖𝑗,  (𝑖, 𝑗 = 𝑥, 𝑦, 𝑧) are called the components of the stress 

tensor whose matrix is of the above form. 



128 | P a g e  
 

Clearly, 𝑃𝑖𝑗 is a second order tensor. 

Hence the proof. 

5.2. Explain relations between cartesian components of stress. 

(or) 

       Explain the stress matrix which is diagonally symmetric. 

Solution: 

 

We consider the motion of a small rectangular parallel points of viscous fluid 

with the centre being 𝑃(𝑥, 𝑦, 𝑧) and 

consider the lengths of each side be 𝛿𝑥, 𝛿𝑦, 𝛿𝑧 parallel to the fix cartesian axis. 

The mass of a fluid element is constant which is permitted to move along with 

the fluid. 

At the point 𝑃(𝑥, 𝑦, 𝑧), the force components parallel to 𝑂𝑋, 𝑂𝑌, 𝑂𝑍 on the 

surface of area between 𝛿𝑦, 𝛿𝑧 through the point 𝑃 has unit normal. 

Consider the above diagram, the points 𝑃1 and 𝑃2 is having different 

coordinate axes. 
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The point 𝑃1 moves in the negative direction whereas 𝑃2 moves in the positive 

direction. 

(i.e.,) 𝑃1 (𝑥 −
1

2
𝛿𝑥,  𝑦,  𝑧)            

          𝑃2 (𝑥 +
1

2
𝛿𝑥,  𝑦,  𝑧) 

Since 𝑖 is the unit normal measured from the fluid which is drawn outside. 

At 𝑃2 the unit normal corresponding to the force components across the plane 

𝛿𝑦 × 𝛿𝑧 is given by 

{[𝑃𝑥𝑥 +
1

2
𝛿𝑥 (

𝜕𝑃𝑥𝑥

𝜕𝑥
)] 𝛿𝑦𝛿𝑧}, 

{[𝑃𝑥𝑦 +
1

2
𝛿𝑥 (

𝜕𝑃𝑥𝑦

𝜕𝑥
)] 𝛿𝑦𝛿𝑧}, 

{[𝑃𝑥𝑧 +
1

2
𝛿𝑥 (

𝜕𝑃𝑥𝑧

𝜕𝑥
)] 𝛿𝑦𝛿𝑧}    → (1) 

For the parallel plane, at the point 𝑃1 the unit normal drawn outwards from the 

fluid element are −𝑖. 

∴ The corresponding components are 

{− [𝑃𝑥𝑥 −
1

2
𝛿𝑥 (

𝜕𝑃𝑥𝑥

𝜕𝑥
)] 𝛿𝑦𝛿𝑧},  

{− [𝑃𝑥𝑦 −
1

2
𝛿𝑥 (

𝜕𝑃𝑥𝑦

𝜕𝑥
)] 𝛿𝑦𝛿𝑧},  

{− [𝑃𝑥𝑧 −
1

2
𝛿𝑥 (

𝜕𝑃𝑥𝑧

𝜕𝑥
)] 𝛿𝑦𝛿𝑧}    → (2) 

From (1) and (2), we’ve the components are 

[𝛿𝑥 (
𝜕𝑃𝑥𝑥

𝜕𝑥
) 𝛿𝑦𝛿𝑧,  𝛿𝑥 (

𝜕𝑃𝑥𝑦

𝜕𝑥
) 𝛿𝑦𝛿𝑧,  𝛿𝑥 (

𝜕𝑃𝑥𝑧

𝜕𝑥
) 𝛿𝑦𝛿𝑧] 

[(
𝜕𝑃𝑥𝑥

𝜕𝑥
) , (

𝜕𝑃𝑥𝑦

𝜕𝑥
) , (

𝜕𝑃𝑥𝑧

𝜕𝑥
)] 𝛿𝑥𝛿𝑦𝛿𝑧   → (3) 
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Together with couples whose moments 

−𝑃𝑥𝑧 𝛿𝑥𝛿𝑦𝛿𝑧 𝑜𝑛 𝑂𝑌  

  𝑃𝑥𝑦 𝛿𝑥𝛿𝑦𝛿𝑧 𝑜𝑛 𝑂𝑍   → (4) 

Similarly, 

the pair of forces perpendicular to 𝑦 axis at the point 𝑃 having the components 

[(
𝜕𝑃𝑦𝑥

𝜕𝑦
) , (

𝜕𝑃𝑦𝑦

𝜕𝑦
) , (

𝜕𝑃𝑦𝑧

𝜕𝑦
)] 𝛿𝑥𝛿𝑦𝛿𝑧   → (5) 

Together with couples of moments, 

−𝑃𝑦𝑥  𝛿𝑥𝛿𝑦𝛿𝑧 𝑜𝑛 𝑂𝑍 

   𝑃𝑦𝑧 𝛿𝑥𝛿𝑦𝛿𝑧 𝑜𝑛 𝑂𝑋   → (6) 

The pair of forces perpendicular to 𝑧-axis, at the point 𝑃 having the 

components 

[(
𝜕𝑃𝑧𝑥

𝜕𝑧
) , (

𝜕𝑃𝑧𝑦

𝜕𝑧
) , (

𝜕𝑃𝑧𝑧

𝜕𝑧
)] 𝛿𝑥𝛿𝑦𝛿𝑧   → (7) 

Together with the couple of moment,  

−𝑃𝑧𝑦 𝛿𝑥𝛿𝑦𝛿𝑧 𝑂𝑋  

   𝑃𝑧𝑥  𝛿𝑥𝛿𝑦𝛿𝑧 𝑂𝑌   → (8) 

Consider all the six faces of the cuboid with the point 𝑃 having the 

components 

From eqns. (3), (5) and (7), we’ve 

{[(
𝜕𝑃𝑥𝑥

𝜕𝑥
) , (

𝜕𝑃𝑥𝑦

𝜕𝑥
) , (

𝜕𝑃𝑥𝑧

𝜕𝑥
)] , [(

𝜕𝑃𝑦𝑥

𝜕𝑦
) , (

𝜕𝑃𝑦𝑦

𝜕𝑦
) , (

𝜕𝑃𝑦𝑧

𝜕𝑦
)], 

[(
𝜕𝑃𝑧𝑥

𝜕𝑧
) , (

𝜕𝑃𝑧𝑦

𝜕𝑧
) , (

𝜕𝑃𝑧𝑧

𝜕𝑧
)]}𝛿𝑥𝛿𝑦𝛿𝑧   → (9) 

Combining the couple moments on 𝑂𝑋, 𝑂𝑌 and 𝑂𝑍 we get 

[(𝑃𝑦𝑧 − 𝑃𝑧𝑦)𝛿𝑥𝛿𝑦𝛿𝑧, (𝑃𝑥𝑧 − 𝑃𝑧𝑥)𝛿𝑥𝛿𝑦𝛿𝑧, (𝑃𝑥𝑦 − 𝑃𝑦𝑥)𝛿𝑥𝛿𝑦𝛿𝑧]  

[(𝑃𝑦𝑧 − 𝑃𝑧𝑦), (𝑃𝑥𝑧 − 𝑃𝑧𝑥), (𝑃𝑥𝑦 − 𝑃𝑦𝑥)]𝛿𝑥𝛿𝑦𝛿𝑧   → (10) 
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Suppose there is a external force acting on 𝛿, the body moves from the 

coordinates (𝑥, 𝑦, 𝑧) to (𝑥, 𝑦, 𝑧)𝛿𝑥𝛿𝑦𝛿𝑧. 

Taking the moment in the positive direction, through the point 𝑃. 

𝑇𝑜𝑡𝑎𝑙 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑓𝑜𝑟𝑐𝑒𝑠

= 𝑀𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝐼𝑛𝑒𝑟𝑡𝑖𝑎 𝑎𝑏𝑜𝑢𝑡 𝑎𝑥𝑖𝑠

× 𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 

Let 𝑂𝑛 is the quantity of the 𝑛𝑡ℎ order of the small value 𝛿𝑥, 𝛿𝑦, 𝛿𝑧 then 𝑂5 

𝑂5 = (𝑃𝑦𝑧 − 𝑃𝑧𝑦)𝛿𝑥𝛿𝑦𝛿𝑧 + 𝑂4 

The third order of small values is given by 

(𝑃𝑦𝑧 − 𝑃𝑧𝑦)𝛿𝑥𝛿𝑦𝛿𝑧 = 0  

𝑃𝑦𝑧 − 𝑃𝑧𝑦 = 0 

 (𝑖. 𝑒) 𝑃𝑦𝑧 = 𝑃𝑧𝑦 

Similarly, 

𝑃𝑥𝑧 = 𝑃𝑧𝑥  

𝑃𝑥𝑦 = 𝑃𝑦𝑥 

Thus, the stress matrix diagonals are symmetric and contains 6 knowns. 

Hence the proof. 

5.3. Translation Motion of fluid element. 

Proof: 

Taking account of surface forces and body forces, the total force component 

acting on the element is given by 

(
𝜕𝑃𝑥𝑥

𝜕𝑥
+

𝜕𝑃𝑦𝑥

𝜕𝑦
+

𝜕𝑃𝑧𝑥

𝜕𝑧
) (𝛿𝑥𝛿𝑦𝛿𝑧) + 𝑋𝜌𝛿𝑥𝛿𝑦𝛿𝑧 

has the mass 𝜌𝛿𝑥𝛿𝑦𝛿𝑧 is consider to be fixed values. 

If the velocity at the point 𝑃 is 𝑞 = [𝑢, 𝑣, 𝑤] at time 𝑡. 
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The equation of motion in the 𝑖 direction is given by 

(
𝜕𝑃𝑥𝑥

𝜕𝑥
+

𝜕𝑃𝑦𝑥

𝜕𝑦
+

𝜕𝑃𝑧𝑥

𝜕𝑧
) 𝛿𝑥𝛿𝑦𝛿𝑧 + 𝑋𝜌𝛿𝑥𝛿𝑦𝛿𝑧 = 𝜌𝛿𝑥𝛿𝑦𝛿𝑧 (

𝜕𝑢

𝜕𝑡
) → (1) 

(
𝜕𝑃𝑥𝑥

𝜕𝑥
+

𝜕𝑃𝑦𝑥

𝜕𝑦
+

𝜕𝑃𝑧𝑥

𝜕𝑧
) 𝛿𝑥𝛿𝑦𝛿𝑧 + 𝑋𝜌𝛿𝑥𝛿𝑦𝛿𝑧 = 𝜌𝛿𝑥𝛿𝑦𝛿𝑧 (

𝜕𝑢

𝜕𝑡
) 

{(
𝜕𝑃𝑥𝑥

𝜕𝑥
+

𝜕𝑃𝑦𝑥

𝜕𝑦
+

𝜕𝑃𝑧𝑥

𝜕𝑧
) + 𝑋𝜌} 𝛿𝑥𝛿𝑦𝛿𝑧 = 𝜌𝛿𝑥𝛿𝑦𝛿𝑧 (

𝜕𝑢

𝜕𝑡
) 

(
𝜕𝑃𝑥𝑥

𝜕𝑥
+

𝜕𝑃𝑦𝑥

𝜕𝑦
+

𝜕𝑃𝑧𝑥

𝜕𝑧
) + 𝑋𝜌 = 𝜌 (

𝜕𝑢

𝜕𝑡
)    → (2) 

Now, consider a point 𝑢 in the 𝑥𝑦𝑧 plane at time 𝑡 

Such that 𝑢 = 𝑢(𝑥, 𝑦, 𝑧, 𝑡) 

Diff. p.w.r.t. 𝑡 

𝑑𝑢

𝑑𝑡
=

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
 

∴ The motion of 𝑃 in the direction 𝑖, 𝑗, 𝑘⃗⃗ is given by 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
= 𝑥 +

1

𝜌
[
𝜕𝑃𝑥𝑥

𝜕𝑥
+

𝜕𝑃𝑦𝑥

𝜕𝑦
+

𝜕𝑃𝑧𝑥

𝜕𝑧
] 

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
= 𝑦 +

1

𝜌
[
𝜕𝑃𝑥𝑥

𝜕𝑥
+

𝜕𝑃𝑦𝑥

𝜕𝑦
+

𝜕𝑃𝑧𝑥

𝜕𝑧
] 

𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
= 𝑧 +

1

𝜌
[
𝜕𝑃𝑥𝑥

𝜕𝑥
+

𝜕𝑃𝑦𝑥

𝜕𝑦
+

𝜕𝑃𝑧𝑥

𝜕𝑧
] 

If 𝑥𝑖 is the coordinate, 𝑢𝑖 is the velocity component, 𝑋𝑖 is the body force 

component then the equation of motion is 

𝜕𝑢𝑖

𝜕𝑡
+ 𝑢𝑗𝑢𝑖,𝑗 = 𝑋𝑖 +

1

𝜌
𝑃𝑖𝑗,𝑗 

Hence the solution. 
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5.4. The coefficient of viscosity and laminar flow: 

Solution: 

 

By the diagram, the 𝑧-plane is extended from 𝑧 = 0 to 𝑧 = ℎ. 

The plane 𝑧 is fixed between 𝑧 = 0 and 𝑧 = ℎ which is namely called fixed 

planes. 

The fixed plane has a constant velocity towards the right-side direction. 

Consider a point 𝑃 which is not a larger value moves along with a velocity 𝑣𝑖. 

(ie.,) There is no slip between fluid and the surface. 

At the point 𝑃(𝑥, 𝑦, 𝑧) the velocity 𝑣𝑖 is independent of 𝑥, 𝑦. 

When 𝑧 is fixed, the velocity is also fixed so that the fluid moves between the 

fixed planes. 

The moment of a fluid between this parallel plane is called laminar flow. 

For sufficiently large value of ℎ, the shearing stress on the moving plane is 

proportional to 
𝑣

ℎ
 

If 𝜇′ is a coefficient of viscosity which is constant then we write the stress as 

𝜇′ (
𝑣

ℎ
) 

Suppose ℎ → 0 then the stress on the fixed plane is 
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𝑃𝑧𝑦 = 𝜇′𝑙𝑖𝑚
ℎ→0

(
𝑣

ℎ
) 

𝑃𝑧𝑦 = 𝜇′
𝑑𝑣

𝑑𝑧
   → (1) 

we’ve 

𝑃𝑦𝑧 = 𝑃𝑧𝑦 = 𝜇 [
𝜕𝑤

𝜕𝑦
+

𝜕𝑣

𝜕𝑧
] 

𝑃𝑧𝑥 = 𝑃𝑥𝑧 = 𝜇 [
𝜕𝑢

𝜕𝑧
+

𝜕𝑤

𝜕𝑥
] 

𝑃𝑥𝑦 = 𝑃𝑦𝑥 = 𝜇 [
𝜕𝑣

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
] 

In the above equation, substitute 

𝑢 = 0,   𝑣 = 𝑣(𝑧),   𝑤 = 0 

⇒ 𝑃𝑦𝑧 = 𝑃𝑧𝑦 = 𝜇
𝑑𝑣

𝑑𝑧
 → (2) 

𝑃𝑧𝑥 = 𝑃𝑥𝑧 = 0 → (3) 

𝑃𝑥𝑦 = 𝑃𝑦𝑥 = 0 → (4) 

From (1) and (2), 

𝜇′
𝑑𝑣

𝑑𝑧
= 𝜇

𝑑𝑣

𝑑𝑧
 

⇒ 𝜇 = 𝜇′ → (5) 

(i.e.,) 𝜇 is constant, this is coefficient of velocity 

From (1), 

the dimension of 𝜇 is 

𝜇 =
𝑃𝑧𝑦

[
𝑑𝑣
𝑑𝑧

]
 

we know that, 

(i) linear momentum = 𝑀𝐿𝑇−1 
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(ii) Force = 𝑀𝐿𝑇−2 

(iii) Velocity = 𝐿𝑇−1 

(iv) Dimension of work = 𝑀𝐿2𝑇−2 

⇒ 𝜇 =
[𝑀𝐿𝑇−2]/𝐿2

[𝐿𝑇−1]𝐿−1
 

         =
𝑀𝐿𝑇−2

𝐿2
×

1

𝐿𝑇−1𝐿−1
 

    𝜇 = 𝑀𝐿𝑇−2𝐿−2
1

𝑇
 

   𝜇 = 𝑀𝐿−1𝑇−1 

where 𝑀-Mass, 𝐿-length, 𝑇-time 

In aero dynamics, the kinematic coefficient of viscosity 𝜗 is defined by 

𝜗 =
𝜇

𝜌
=

𝑀𝐿−1𝑇−1

𝑀𝐿−3
 

⇒ 𝜗 = 𝐿2𝑇−1 

For most of the fluids 𝜇 depends on pressure and temperature. 

For gases 𝜇 is independent of pressure but decreases with the temperature. 

5.5. Obtain Navier Stoke’s equation of motion of a viscous fluid. 

Solution: 

By the translation of motion of fluid element, we’ve 

𝑑𝑢

𝑑𝑡
= 𝑥 +

1

𝜌
[
𝜕𝑃𝑥𝑥

𝜕𝑥
+

𝜕𝑃𝑦𝑥

𝜕𝑦
+

𝜕𝑃𝑧𝑥

𝜕𝑧
] → (1) 

𝑃𝑥𝑥 = −𝑃 + 2𝜇 [
𝜕𝑢

𝜕𝑥
] + 𝜆𝛥 

𝑃𝑧𝑥 = 𝜇 [
𝜕𝑢

𝜕𝑧
+

𝜕𝑤

𝜕𝑥
]                                        } → (2) 

𝑃𝑦𝑥 = 𝜇 [
𝜕𝑣

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
]  
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Substituting (2) in (1), we get 

(1) ⇒
𝑑𝑢

𝑑𝑡
= 𝑥 +

1

𝜌
{

𝜕

𝜕𝑥
[−𝑝 + 2𝜇 [

𝜕𝑢

𝜕𝑥
] + 𝜆𝛥] +

𝜕

𝜕𝑦
[𝜇 (

𝜕𝑣

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
)]

+
𝜕

𝜕𝑧
[𝜇 (

𝜕𝑢

𝜕𝑧
+

𝜕𝑤

𝜕𝑥
)]} 

= 𝑥 −
1

𝜌

𝜕𝑃

𝜕𝑥
+

2𝜇

𝜌

𝜕2𝑢

𝜕𝑥2
+

1

𝜌

𝜕𝜆𝛥

𝜕𝑥
+

𝜇

𝜌

𝜕2𝑣

𝜕𝑥𝜕𝑦
+

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
+

𝜇

𝜌

𝜕2𝑢

𝜕𝑧2
+

𝜇

𝜌

𝜕2𝑤

𝜕𝑥𝜕𝑧
 

⇒
𝑑𝑢

𝑑𝑡
= 𝑥 −

1

𝜌

𝜕𝑃

𝜕𝑥
+

𝜇

𝜌
[2

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑢

𝜕𝑧2
] +

𝜆

𝜌

𝜕𝛥

𝜕𝑥
+

𝜇

𝜌

𝜕2𝑤

𝜕𝑧𝜕𝑥
+

𝜇

𝜌

𝜕2𝑣

𝜕𝑦𝜕𝑥
 

𝑑𝑢

𝑑𝑡
= 𝑥 −

1

𝜌

𝜕𝑃

𝜕𝑥
+

𝜇

𝜌
[
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑢

𝜕𝑧2
] +

𝜇

𝜌
[
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦𝜕𝑥
+

𝜕2𝑤

𝜕𝑧𝜕𝑥
] +

𝜆

𝜌

𝜕𝛥

𝜕𝑥
 

By kinematic coefficient of viscosity is 

𝜈 =
𝜇

𝜌
 

⇒
𝑑𝑢

𝑑𝑡
= 𝑥 −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 𝜈𝛻2𝑢 + 𝜈

𝜕𝛥

𝜕𝑥
+

𝜆

𝜌

𝜕𝛥

𝜕𝑥
 

⇒
𝑑𝑢

𝑑𝑡
= 𝑥 −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 𝜈𝛻2𝑢 +

𝜕𝛥

𝜕𝑥
(𝜈 +

𝜆

𝜌
) → (3) 

since 𝜆 = −
2

3
𝜇 for a compressible fluid. 

𝜈 +
𝜆

𝜌
=

𝜇

𝜌
+ (−

2

3
𝜇)

1

𝜌
 

𝜈 +
𝜆

𝜌
=

𝜇

𝜌
−

2𝜇

3𝜌
 

             =
3𝜌𝜇 − 2𝜌𝜇

3𝜌2
 

=
𝜌𝜇

3𝜌2
 

             =
𝜇

3𝜌
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             =
1

3

𝜇

𝜌
                         ∴ 𝜈 =

𝜇

𝜌
 

𝜈 +
𝜆

𝜌
=

1

3
𝜈 =

𝜈

3
 

Sub 𝜈 +
𝜆

𝜌
 value in (3), 

(3) ⇒
𝑑𝑢

𝑑𝑡
= 𝑥 −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 𝜈𝛻2𝑢 +

𝜕𝛥

𝜕𝑥
(

𝜈

3
) → (4) 

similarly, we’ve 

(replace 𝑢 = 𝑣,  𝑥 = 𝑦 in (4)) 

𝑑𝑣

𝑑𝑡
= 𝑦 −

1

𝜌

𝜕𝑃

𝜕𝑦
+ 𝜈𝛻2𝑣 +

𝜕𝛥

𝜕𝑦
(

𝜈

3
) → (5) 

(Replace 𝑢 = 𝑤,  𝑥 = 𝑧 in (4)) 

𝑑𝑤

𝑑𝑡
= 𝑧 −

1

𝜌

𝜕𝑃

𝜕𝑧
+ 𝜈𝛻2𝑤 +

𝜕𝛥

𝜕𝑧
(

𝜈

3
) → (6) 

This equation is known as Navier-stoke’s equations. 

The tensor form of Navier stoke equation is 

𝑑𝑢𝑖

𝑑𝑡
= 𝑥𝑖 −

1

𝜌
𝑃,𝑖 + 𝜈𝑈𝑖,𝑗𝑗 +

𝜈

3
𝛥,𝑖 → (7) 

Vector form: 

𝑑𝑣𝑗

𝑑𝑡
= 𝑦𝑗 −

1

𝜌
𝑃,𝑗 + 𝜈𝑉𝑗,𝑘𝑘 +

𝜈

3
𝛥,𝑗 → (8) 

𝑑𝑤𝑘

𝑑𝑡
= 𝑧𝑘 −

1

𝜌
𝑃,𝑘 + 𝜈𝑊𝑘,𝑖𝑖 +

𝜈

3
𝛥,𝑘 → (9) 


	Preface
	01-137

