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PREFACE
Fluid Dynamics is an important branch of applied mathematics
that deals with the study of fluids in motion and the principles
governing their behavior. It has wide applications in
engineering, aerodynamics, hydrodynamics, and other
scientific fields.
These notes have been prepared for the students of the
Department of Mathematics in accordance with the prescribed
syllabus for M.Sc. Mathematics — Fluid Dynamics. The content
covers important topics such as fluid motion, velocity potential,
vorticity, continuity equation, FEuler’s and Bernoulli’s
equations, stream functions, complex velocity potentials,
viscosity, laminar flow, and the Navier—Stokes equation.
The material has been presented in a simple, systematic, and
student-friendly manner to help students understand theoretical
concepts and problem-solving techniques effectively. Special
care has been taken to include clear explanations, derivations,
and worked examples for classroom learning, self-study, and
examination preparation.
These notes are mainly based on the prescribed textbook,
Textbook of Fluid Dynamics by Frank Chorlton, along with
standard reference materials. It is hoped that this book will
serve as a useful guide in developing analytical thinking and

problem-solving skills in Fluid Dynamics.
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Unit |

Kinematics of Fluids in Motion

Fluids:

Fluids may be divided into two kinds,

(i) Liquids and (ii) Gases

Liquids:

Liquids which are incompressible (no change in volume) the volume do not
change when Pressure changes.

Gases:

Gases which are compressible (change in volume) fluids suffer changes in
volumes whenever the pressure changes.

1.1 Real Fluids and Ideal Fluids:

1.1.1. Ideal Fluids:

An ideal fluid is a fluid that has no viscosity, it is incompressible in nature. It
has no resistance to shear stress, practically no ideal fluid exists.

1.1.2. Real Fluids:

Real fluids are compressible; they have some viscosity.

Examples:

Kerosene, petrol, water

i) In the case of viscous fluid there is a friction between the particles.

if) In the case of inviscid fluid there is no friction and consequently no
tangential (or) shearing stresses (forces).

1.1.3. Viscous Fluid: (Friction - Rough particle)

There is friction between the particles. Here we have equal and opposite
tangential (or) shearing forces on each particle at a common boundary. This is
called viscous fluid.
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1.1.4. Inviscid Fluid: (No friction- smooth particle)

There is no friction between the particles. Here there are no shearing forces or
tangential forces. This is called inviscid fluid.

1.2. Velocity of a Fluid at a point:

1.2.1. To find the velocity of a fluid at a point

All the time 't' a fluid particle is at p where OP = r and at time (t + 6t) the
same particle has reached p' were
OP' =1+ 6r
Then in the interval 6t the movement of the particle is PP’ = r
and so, the particle velocity q at P is
R
q = fm, E]
dr
Tt
Assuming such a limit to exist uniquely.

q

This assumption is reasonable if we postulate that the field is continuous.

clearly 'q' is in general dependent on both r and t so we may write g =

q(r,t).
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If p has Cartesian co-ordinates (x, y, z) relative to a fixed tri-rectangular
coordinate frame through O, then we may write

q=q(xy,z1t)
Let us suppose that [u, v, w] are the Cartesian components of g in this frame.
Then

G=ul+vj+wk
G=x1+yj+zk
Let us take
, dx N dy_,+ dzTc)
T Tl T
Were
_dx dy @ dz
YRt T T a
; ; _ dx _dy _dz
In cartesian co-ordinates, q, = =309 =g

1.3. Stream lines and path lines:
1.3.1. Steady and unsteady flows:
Suppose that at any time 't we know the velocity ¢ = [u, v, w] at each point
P(x,y, z) of the fluid.
Further suppose that at each point P at any given instant 't' we can draw a
Curve ¢ in the fluid such that the direction of the tangent at P to ¢ coincides
with the direction g at P.
Then ¢ is termed a stream line.
The stream lines are the solutions. differential equations
dx dy dz
u v w
This equation yields a double infinity of solutions.
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1.3.2. Path lines:
When the motion is steady, so that the pattern of flow does not vary with time,
the paths of the fluid particles coincide with the stream lines.
In unsteady motion, however, the flow pattern varies with time and the paths
of the particles do not coincide with the stream lines, through the stream lines
any point P does touch the path line through P.
1.3.3. The path lines are the solutions of the differential equations:

dx dy dz

“CSart T a T ar
These equations have a triply-infinite set of solutions.
| b
Yo —7
Y2
4}
qt | rg 7
?1

We know that 'g' at successive points of a stream line at any instant 't' enables
it to be approximated by straight line segments.
By the above diagram, if g4, q,, g3 denote the velocities at neighbouring points

Py, Py, Ps,......... of the stream line, then small straight segments

PPy, P,P3, P3Py, .......... are drawn in the directions g4, q»,q3 ...
respectively.

Example:
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If we draw the stream lines through every point of a closed curve I in the fluid
we obtain a stream tube.
1.5. The velocity potential:
1.5.1. Define velocity potential and prove that at all points of the field of
flow the equipotential is cut orthogonally.
Solution:
when the fluid velocity fluid velocity at time 't' is ¢ = [u, v, w]
In Cartesians, the equations of the stream Lines
dx dy dz
u v w
These curves cut the surfaces

udx + vdy + wdz=0- (2)
Orthogonally
Now, suppose that at the consider instant ‘t’, we can find a scalar function
¢(x,y, z, t),uniform throughout the entire field of flow and such that
udx + vdy + wdz =—-d¢ - (3)
(ie)udx + vdy + wdz=0

5|Page



Then the expression on the right-hand side of egn. (3) is an exact differential

eqn.,

__4% _ _do _ _4d¢ - U -
u=-——v= dy,w- o (or) q=-V¢p-(4)

¢ is termed the velocity potential if and only of curl ¢ = 0.

The necessary and sufficient condition for egn. (4) to hold of curl g = 0.
Vxq=0 - (5)

The surfaces ¢ (x,y,z,t) = Constants are called equipotential.
Equations (1) & (2) and shows that at all points the field of flow the
equipotential are

cut orthogonally by the stream lines.

Note:

i _9% 9¢ 99
i)dop = ardr+(mde+awd1/).
ii) The necessary and sufficient condition for velocity egn. (4) to be

conservative in.curl ¢ = 0

Result:
* The negative sign in the equation g = —V ¢ is a convention. It ensures
that flow takes place from the higher to the lower potentials.
*  When curl ¢ = 0, holds the flow is said to be of the potential kind.
It is also said to be irrotational. For such a flow the field of g is conservative, q
is Lameller Vector.
1.6. Vorticity vector and Vertex line:

consider the flow for which curve ¢ # 0, V x q # 0 then the vector Z = x

q ((f = A @)is called vorticity Vector.
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A curve drawn in the fluid such that the tangent to it at every point is in the

direction of 5 (vorticity vector) is called Vertex line.
If { = [T, 0, 0], then

Remark:

d d d - H
X = 22 = 22 gre equations of vertex lines.
3

4 L ¢

In general Vertex lines do not coincide with the stream lines.
1.6.1. Vortex Tube and stream tube:
We can draw the vertex line (or) stream lines through all points of closed
curve I" to form a vortex tube (or) stream tube respectively.
1.6.2. At the point in an incompressible fluid having spherical polar co-
ordinates (r, 8,1), the velocity components are
[2Mr~3cos6, Mr~3sind, 0] where M is constant. show that the velocity is
of the potential kind. Find the velocity potential and the equation of the
stream lines.
Solution:
Let r, 6,1 be the spherical co-ordinates of the incompressible fluid.
Takingds = dr# +rdf 8 +rsinb dp
From given, we've
dr = 2Mr~3cos8,
do = Mr~3siné,
dp =0
Therefore, ds = 2Mr=3cos8 7 + rMr~3sinf 0 +rsin6 01
ds = 2Mr~3cosd8 # + Mr~2sinf 6
The Potential Kind is given by
Vxqg=0
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F rd rsingy)
1 d d d
r2sind ar EY p
2Mr~3cosf Mr %sinf 0

1 ~ ~
= g (0= 0) =760 = 0) +7sinf P(M sinf(=2)r~*

VXq=

+ 2M sinfr~3)]

=0
TMmmmVxﬁzo

= [rsin0 Y (—2Msind r=3 + 2Mr—3sind)]

r25in0

= (0)

r25in0

~ Curlg=0
The flow is of the potential kind.

Let ¢ (7, 6,) be the appropriate velocity potential.
d¢

= — = —2Mr~3cos6
or

= 09
rof
d¢

DL =27

= 50 Mr~“sin@
¢

L —

rsinf 61/)

6

¢ =0
(’)1/;

= —Mr~3sin6
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dep = —¢d +%d9 +—:Zd1p

= —2Mr~3cosf dr + (—Mr~?sinf)d6 + 0
d¢p = —2Mr~3cos6 dr — Mr~2sinf do
Integrate on both sides

[do = —ZMCOSQf r=3dr — Mr=2[ sin6 do

¢ = —2Mcos€[

~2[—cos6]
r—z
¢ = —2Mcos@ <_—2> + Mr~2cos@

= McosOr~% + Mr~2cos@
¢ = 2Mr~2cosf

since M is constant

~ ¢ is the velocity potential.

The stream lines are given by
dx dy dz
u v w
u = 2Mr~3cosf
v = Mr~3sind
w=20
dx =dr
dy =rdf
dz = rsinf dy
dr rdf  rsinfdy
2Mr—3cos6  Mr—3sinf _ 0
Taking last two ratios
rsinddy
0

=k
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=>dp=0
Integrate
Y = constant - (1)
Taking first two ratios
dr _rdd
2Mr=3cosf Mr—3sinf

dr _ cos6

2r  sinb
Take integral solution, we've

1.dr cosf
S

sinf
1
Elogr = logsinf + logA

logr = 2logsing + logA
logr = logsin?0 + logA
logr = log(sin?6A)
Take exponential
elogr — elog(sinZGA)
= r = Asin?6 - (2)
From (1) and (2) are the stream lines equation.
The equation
Y = constant
So that the stream lines lie in plane which passes through the axis of
symmetry, 6 = 0.
1.6.3. Bookwork:
Show that the vortex lines and tubes cannot originate or terminate at internal

points in a fluid.
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Proof:
We know consider the flows for which
curlg #0
The vector
{=Vxg
is called the vorticity vector.

jn-(ds+fn-(ds+f n-{ds=0
58, &S 8S;

At each point of 65,

n-{(=0
since ¢ is tangential to the curved surface
thus, to the first order, the last equation gives

(ny - $1)6S1 + (ny - 3)8S, = 0 - (1)

From eqn. (1) shows that

In-{|8S
is constant over every section 65 of the vortex q.
Its value is called the strength of the vortex tube.
A vortex tube whose strength is unity is called a unit vortex tube.

Now, suppose S is any closed surface containing a volume V.
fn-(ds:fv-{dv=0—>(2)
S 14

From eqn. (2) shows that the total strength of vortex tubes emerging from S is
equal to that entering S.

They can only form closed curve (or) terminate (or) boundaries.
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Note:

In the case of Smoke rings., the Vortex lines form closed waves. On the

other hand, the vortex lines in a Whirlpool -terminate on the boundary of

the fluid.

1.6.4. Circulation:

If ¢ is closed curve drawn in a moving fluid and if S denotes on area contained

by ¢, them the circular y of the fluid velocity Q is defined to be

F=ff>-q-ds=fn‘(ds
; s

Since { =V x q . For potential flow the circulation around any closed

circuit is clearly zero.

Note:

Vortex lines and tubes cannot originate or terminate at internal points in fluid.

1.7. Local and Particle Rates of Change:

P' (prime) (x+3x, y+0y, z+32z)

Px.y.2)

Suppose a particle of fluid moves from P(x, y, z) at time t to P'(x + 6x,y +
dy,z + 8z) attime t + 6t.
let f(x,y,z,t) be ascalar function associated with some property of the fluid.
Then in the motion of the particle from P to P’, the total change of f is given
by
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of of of of
6f = aéﬁ( +£6y+£82+a(5t

Thus, the total rate of change of f at the point P at the time ¢ in the motion of

. . df 5f
thepartlclels —‘#%(&)

- lim 6f5x 6f6y aféz of
8t-0 |9x 8t ay& 9z 6t ot

__of ~of of of
—ua+v$+wa +6t

If ¢ = [u, v, w] is the velocity of the fluid particle at P,

df _ of
T oM

Similarly, for a vector function F(x, y, z, t) associated with some property of
the fluid.

we can show that

Z =@ VF+— 5@

Thus, for both scalar and vector functions we have established the operational

equivalence

e - C)
applicable to both scalar and vector functions of position and time provided
that these functions are associated with properties of the moving fluid.
From eqgn. (1) and (2) we can consider the total change in f or F, when fluid
particles move from

P(x,y,z) to P'(x + 8x,y + 8y, z + 6z)
in time 6t.
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Thus, Z—’;,Z—I; are total time differentiations following the fluid particle and are

called the particle rates of change.

o o

On the other hand, the point P(x, y, z) considered. 50’ ot

are only the time

rates of change at the point P(x, y, z) considered fixed in space, they are the
local rates of change.
It follows that q - Vf (or) q - VF represents the rate of change due solely to the
motion of the particle along its path.

Hence the proof.
1.8.1. The Equation of Continuity:
Find the equation of continuity in fluid.
Proof:
When a region of a fluid contains neither sources nor sinks, that is to say.
Then the amount of fluid within the region is conserved in accordance with the

principle of conservation of matter.

QU

AS 1
0S

Let AS be a closed surface drawn in the fluid and taken fixed in space.
Suppose it contains a volume AV of the fluid and let

p=pxyzt)
be the fluid density (mass per unit volume) at any point (x, y, z) of the fluid in

AV at any time.
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Suppose 7 is the unit outward drawn normal at any surface element &s of AS

were
0s << AS

Then if g is the fluid velocity and the element §s, the normal component of g

measure outwards from AV is

n-q

Thus, the rate of efflux of fluid mass per unit time across

6s =pii-qds
Total rate of mass flow out of AV across AS

j pfi-qds
45

Total rate of mass flow into extract in same format

AV:—f n-(pq)ds
48

AV = —f V- (pq)dv
AV
At time t, the mass of fluid within the element is
_[ p dv
AV
Local rate of mass increase within

AV p dv

_aAV

- (1)
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dp
AV = j — dv - (2)
Ay Ot

In the absence of sources and sinks within AV, matter is not created (or)

destroyed in this region, so that

f a—idv=—f V- (pq)dv

From (1) and (2),

1+ @,

LV {Z—[:+V-(pq)}dv=0

This last relation is true for all volumes AV
It 2+7-()=0 ()
This is the general equation of continuity which must always hold at any point

of a fluid free from sources and sinks.

Since

V-(pq)=pV-q+Vp-q
other forms of (3) are

dp
2 TPV-ata-Vp=0 - (4)

@, v.a=0 (5)
o .
Vg

d
a(Zng)+V-q=0 - (6)

Hence the proof.
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Note:
e For steady flow in which the pattern does not vary with time at any
location

dp

E_O

From (3)

‘3—’;+V-(pq)=0=>\7-(pq)=0
e For an incompressible fluid the density of any particle is invariable
with time so that
dp
==
e For homogeneous and non-homogeneous incompressible fluid p is

0

constant throughout the entire fluid.

e From (5)
dp
e V-a=0
dt +pV-q
the equation of continuity is
V-gq=0

e If the flow is of the potential kind, then there exists a velocity
potential ¢ such that

q=-V¢
V-gq=0
V-(Vp)=0
Vip =0

which is a Laplace equation.

1.8.2. Problems:
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Test whether the motion specified by

_ K] —yD)

1=y
(k — constant) is a possible motion for all incompressible fluid. If so,
determine the equations of the stream lines. Also, test whether the motion
is of the potential kind and if so, determine the velocity potential.

Solution:
Given:
q= kzx(:q% — (1) (k — constant)
For an incompressible fluid, we've
V-g=0
i-file ] L
0 oy x%+y?

0 -y X 0
N 2(__ - _
axk ( +y)+6yk (x2+y>+az(0)

(x* +y2)(0) +y(2x)  (x* +y*)(0) —x(2y)

= k2
(x% + y?)2 (x? + y?)2
_ 2 2xy — ny] _
(x% + y2)?
V-g=0

Thus, the equation of continuity for an incompressible fluid is satisfied and so
such a motion is possible.

The cartesian components of velocity are ¢ = [u, v, w]

__0¢ __0¢ _ 09
S T o V= ay’ Y="%2
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L R PR R P
were
¢ =¢xyzt)
Let
k%y k2x
= —m, v = m, w=20
The equation of stream lines is
dx dy dz
v
dx _dy  dz
k2y — k2x 0

- X2 + yz x2 + yz
considering the first two ratios,

dx dy
_k2y T k%x
x2 + y2 x2 + y2
dx dy
-y x
xdx =—-ydy

Integrate on both sides
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x2+y?2=C-(2)
Now,
dz=0
z=C- (3)
Thus, the stream lines are circles whose centers are on the z-axis, their planes
being perpendicular to this axis.

= curlg =0

>V xg=0
7 j K
0 0 0
Vxq= 0x dy 0z
k%y k?x 0
xZ + yZ xZ + yZ
101 — ol + B2 (25} — 2 (_ Ky
- l[O] ][0] tk [6x (x2+y2) 6y( x2+y2)]
— kK2 [(x2+y2)(1)—x(2x) (*+y?) W)=y (2y)
= (x2+y2)2 (x2+y?2)2
_ e 2x2 4 2y?% — 2x% — 2y*?
(x2 + y2)2
=0
sV X (Ti =0
Thus, the flow is of the potential kind and we can find ¢ (x, y, z) such that
qg=-v¢
., 0, 0, 0¢-
1= " 5x' " 3y) "5z
(ie.)d =ul+vj+wk
—_9 _ _9¢ — _9¢
Were u = P V=g w=—-
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2 2
From (6),

¢ =o¢Mxy)

From (4),

ap  k%y

dx x?+y?

Take Integration

¢
fadx— yf 2+y

1 (X
¢=k2y-;tan 1(;)+C
L (x
¢ = k?tan 1(;)+C
PutC = f(y)
e
= $(xy) = Ktan™ (T) 4 £0) > ()

Diff. w.r.t to y, partially

0p 1 x ,
@—H—sz(yz)w(y)

k?x
= >+ f'(y) > (8)

x2+

Comparing eqn. (5) and (8),

x +FO)

_x2+y2 x2+y2
=f'»=0
f)=¢C

As the constant is immaterial, we may take
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X
B0 y) = kPtan (2)

y
The equipotential are given by the planes
udx + vdy +wdz =0

- Ky dx + Kox dy+0=0
xZ + yZ xZ + y2
k?y k2x
T x2+y2 T +y2dy
=>ydx=xdy
dx dy
x y
Take Integration on both sides
fE=12

logx = logy + logc
logx — logy = logc

l (—)—l
o = logc
9 g

x
>—=c
y

X =yc
Hence the proof.
1.8.3. For an incompressible fluid, g = [-wy, wx, 0] (w — constant).
Discuss the nature of the flow.
Solution:
Given;

qv = [_wy; wx, 0]
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VXgq, =

Pl ~
glo—
o Q| =l

—wy wx

= 1(0) = J(0) + ¥ [ 32 (@x) + 3> (wy)]

[w+ w]

Il
N &L

wk

Vxqg,#0

Thus, the flow is not of the potential kind.
Since

q = [—wy, wx, 0]
It can easily be shown that a rigid body rotating about the z-axis with constant
vector angular velocity wk gives the same type of motion.
For the velocity point (x, y, z) in the body is —wy? + wxj

4y = [-wy, wx, 0]
V-q= [?:—x +f%+ I_é:—z] [—wy, wx, 0]

=1(0) +j7(0)+ 0

V-gq=0
The equation of the stream line is
dx dy dz
u v w
dx dy dz
-wy wx 0
Consider the first two ratios, we get _dey = %
= wxdx = —wydy
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Integrate on both sides

Also,
dz=20
z=c- (2)
(i.e.,) Equations of stream lines are circles.
Hence the solution.
1.8.4. For a fluid moving in a fine tube of variable section A, prove from
first principles that the equation of continuity is

492,92 ovy=o
at " 9s PV T

where V is the speed at a point P, of the fluid and § is the length of the

tube up to P. What does this become for a steady incompressible flow?
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AR

oy

K

v
WY

Solution:

Let OPP' be the central stream line of the tube and

let S, S+ &s be the arc length of OP, OP'.

Let V be the fluid velocity at P and A4,

the arc of the section at P.

Since the tube is a fine bore, we may assume conditions are sensibly constant
over the section A.

So that the rate of mass flux over A in the sense of S increasing is pV A per
unit time.

At the neighboring section A’ through P’,

the mass flux per unit time in the direction of S increasing is

9
VA + 68s-— (pVA
pVA + 6s aS(p )

at the same instant of time ¢.
Thus, the net rate of flow of mass into the element between the sections
A, A+ 6A (fixed in space) is

25| Page



0
=) (—) VA 1
s{35) VA = (1)
But at time t, the mass between the sections is pAds and so, its rate of

increase is
7] ap
52 (pABS) (01) 37 (465) > (2)

In the absence of sources and sinks then we've

ss2L ovay = 2P (ass)
S5 PV = g 08

d dp
— (pVA) + —(A) =
55 (PVA) +50(A) =0

A a_p + i (ApV) =0
at 0s

For steady incompressible flow, p is everywhere constant and the equation
reduces to

d

s (vd) =0

d(vA) =0

Integrate on both sides

[d(wA) =0

= vA = constant, over every section.

The volume of fluid crossing every section per unit time is constant.
Hence the solution.

1.8.5. liquid flows through a pipe whose surface is the surface of

revolution of the curve

B +kx2
y=a a
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about the x-axis (—a < x < a). If the liquid entersat theend x =

—a of the pipe with velocity v, show that time taken by a liquid particle to

traverse the entire length of the pipe fromx = —atoais
( 2a )(1+2k+1k2)
v(1 + k)2 3 5

[Assume that k is so small that the flow remains appreciably one

dimensional throughout]

Solution:
Fy

\ -~
—>9p _41//

- +>v, x ¥

X X

=4 M g R
- | L

Let Vo be the velocity at the section x = 0.
The area of the section x = —a iswa?(1 + k)? and x = 0 is ma?

The area of the section distance x from 0 is

o ()

and so, the equation of continuity is

wa’(1 + k)?v = ma?V,

2

=n{a+(%)} v (V=X)

Compare first and last terms
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kx
ma?(1 +k)?v = n{a +—} x

22 ) kx?)” dx
(1+k) v = a+7 E

<a+k%)
dt =————d

T a?2(1+4k)?v x

(az + kx2>2

T a?(1+k)2v
1 (a® +kx?)?
a?a?*(1+k)?v
. 1 [a4 + kZx* + 2a2kx2] .
1+ k)?v

Integrate on both sides

dx

a?

fdt [m]f (Cl +k2x4 + Zkazxz)dx
t= mf (Cl + k2X4 + Zkazxz)dx

2
T at(1+k)?v

2 . kPa® 2
a’ + +§ka

[ . k?x®> 2ka®x ]
a*x + +
0

- a*(1+ k)?v

= : 51+k2+2k
T+t 53

A PO P
T (A +k)2w 3 5

Hence the solution.
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1.8.6. Book work:
Find the acceleration of fluid particle travelling along a curve ¢.

Solution:

P
) ~9

tangent

0

A fluid particle travelling along a curve ¢ at time ‘t’, its position P is specified
by

0P =r
and its velocity ‘q’ along the tangent at P to ¢ is in the direction of the
particles of motion.

Then the instantaneous acceleration ‘f” at P is

f= +qu~U)

Taking the cartesian components of g as [u, v, w] this shows that the

aq _
at

components of acceleration are

du_6u+ 6u+ (’)u+ Jdu
. at  dx 9y 0z

u— UV— wW—
dt ot 0x d 0z
dw ow ow ow ow
@ T TV, Wy 2@
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In tensor form, with co-ordinates the set of equations from (2) could be written

as
au; 6UL
Wi %t yu,; — ()

The vectorial form from eqgn. (1), the term (g.V)q may be developed in a form

(@Mq=X {(q- ) S—Z}

consider,

@igi=(agg)i-an(ing)
=15 (G0) —an(125)
=v7(3¢®)-aA(TAq) —@)

Sub (4) in (1), we get

f——+|7(2q ) an(VAq)
This equation is known as acceleration of fluid.
Note:
If the flow is potential kind
VAgq=0

~ The acceleration of fluid becomes

f-Seo(ie)
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1.8.7. Condition at a rigid boundary:

sy
n

T
-
e .A’
7 - — 7 7
7 Fﬂ,u}'//
7 -
7

/ - = 7T

&l

P is a point on the boundary where the fluid velocity is g and where the

boundary has the velocity U.
If 71 specifies a unit normal direction at P, then since there must be no relative
normal velocity at P between boundary and fluid.
We must have the two normal components equal.
(i.e)
Ggi=U.1
In the case of viscous fluid this is the only condition.
For viscous fluid in which there is no slip, the tangential components must
also be equal.

In the case when the boundary is at rest, we require
=0

Sy

q.
at every point of the boundary.
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Unit - 11

Equations of Motion of a Fluid

2.1.1 State pascal’s law for static fluids.
(or)

Pressure at a point in a fluid at rest.

e When the fluid is at rest. The pressure at an internal point P is the
same in all directions. Thus, in the above considerations, the
orientation of A is immaterial.

e The pressure at all points at the same depth below the free-horizontal
surface of a fluid at rest is the same. At a point P distances h below the
free surface, the pressure is © + pgh where « is the atmospheric
pressure at the free surface, p the fluid density and g are the
acceleration due to gravity.

e Ifany pressure is applied to the free surface of a fluid, it is transmitted

equally to all parts of the fluid.

Hydro static pressure:

The value of this unique limit
lim 6—F =
54-0 0A

then P is called the hydrostatic pressure at P.

P

2.2.1 Derive the pressure at a point in a moving fluid.
(or)
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Prove that any point P of a moving inviscid fluid the pressure P is the
same in all directions.

(or)
Prove that any point P of a moving inviscid fluid the pressure P is
independent of the orientation of dA.

Proof:

[L,m,n]

X
We consider the motion of an elemental tetrahedron PQRS of fluid.
Whose edges PQ, PR, PS are taken parallel to the coordinate axis OX, OY,
OZ and of length 3x, dy, 6z at time t.
The tetrahedron is moving with the local velocity q of the fluid at P.
Let P be the pressure on the triangle QRS and 6S its area.
Further suppose that direction cosines of the normal to 6S drawn outwards
from the tetrahedron are [I, m, n].
Then the total force exerted by the fluid outside the tetrahedron drawn on the
face QRS is

—PsS(lT+mj + nl_é) =— %P(éyt?z? + 6z6x] + 6x6yE)

Since
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1
[6S = area of face PRS = Eé‘yé‘z
1
méS = area of face PQS = E(SZ(S‘x

1
ndS = area of face PQR = E6x6y

Now, suppose Py, P, P, are the pressure on the planes PRS, PQS, PRQ.

Since the area of these faces are respectively
! 8yé ! 6z6. - dx8
> V0Zz, > Z0X, > x0y
the forces exerted on them by the outside fluid are respectively
1 L1 L1 S
EPx6y6ZL, EPySde], EPZ&cSyk
Thus, the total surface force on the tetrahedron is
1 R R S
E{(Px — P)8y6zi + (P, — P)b6z8x] + (P, — P)6x8yk}

In addition to the surface forces the fluid element may be subject to body
forces which are due to external cases, such a gravity.

Let F be the mean body force per unit mass within the tetrahedron, so that
% pFéx6y6z is the total body force acting, p being the mean fluid density.

Then, the net force on the element is
1 R . o1
E{(Px — P)dydzt + (Py — P)6z6x] + (P, — P)6x8yk} + gpF(ch?yc?z

Now, let g be the velocity at P then % is the acceleration of P so that if the

mass % pdxdydz say constant,

The equation of motion is
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1 ) ) 1
E{(Px — P)dydzt + (Py — P)6z6x] + (P, — P)Sx8yk} + gpF8x8y8z

_ L sxsysr &
—gpxyza

This equation contains quantities of the second and third order of small
guantities.
When we make edges of tetrahedron vanishingly small, we’ve
%[(Px — P)8yézi + (P, — P)62z6x] + (B, — P)8x8yk] = 0
so that equating coefficients of the unit vectors at once.
(i) (P — P)dyszi = 0
>P—P=0
P, =P
Similarly,
P,=P
P,=P
“P,=P,=P,=P
Since the choice of axes is quite arbitrary, this establishes that at any point P
of a moving inviscid fluid the pressure P is the same in all directions.
Hence the proof.

2.2.2. Conditions at a boundary of two inviscid immiscible fluids.

Solution:
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o
P - Pressure

J1 «— ™
@

Te

J, «<—

s

By the diagram, the two fluids separated by a plane boundary, their velocities
at P and the boundary being g, and g, respectively.
Consider a small cylindrical hot box shaped element of normal section S
containing P and projecting into both fluids, it is generated as being normal to
the surface.
Since there is no fluid transfer across the boundary.

P,8S = P,68S

=>P =P

In particular for the case of a liquid in contact with the atmosphere, the
pressure at the free surface is the same as that of the atmosphere.
2.3.1. Euler’s equations of motion with suitable examples.

Solution:
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At time ‘t’, suppose that AS denotes the closed surface of the particle of a
moving fluid.
The particle moving along with the fluid with velocity g.
We take the particle to be of a fixed mass pAV, p being the density and AV the
volume.
As and Av are to be made vanishingly small.
Suppose that §s (<< 4s) is a surface element of As and that ‘n’ is the unit
normal vector to ds, drawn outwards from the particle.
If ‘p’ denotes the fluid pressure at ds, then since ds is moving locally with the
fluid, the force on it due to the fluid outside the particle is

—pdsn.
Hence the total surface force on the fluid particle due to the actions of the

surrounding is

—f npds=—f Vpdv
As Av

Let F be the body force per unit mass at any volume element év (<< Av) of

the particle.
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Then pFAv, is the body force on the element év and so that total body force
on the entire particle is

f pF Av.
Av

Since the mass of the volume element év is pdv, that of the entire fluid

f p dv.
Av

Hence the equation of motion of the fluid particle is

particle is

but this mass is constant.

dq
(pF —Vp)dv=—1| pdv
Av dt Av

The terms on the left-hand side represents the total force acting.
‘;—z is the acceleration of the fluid particle.

To the first order this equation approximates to

oF — 7p)av = 22 o4
pF = Vp)dv = — pdv

so that in the limitsas Av —» 0
dq (pF —Vp)dv

dt pVv

dq v
—=F-—-(»1
It ’ - (1)

This equation is known as Euler’s equation of motion.

Other forms of Euler’s Lagrange equation
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dq 1
— Vg=F—-=V
at+(q )q ’ p

Z—Z+ V(%q2>—q/\(l7/\q) = F—%Vp - (2)
In tensor form with x; as coordinates u; as velocity components
F; as components of body force (i = 1,2,3)
The equations of motion may be written,
aU;
ot
Hence the solution.

1
+ U]Ul'] = Fi - Epii.

2.3.2. AB is a tube of small uniform bore forming a quadrantal arc of a
circle of radius ‘a’ and centre O, OA being horizontal and OB vertical

with V below O. Then the tube is full of liquid with density p the end B
being closed. If B is suddenly opened, show that initially % = 27‘9,

where u = u(t) is the velocity, and that the pressure at a point whose
angular distance from A is 0 immediately drops to pga (sinﬁ — %) above

atmospheric pressure. Prove further that when the liquid remaining in

dzf =29 gin? (E)

the tube subtends at an angle f at the centre Az = ap >

Solution:
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Step:1
By diagram arc AP = S,

at time ‘t’.

AP'=S+6S

The equation of motion of the element PP’ along the arc in the direction of S

increasing is

Now,

du P 10P o)
- = —_—_—
dr 9% T 555

du _ ou N ou

dt ot Y 3s

du ou N d [(u? )
- = —_ ] —] -
dt o0t o0s\ 2 @)

where y is the depth of P below OA.

Hence the equation of motion is from (1) and (2),

ou 9 (u? 10P
E+$ — | = gcos — ——

2 p 0s
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ou 0 <u2> dy 10P

RAFTREPN 9% 55~ ®

Integrate eqgn. (3) both sides w.r.to S keeping ‘t’ is constant.
ou 0 1.0P
f—ds+fas< )ds—fg ds——f—ds

=>Sau+1 z 1P+ t 4
L Wl =gy—= R
ar Tz T f®) -4

Since at any time ‘t’ 2_1: is the same at all points of the liquid.

Initially, takingt = 0,at Awehaves =0, u=0P =

7 [the atmospheric pressure], y =0
/s
(4)=>0= —;+f(0) - (5)

Also, whent = 0, at B we’ve

széna, u=0, P=m y=a
ma du s
4) =>7a—ga—;+f(0) - (6)
Sub (5) in (6),
ma du
209t 9°
Ju Zga
at  ma
du 2g
Frinie att=0-(7)
Hence,
du Ju du 2g
(E)tzo - (e “a)t_o 3
Step:2
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From (4), take S = (g - ﬁ) a

y=acosBP=m

The conditions at the upper free surface then

Sa—u+1u2=gy—1P+f(t)
at 2 p
(——B)aa—+1u gacosﬁ—z+f(t)—>(8)
2 P
Also, in eqn. (4),
take
S=%an
y=a
P=mn
ardu 1 , T
> 6t+_u =ga—;+f(t) 9)
From eqgn., (8) - (9),
ma du ou 1 , madu 1 ,
75‘“5*5“ a7

= gacosp - ; +f(t) - ga% — £ ()
ou _ 1
~pa- = ga(cosf 1)

du _ 1
—Pasr = —ga(l — cosp)

ou _ —9a 4 _
% = Tpa (1 — cosp).

3—1; = %(1 — cos2 (g))
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5= (25
2[;g<sm g) - (10)

Now consider,

0
u=75.(3-8)e

ap
u——aa+0

ou 0 OB
at a&(‘%)
ou 9%p

From (10) and (11),

0°p 2g B
—W(a) =Fsm (2)
2

:%= z—zsinz (ﬁ)
Step: 3

From (4),

Ju 1 1
sa—+2u —gy—;P+f(t)
takes =af, u=0, t =0, y = asinf
du 2g

at =

P
ae?g+ 0 = gasin6 —;+f(0) - (12)

From (5),
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V4

f(0) = P (13)

Sub. (13) in (12),

2ag0 . P =

= gasind ——+—

p p

2ag0 . m—P
— gasing =

26
pga (7 - sine) =m—P

26
:pga(sine —7) =P—-m

Hence the solution.
2.4.1. Derive Bernoulli's equation.
(or)
Deduce Bernoulli's equation of motion from the Euler’s equation and
explain how it is used in the pitot tube in measuring the velocity of fluids.
Solution:
Let us suppose that the body forces are conservative and that the flow is of the
potential kind.
Then there exists a scalar function 0, ¢
such that
F=-V2 and q=-V¢
then
VAq=0
By the other forms of Euler’s Lagrange’s equation

aq+\7(1 2) AT AG) =F ——pp
TV (54)—a ) =F-
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:>aq+|7(1 2>—F 1|7P “VAgqg=0
T qc ) = ) 8 q=
~q=-V¢
> — |76¢+\7(1 ) V0 1|7P (1)
—_— —_ — —_— -
at 1 p

let r be the position vector of the fluid particle at time ‘t’

and let dr be an instantaneous displacement made in the position of the
particle at these instant ‘t’.

Then scalar multiplying, egn. (1) by dr and using drV2 = dR and V = d

d¢

1
— —d0——dpP
a)+d( q) a0 -—~d

1) = d(

subject to ‘t’ be constant.

Rearranging and integrating
1
a2+ fafzar|=~fan— 1 Zap
2 p
dp
—gr 30 =0l 4

JP 20+ [T =fO > @

where f(t) is an arbitrary function of ‘t’.

Arising from the integration in which ‘t’ is being kept constant.
From equation (2), is Bernoulli’s equation in its most general form
The other forms of Bernoulli’s equation

(i) For steady motion

%9

ot =~ 0

and f(t) is constant.
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1, dpP
4 +0+ [ 7 = constant - (3)
(it) The fluid is homogeneous and incompressible so-that p is constant
1, P
4 +0+ E = constant - (4)

Hence the solution.
2.4.2. Derive the pitot tube.

Solution:

water velocity

Let P be the pressure in the stream where the fluid velocity is q.

Then, P is also the pressure on the inside and outside of the hole and hence
also at the meniscus D of the mercury on the U-tube.

Considering the stream entering the tube AB, this is brought to rest at the
meniscus C.

Let P, be the pressure here. Then by applying Bernoulli’s equation along the
stream line extending from infinity, entering the inner tube at A and being

finally brought to rest at C

1

P P
Zg24_=_0
2q+p

)
where p is the density of the water.
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1, P P

>-q-=——-—

2 p P

Py—P

v =2(=)
p

= E(P—P)
q= P 0

The pressure difference (P, — P) is measured from the difference in levels of
mercury.
In fact, if h is the difference and o, the density of the mercury
Py — P = gho
Thus, the ambient velocity of the stream of water is measurable.
The device is also very suitable for measuring subsonic air streams.
At low speeds air may be treated as an incompressible fluid.
Hence the proof.
2.4.3. Explain venturi tube.
Solution:
The venturi tube is a device for measuring flow in a pipe.
The pipe is steadily constricted from a section S; to a much smaller section S,.
U-tube serving as a mercury manometer being inserted between the broad and
narrow sections at A and B.

Let g4, g, be the fluid velocities at A and B and P; and P, the pressure.
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\|r —> Mercury

%
S TTTTT

The section of areas being S;, S, at these locations the equation of continuity,

taking the fluid to be incompressible is

7151 = @25, — (1)

Applying Bernoulli’s equation along central stream line from A to B,

b 1, P 1,
4= — 4“3 = 2
’ + 5 di ) + 54z 7 (2)
p being the density of the fluid.
From (1) =
_ 4151
q: _52
, _ St
q2 522

Sub g2 inegn. (2),

P, 1 P, 1/(q?S?
— st =5
p 2 p 2\ S;

i,% _laiSi P P

TS T
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2 _ (Pz - P1> 252
. pI\S-5t

28%(P, — Py)
= |
! p(S%—SP)

_2522(P1 - Pz)
q = _—
NG

_ 255(Py — Py)
p(Sf —S3)

eqn. (3) clearly shows that P, > P,

q1 - (3)

(i.e.,) The fluid pressure is minimum at the constriction.
This result is rather surprising intuitively certainly g, > q4.
The result must mean that when one dimensional flow is constricted the
pressure energy of the fluid is mostly converted into kinetic energy.
If h is the difference of meniscus in the mercury manometer and o,
The density of mercury

P, —P, =0gh - (4)
From (3) and (4),
unable g, to be found.
The mass of liquid flowing through the unconstructed part of the pipe per unit
time is pg, S;.
2.4.4. A long pipe is of length ‘I’ and has a slowly tapering cross section. It
is inclined at angle o to the horizontal and water flows steadily through it
from the upper to the lower end. The section at the upper end has twice

the radius of the lower end. At the lower end, the water is delivered at
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atmospheric pressure. If the pressure at the upper end is twice
atmospheric. Find the velocity of delivering.

Solution:

Let g4, g, be the entry and exit velocities.

2a, a, the radius of the entry and exit sections.

Take the horizontal through the centre of the entry section as zero level of
potential energy.

When the flow is steady, taking m as the pressure at exit and 2 at entry,

Bernoulli’s equation is

1, P
=q“ + ) + — = constant.
2 p

(or)
2 1, T 1, )
?+Eq1+0=;+§q2—glsma—>(1)

since glsina is the potential energy per unit mass of the gravitational force at

the lower end.
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Further, the equation of continuity, since the fluid at the lower end.
The fluid is incompressible is
q1m(2a)* = qzn(a)® - (2)
= q,m4a? = q,ma’

q,ma?
q1 =

m4a?
_2
a1 4
Sub g, inegn. (1)

2t 1 q; 2 T 1 2 .
> — ( ) —;+E(q2) — glsina

p 2\4

2n w ) 1, 1,

7—E+glsma=§q2—3—2q2
s 1542
E+glsina= 3;12

This is the desired exit velocity.
Hence the proof.

2.5.1. Discussion of the case of steady motion under conservative body
forces.
Solution:
Bernoulli’s equation was derived for potential flow under conservative body
forces.
We know steady cases that arise when the flow is no longer of the potential
kind but is steady.
The body forces are still assumed to be conservative.
Euler’s equation of motion written in the form

6_q+ V(lqz)—qA( = F—lVP

at 2 p
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were

(=VAq,
the vorticity vector.
If the forces are conservative, then

F=-V0
So that the flow is steady

dq 1 1
E+V(§q2)+;VP+ VR =qAQ
Veq2+f%?+ﬂ>=qA(
scalar multiplying this equation through by dr,a time independent variation in
the position vector r of the fluid particle,
d(%q2+fd?p+[2) —dr-qA7 ~ (1)

Case (i):

qn¢=0
This is realized when either,
(i) g and ¢ are parallel.
(i.e.) when the stream lines and vortex lines coincide. For such a motion q is
termed a beltrami vector.
(ii) when ¢ = 0 the condition for potential flow.
From egn. (1) RHS will be zero

d(%q2+f d?pﬂz) =0

at all times throughout the entire flow field.

Now, integrate on both sides
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fd(%q2+f %p+[2) =0
%q*+ [ dp/p + 2 = constant - (2)
Throughout the entire field of flow, the constant is the same throughout the
entire field.

Since the differential ‘dr’ in eqn. (1) is any arbitrary small variation on the

Position vector ‘r’ in the field.

Case (ii):
gqN{ #=0
Now, g A ¢ is perpendicular to the vector q, .
Hence, if dr # 0thendr.q A { = 0 wherever dr lies in the plane of g, {.
Thus, if we take the variation dr in the surface containing both the stream lines

and vortex lines from eqn. (1)
1 dp
— 2 JR— —
d(5q + J >t 0)=0

take integration,

1 d
qu + [ 7p+_(2 = constant - (3)

over a surface containing the stream lines and vortex lines,

we note that the constant in egn. (3) is the same everywhere on any one such a
surface, but that its value varies from one such a surface to another

Also, equation (3) holds,

Irrespective of whether the motion is rotational (or) irrotational.

Hence the proof.
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2.6.1. Some flows Involving Axial Symmetry.
Let ¢(r, 6,1) be the velocity potential at any point having spherical polar co-
ordinates (r, 8,v) in a field of steady irrotational incompressible flow.

Then in this co-ordinate system, the Laplace equation is V2¢ = 0

¢ ¢ 1 (92¢) _
S”‘“’a(" o) +%(Sm‘9 36) * sinp (W =

(or)
9%¢ 0%¢ 1 9%y
. 2 - r . —
sinfr 572 + sinf 302 + 5ind 3y
where there is a symmetry aboutaline 8 =0, ¢ = ¢(r,0)
d¢ d¢
sin@ F (r 5) + T} (sm@ %) 0 - (1)
It is easily confirmed by direct substitution that special solution of egn. (1),
¢ = rcos6
1
¢ = r—zcose

~ The General solution of eqn. (1)

¢(r,0) = (Ar + Br=?)cos@ - (2)
We now investigate a number of flows with axial symmetry which have
solutions of egn. (2).

Hence the proof.
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2.6.2. Explain (stationary) sphere in a uniform stream.
Solution:

o
'\(\\‘(\9\5‘3 4
o

hp(r, 6, w)

By a diagram a solid stationary sphere of radius a placed in a uniform stream
of incompressible fluid.
For which the undisturbed velocity is —U;, where U is a constant and i is a
constant unit vector in the direction 0X, the axis symmetry.
PM is perpendicular from P on 0X and OM = x.
The spherical polar co-ordinates of P are (r, 8,1) referred to 0X as the line
6 =0.
Thus
X = rcos6

In the absence of the sphere, the flow would be uniform and parallel to W,
the velocity everywhere being —U;, which is clearly =V (Ux).

U, = U,cos0
When the sphere is inserted, it will produce perturbation of the stream.

The stream lines are disposed around the sphere.
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Consequently, their undisturbed potential Urcos@ of the parallel flow has to
be modified by a perturbation potential due to the presence of the sphere.
The following conditions

e |t must satisfy the Laplace equation for the case of axial symmetry.

e It must tend to zero at large distances from the sphere, so as to recover

the conditions of uniform parallel flow at infinity.

cos@

A harmonic function satisfying these requirements is =
(2) = ¢(r,0) = Arcos6 + Br~2cosf
¢(r,0) = Urcosf + Ar~2cosf (r=a) - (1)
For the velocity potential at P(r, 8, ¢) when the sphere is inserted in the
stream.
The constant A in equation (1) is determinable from the fact that there is no
flow to the surface r = a.

Diff. eqn. (1) with respect to r,

d
a—(f = Ucos6 + A(—2r)"3cos6

2A
= Ucosf — r—3c059

do 24
(—) = UcosO — — cosb
or/r—q a3

Let (Z—‘f)rza =0

24
UcosO — —36059 =0
a

24
UcosO = —30059
a

a3Ucos@
AcosO = — - (4)
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Sub A in (1), we get

a*Ucosd _,
¢(r,0) = Urcos6 + — T

&
¢(r,0) = UcosB |r +7r'2

Since % on the sphere is correctly determined by egn. (2) gives the correct

uniform velocity —U; at infinity, we infer that the egn. (2) is unique.
The velocity components at P(r, 0,y) forr > a

d¢

ar

— 13 -3
qr = —Ucos6 [1 +-a (—2r )]+0

qr =

a3
q, = —Ucos6 [1 - r_3] - (B)

(1, % ﬁ) for spherical coordinates
10¢

=739

=2 [U(—sinB) (r + %a3r‘2) +0

T

— 1 1.3.-2
—TUSlTlg (r+2a T )
1
qe = Usin® (1 + §a3r‘3) - (0)
_ 1 0d¢
T = rsinf 0y
qy =0 - (D)

The stagnation points of the flow all those points, if any where the velocity

q=0.
These are found from the equation
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1
Ucosf(1 —a3r=3) = 0 = Usinf (1 + Ea3r_3)
¢
= —— =
ar
= —Ucosf(1—a3r3) =0
= Ucosf(1 —a’r™3) =0 - (%)
10

=0
r oy

0

1
= Usinf (1 + Ea3r_3) =0 - (%%)
From (*) and (%),
1
Usinf (1 + Ea3r‘3) =0

UcosO(1—a3r=3) =0

since r = a are consistently satisfied only by r = a, sinf =0

(ie)byr=a, 6=0(r)m
These corresponds to the points A4, B.

We can find the stagnation pressure P, at A.

By applying Bernoulli's equation along the stream line along XA.

Taking P,, to be the pressure at co where the velocity is —U;.

1, P
=q“ + 2 +— = constant.
2 p

Po 1 . P
24U ==+0
p p

2
Fo i1z b0
p 2 p

1
P0=Poo+EpU2 - (3)

The pressure at any point c(a, 8, 1) on the surface of the sphere may be found.
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Atsuch apointr =a
a3
(B) = q, = —Ucosf [1 - r_3]

=0

1
(C) = q9 = Usinf [1 + §a3a‘3]

3
= —=Usind
do 2 Sin

Applying Bernoulli's equation along the stream line XAC, if P denotes the

pressure at c.
P+1<3U'9)2—P°°+1U2
FRAY: sin =5 13

P 9 P, 1
—+-U?sin?g = — + - U?

p 8 p 2

P P, 1 9

—=—+-U?%—--U?sin%0

p p 2 8

P=P EUz[l—gsinZH] - (4)
<2 4

Now minimum sin?6 = 1

p 9
p =Poo+—U2<1——)
2 4
minP = P, —%pUZ

The minimum pressure occurs on the equatorial liner = a, 6 = g

When minp = 0
5p

Pp——U?=0
8
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—U? =P,
8
y2 = 8P
5p
< 8= )
= |— -
S5p

This indicates that when the speed U of the undisturbed stream is increased a
point will be reached at which the pressure everywhere along the equatorial

line

r=a, 0= 5
fall to zero.

At this stage the fluid will tend to break away from the surface of the sphere
along the equatorial line.

Fig.

Then the thrust on s is P s along PyO where P is given by (4).
The zone bounded by the circle is along X0.
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The component of the thrust on the zone is along X0 and

f Pcos@&schost 0s
zone

zone

= Pcos6(S)
= PcosO(2ma®sind 56)
since Pcos@ is to the first order constant over the zone.

of amount

Hence the total thrust on the hemispherer =a, 0<6 < g

1 9
2ma®sinfcosé (Poo + EpU2 - ngzsin29> de
/2 1 9
= 2ma? f sin fcosh (POO + EpU2 — §pU25in29) de
0

/2 1 9
= nazf sin 26 (POO + EPUZ — §pUzsin29) de
0

/2
= ma? f sin 26 P., d6
0
/2 1 /2
+_[ —sin26 pU? d6 —j — pU?sin?0sin26 dH]
o 2 o 8
/2
= a? [Poo f sin 260 d6
0
/2

pUZ /2 . 9
+— sin26 d6 —ngzj

0 0

sin 260sin?%0 dﬁ]
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/2

_ 2|p <c0529)+pU2 (COSZQ)L 9 2 (cosZQ cos49>
e 2 \ 2 16" 2 8

0

—ra?|p 1) —p 4_pU’Z( 1 1) 9 -1 1 (1 1)
=t © T \"272) 16" 2 2 878

pU? 9
=mna?{—2P, — ——+ —pU?
na{ > +16p }

1
= 2&——Lﬂ
e [ 16"

The equation of the stream lines in spherical polars are given by
dr _rdf rsinfdy

qr de qy
(or)
dr _ rdo _rsinddy
— — q31r-3) -
cosf(1 — a’r™) sinf (1 + %a3r‘3) 0
Equating the last ratios, =224
=>dp=0

Integrating,
Y = constant
Taking first two ratios,
dr deo
—cos6(1 — a’r=%) B rsinG (1 +%a3r‘3)

1 -
(1 +5a’r 3) dr  cos6
—1-a3r3)r sind

Integrating on both sides.
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[ (1+%a3 ‘3)

(= a3 ) dr = log sinf + logc

L
f—zr:‘;dr—lo sinf + logc
(T3—a) - g g
1f2r+a dr =1 md + 1
=% r = logsin ogc

N, and D, + by r

[ 12r2 +a3r1
r (r3—a3)

N, and D, +byr

i 1Q2r+a3r72)
2(r?—a3r 1)

—log(r? — a®r~1) = 2logsiné + logc

dr = logsin + logc

dr = logsin@ + logc

= logsin?6 + logc

r3—ad -
—log " = logsin“0 + logc

—log(r® —a®) + logr = logsin?0 + logc
= —log(r3 —a®) + logcr = logsin?6
cr
_ 2
log [r3 — a3] = logsin“0

cr n
= sin“0

r3 — a3
P = constant.

we know that,

r = a, we must take ¢ = 0 for sin6 = 0

sin@ to be finite.
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Hence the proof.
2.6.3. Explain a sphere moving with constant velocity in liquid which is
otherwise at rest.

Solution:

P(r,06,¢)

—» U

» X

By the diagram, a solid sphere centre 0, radius a, moving with uniform
velocity Ui in a compressible fluid of infinite extent which is at rest at infinity.
OX are the axis of symmetry and the direction of the unit vector i.
As we required ¢ to be finite at infinity, we take the velocity potential at
P(r,0,y) [r = al

¢(r,0) = Ar~%cosf - (1)
which satisfies the axially symmetric form of Laplace equation in spherical
polar coordinates.

From (1) =

d¢

q4r = _E
_ 2Acos6

r3
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19¢

=77
1
= ——Ar~%sin6
T
Asind
de = r3
1 09

T =" rsind @ -

Hence at Py (a, 6,) on the surface
q, = 24a"3cos0 “r=a
qe = Aa"3siné

4y =0

Now the velocity of Py is U;

Hence q,, = Ucosf

2Aa"3cosO = Ucos@

2Aa 3 =U
A Ua®
)
From (1) = ¢(r,0) = Ar~2cosf
= U—asr‘zcose
2

To find the kinetic energy of the fluid
we may use the result.
Then denoting by S, the sphere,

the kinetic energy is given by

r=to[oas
—2° S¢6n

- (2)

65| Page



[l (-5) L e

From eqgn. (2),

ap 1. 2

M = —EUa cost9r—3
Ua3cos6
=TT

Now consider,
0 1 Ua3
¢ <— g)rza =3 Ua®r~2cos6 - r—3c059

1

=—-U?a%a"%cos Uala3cosh

2

1
= EUzaCOSZQ

rego [ fo(-50) e

1
= —anzfcoszedS
4 s

1
= Zanz fcosz 0 2ma?sind do
s

1
= Ep1ra3U2 jcosz fsinf do
s

Now consider, [ cos? 6sing d6 = [, ' t? dt

Let t = cos@ 6=0 t=1
£=—sin9 O0=m, t=-1
de
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—dt = sinf do

T 1
J- cos? @sin6 d6 =f t? dt
0

-1

1
=2]t2dt
0

31"
=2[5]
30

2
3
(A)=>T = %npa3U2 (é)

1
T = =prna3U?
3P
T ==M'U?
4

M 1
Were — = -mpa
4 3

where M' is the mass of fluid displaced.

The total kinetic energy of the sphere and fluid is % (M + %M’) U2,

The quantity M + %M’ is called the virtual mass of the sphere.

Hence the solution.
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Unit - 111
Some Three-Dimensional flows

Introduction:

In the previous chapter, we discussed a number of problems which were
mainly of the three - dimensional type.

We now develop special methods for treating other problems in 3 -
dimensions.

The flows considered in this chapter are entirely incompressible in the sense
that the fluids are of constant density throughout.

3.1.1. Define three - dimensional sources, sinks and doublets and

obtain velocity potential.

Solution:
q
S - sphere P
r - radius
S
m — mass
Source:

Suppose at a point ‘O’ in a fluid the flow is such that it is directed radially
outwards from ‘O’

in all directions and in a symmetrical manner.

Then the fluid enters the system through ‘O’ which is termed a simple source.
Sink:

If at ‘O’ the volume entering per unit time is 4wm, where m is a constant, then

the strength of the source is defined to be ‘m’.
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If the flow is such that fluid is directed radially inwards to ‘O’ from all
direction in a symmetrical manner, then fluid leaves the system at ‘O’ which is

termed a simple sink.

Velocity potential:

A sink of strength ‘m’ is a source of strength ‘—m’ at O in a fluid which is
assumed to contain no other sources or sinks and which would otherwise be at
rest.

S is the surface of the sphere with centre ‘O’ and radius ‘r’ and P is a field on
S such that OP = 7.

Then the fluid velocity at P is g, along OP and the magnitude q is everywhere
constant over S.

The volume of fluid crossing S per unit-time is 4mr? x g, that emitted from
‘O’ per unit-time is 4mm.

Since the fluid is incompressible, these two are equal from consideration of
continuity.

i.e. 4nr?q = 4mm

ie.curlg =0 [except at r = 0]
so that the flow is of the potential kind.
Let ¢ be the velocity potential at P
From consideration of symmetry,
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¢ =¢(r)

vy =07
—q=-V¢
m-) ’ -
_r_zrqu(r)r
m-)
r—2T=—V¢
m
¢'(T)=—r—2

Integrating,
d 1
) E(d)(r)) dr = —mJ = dr

¢(r) =-—m(=r"H +c

B@r)="+c

Py ==

since it is incompressible fluid.
This is velocity potential.

Doublet:

Suppose we have simple sources of strengths —m at O and m at 0’ in a fluid,

where 00' = 6s
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let P be any other point in the fluid such that

—_ —

OP=% and O'P=7

we’ve
r=|7|
r' = |7
8s = |65]
Also, let
U =mds

Now, suppose that m — oo, §s — 0 in such a way that x remains finite and
constant.
Then in the limit the two sources +m, of infinitely great magnitude and
coincident at O, are said to constitute a three - dimensional doublet (or) dipole
at ‘O’.
The quantity ‘¢’ is termed the moment or strength of the doublet.
The quantity

i =pd
where d is the unit vector in the direction 00’ is called the vector moment of
the doublet.
Also, the direction of a is that of the axis of the doublet.
Hence the solution.
3.1.2. Book work:
Find the velocity component of P due to the doublet at O.

(or)

Find the velocity potential at P due to the doublet at O.

Solution:

71| Page



For the configuration, assuming the flow to be entirely due to —m at O and m
at0'.

P
-
b —
il
-m 6 "
0 85 0
The velocity potential at P is
m m
T
_mr—mr'
b=—72
m(r—r) (r+r")
¢= o (r+r"
moés(r +r')
- rr’'(r+7r')
u(r+1")
¢= rr’'(r+ 1) -
were
u = més

0_P)=0—0;—W

-

F=85+7

6§ =7—-7
Now keep O fixed and let 0’ — 0, so that " — r, u is constant.

Then in the limit we’ve
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_HO+D)

D=¢= rr(r+r)
@)
T r2(2r)
p=L () p=ur
From (1)

B ur ur'
¢= rr'(r+r') + rr'(r+r')
Butr' =r

oy ur'
¢= r2(2r) + r2(2r)

_ 2pr
¢= r2(2r)

(H-7)
¢="—"73

p=H-r>  -(2)
with P0O', other equivalent forms for ¢ are
(2) = ¢ = plflr=
= Hrr~3cos6

¢ = Hr 2cos6
This shows that ¢ = ¢(r, 8),
So that the axis of the doublet is on the axis of symmetry.
Let P to have spherical polar coordinates (r, 8, ) refer to the axis of the

doublet as initial line, the velocity potential at P being
H
¢ = 7Zcos@ - (3)

we can find the velocity component at P as

73| Page



d¢

Qrz_ﬁ

19¢
=730

1 0d¢
qd’:_rsin@ﬂ
From (3) =

op 2H
qrz—ﬁzﬁcose

19¢p H .
Ao =~735= — sind

1 09

=" rsind ﬂ -
3.1.3. Discuss the Doublet in a uniform stream.

Solution:

A doublet of vector moment u = Hi at ‘O’ in a uniform stream whose
velocity, in the absence of the doublet would be —UT.
We first find the velocity potential ¢ (r, 8) at the field point P in the fluid

having spherical polar co-ordinates (r, 8, ).
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If PM is the perpendicular from P on 0X and if OM = x, then the velocity

potential at P due to the stream line is
U, = U,cos0
That due to the doublet at O is
ucos@

T-Z
so that the total velocity potential at P is
¢(r,0) = UrcosO + TM—ZCOSQ

= (Ur + Hr %)cos8 - (1)
The velocity components at P are

1) =g¢q,= —g—(f =— [U + H(r—32)] cosb
qr = (2Hr™3 — U)cos6
1d¢p 1 o
QG =—7755" ;(Ur + Hr™=%)sinf
qe = (U + Hr™3)sin6
1 a¢
Ty = _rsineﬁ =0
qr = QHr™3 — U)cosb
qe = (U + Hr™3)sin6 - (2)

4y =0

From eqgn. (2) we see that
qr- =0 whenever

() cos8 =0, 6 =§

iyr = ()"

Putr =a
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2H
3

=T

oo

N

Then it follows that there is no flow over the surface of the sphere r = a.
In fact for r > a with
a3l

H=—
2

substituted in eqn. (2), we obtain the same velocity potential as was obtained
for uniform flow past a stationary sphere of radius ‘a’.
For the region r > a, the analysis of the half disk sphere problem is the same

as that of the dipole of strength,

%Ua3
in the uniform stream of velocity —Ui, the axis of the dipole being in the
direction of i.
Hence the solution.
3.1.4. PROBLEM:
Doublets of strengths u,, 1, are situated at points A,, A, whose cartesian
coordinates are (0,0, ¢,), (0,0, ¢c,) their axis being directed towards and
away from the origin respectively. Find the condition that there is no
transport of the fluid over the surface of the sphere

x2+y2+ 2% = ¢yc,.
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Solution:

P(%6,¥)
L S
"
3] N2
0O C Ay, C A
(M2) (M)

By diagram 0A, A4, has an initial line.
P has spherical polar coordinates (r, 8,v).
The axis of the doublets of A4, A, make angles a4, a, with AP, A,P.

Then the velocity potential at P is

U, COSA,  [1COSA
_ 1
¢="4pr T AP -~ M

Carnot’s theorem, (cosines formula)
a? = b% + ¢ — 2bccosA

b? = a? + ¢ — 2accosB

c? = a? + b%? — 2abcosC

AP? =712 + ¢ — 2rcycos6

Ay,P? =712 + ¢2 — 2rcycos0

A4,

A,P

A4, = 0A; — 0A,

cosa, =

r cosfd — ¢,

cosay = ————— - (2)
2
AAq
cosay =
AP
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04, — 04,

cosay = e
1
¢, — rcos6
cosay = 1T - (3)
1

Substitute eqn. (2) and (3) in (1),
_ Hycosa, Hicosay
A, P? A, P?
¢, —rcosf
Al—P
r cosl — ¢,
AZ—P

AP? =712+ ¢ — 2rcycos6

L cosaq =

cosa, =

= AP = (r? 4+ ¢ — 2rc,cos6)*/?
AyP? =12 + ¢2 — 2rc,cos0
= A,P = (r? + c3 — 2rc,cos0)/?

[r cosB — c,] [c; — rcosO]
o 7,p M P
A,P? A, P?

P =

B Uy [r cosB — c,]
— (r2 +c2 — 2rcycos0)(r?2 + ¢ — 2rcycos0)1/2

¢

Uq[cy — rcosf]
(r2 + ¢2 — 2rcyc0s0)(r? + ¢ — 2rc,cos0)1/?

= U, (r cos —c,) Uy (cy —rcosf)
(r?2 + ¢z — 2rcyc0s0)3/2 * (r? + ¢ — 2rc cos0)3/2

¢ = uy[r cosd — c,1[r? + ¢ — 2rcycos6]73/2
+ uy[c; — rcos@][r? + cZ — 2rc cos6]3/?
. 9 _
we require that —= = 0

when r = (¢;c,)/?
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Z—f = uz{[(r cosf — c¢;) {_73 (r?+cz— 2rc2c059)_5/2} 2r -

ZCZCOSB)] +(r? + ¢ — 2rcyc0s0) 32 (cosh)} +,ul{[(cl -

rcos8) {_73 (r? +c? - 2rclcose)‘5/2} 2r — 2C16059)]
+(r? + ¢ — 2rcyc0s0)3/2(—cos0)}
Thus we find,
pz[cosO{cic; — 2¢5(cic5)Y?cosO + c%}_3/2 —3{(c1c2)"?cos6 —
o {(c162)Y? = cyc056} {cr¢; — 2¢5(c1¢5)Y?cosO + 622}_5/2]
= wy[cosb{cic; — 2¢1(c165)Y?cosO + Clz}—3/2
+ 3{c1 — (c16)?cosOH{ (¢, c,) />
— c1c050}{cc; — 2¢1(c6) 2 cosO + 012}_5/2]

Hence,
0 = g = cos% =0
Uz [(36'2)(0102)1/2(0102 + sz)_s/z]

= IJ1[(3C1)(C1C2)1/2(C1C2 + C12)_5/2]
Hz{(3cz)(c1cz)l/2 [ca(cy + Cz)]_s/z}

= H1{(3C1)(C152)1/2[C1 (c; + C1)]_5/2}
#2{3(0102)1/2 (c1 + Cz)_s/z(cz)_3/2}

= .U1{3(C102)1/2(C1 + Cz)_5/2(01)_3/2}
pa 3 X (c1)M? X (c1 + €)% (cy) 73/
Hy o 3% (c16)2 X (c1 + ¢3)75/%(cy) 732
Ha _ ()
py ()32
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Hy (c;)3/?

w ()32
Ha <C2)3/2
H1 G

Hence the solution.
3.1.5. Prove that the velocity potential at a point P due to a uniform finite
line source AB of strength m per unit length is of the form
¢ = mlogf
where

rntx, 1n—x a+l

f

inwhich AB =2I, PA=r,, PB=r,, NA=x;, NB =x,,

ntxy, nn—x a-—l1

N being the foot of the perpendicular from P on the line AB, and 2a the
length of the major axis of the spheroid through P having A4, B as foci.
show that the velocity at P is
2mlcosa
[
where u is the unit vector along the normal to the spheroid at P and 2a =
2APB.

Solution:
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B

T Ty e m—

: x1 L

The line section of length 6x in AB at distance x from A is effectively a point

source of strength méx giving velocity potential at P of amount mT(Sx where

AP =r.
From elementary geometry,

r? = r2 + x2 — 2x,x, and so that the total velocity potential at P due to the
entire line distribution is

2l dx

¢:

o T

¢ le dx

=m
0 1 +x2—2x.x

R xR (g —x)? =1 —xZ +x% +x% - 2xx
=12 +x% - 2x1x

_ jzl dx
p=m 0 [7”12 - x12 + (x; — x)?]Y/?

were,

2 _ 2 _ .2
d* =r{f —xi
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dx

[ x+\/x2+a2)
ot a a

= sinh™! (Z) (or) = l0g<

puta=d

¢=_meCM—ﬂ+J@rﬂy+ﬂ>

21

d

0
_ R IT X1+ [x2+d?
¢ = m{-log [(x1 20+ (;1 21)2+d2] +Hlog |[—1— dl ‘}

where x, = x; — 21

Xy + /X2 +d? X1 ++/x2 + d?
p=m|-log| Z—2 " |+log| 211 —
d d
X1+ |x2+d?
¢ =m|log SN ¢ =mlog [xl_m] - (1)
Xo+ |x2+d? X21T2

Where, 7, = \/xZ + d? andr, = \/xZ + d?
=12 —x?=d?

r2 —x% = d?

S>1r2—x2=rf—x3

(ry —x)(r + x1) = (rp — x2) (12 + x3)

7'1+x1_1'2—x2_7”1+x1+7'2—x2 _T1+T2+2l

X, T—X TatXptri—x; 1 +15—2l
=2l

At P on the spheroid through P having A4, B has foci,

rn+1r,=2a

Hence,

X — Xy

82| Page



rn+x; 2a+20 2(a+l) a+l
nt+x, 2a-21 2(a-1) a-1

From (1)

X1 +n
= miog ()
¢ mwog Xy + 1,
= i <a+l)
¢ =mlog p—

The Equi potentials are given by

¢ = constant

a+l

a—1

Thus, these are a = constant (or) r; + r, = constant

= constant

These surfaces are confocal ellipsoids of revolution about AB with A, B as

foci.

Let P be any point on the ellipsoid specified the parameter a, P’ a point on the
neighbouring ellipsoid specified the parameter a + da,
were
PP’ = énu
Then the velocity at P is

Ve = ——L
¢ 8nu
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vo= o (G 0)

a—1

0
V¢ = —mu—— [log(a+1) —log(a — )]

_ [ 1 Oda 1 da
_V¢__mu_a+l%_a—l%]
_ ! 1 10da
_V¢__mu_a+l_a—l]%
_V(P:_mu'a—l—a—l]a_a
| a?2-1?2 [on
—|7¢=—mu_ 2l a_a
[a? — 2] 0n
o= 0w~ @
a? —1%lon

Now the normal at P bisects 2, the angle between the focal radii AP, PB.
By the diagram,

AP'? = (AP + PP')?

AP' = (AP? + PP'? + 2AP - PP)'/?

1/2
r o+ 6r =[rf + 5,2 + 2r1(Spcosa)] & 1 + 6, cosa ->3)r,+

8ry = [r? +8,% + 2r, (6ncosa)]1/2 =1, + §,co5a - (4)
Since

2a=1+1,

26a = 6(ry +13)

=0 +0r+r+rn—nr—rn

= +6r)+y+06r) — (1 +13)

26a =11 + dncosa + 1, + dncosa —r; — 1,

26a = 26ncosa

da = dncosa

84 |Page



da
— = cosa

on

) 2lm
~=Vp = Z —cosau

3.2.1 Images in a rigid infinite plane:

Suppose a surface S can be drawn in a moving fluid in such a way that there is
no transport of fluid across S.

let S divide the fluid into two regions labelled 1,2.

Then any system of sources sinks (or) doublets in 2 is called an image system
of the region 1 in S.

3.2.2. A three-dimensional doublet of strength u whose axis is in the
direction OX is distant a from the rigid plane x = 0 which is the sole
boundary of liquid of density p, infinite in extent. Find the pressure at a
point on the boundary distant r from the doublet given that the pressure
at infinity is P,. show that the pressure on the plane is least at a distance

aTﬁ from the doublet.
Solution:

By diagram 1, shows the physical model yy’ being a rigid boundary.

The appropriate image system is represented in diagram 2 in which P having
spherical polar coordinates (r, 8, 1) is the considered field point in the region
[0<6<m/2]

Thus, the velocity potential at P is

ucosa  upcosa’

ar? T apr 7 W
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Diagram: 1

)
- = a------ >
0 —
)
y/
Diagram: 2
T
! 4
a f p
x’ A © 4, x
: D) !
. _ _ 1
C-Q--3-- g ---cp)
! 1
J y' .
Now,
AP? =r? + a? — 2arcos
A'P? = 1?2 + a? + 2arcosé
_rcos@—a . rcosf +a
cosa = AP ) cosa = AP
rcosf —a
cosa = T
(r? + a? — 2arcosh)2
. rcosf +a
cosa = (r?2 + a2 + 2arcos)1/2
cosa = (r cosf — a)(r? + a® — 2arcosf)~V/? |
cosa' = —(r cosf + a)(r? + a® + 2arcosf)~/?
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From (1)
u(r cos® — a)(r? + a® — 2arcos@)~1/?
- r?2 + a? — 2arcosO
u(r cos® + a)(r? + a? + 2arcosf) /2
Bl r?2 + a? + 2arcos6
¢ = u(r cos® — a)(r? + a? — 2arcosf)~3/?

d
Qr:_a_(f

qr = —u{(r cos6 — a) [_73 (r?4+a%-— 2arcos€)_5/2] 2r—
2acosf) + (r? + a? — 2arcos0)~3/?(cos0)} +u{(r cosd +
a) [_73 r?+a®+ Zarcose)_s/z] (2r + 2acosH)

+(r? + a? + 2arcosf)~3/?(cos6)}

when
g=" T-0
= cos 5=

ar = —u{5" 0 +a) 22N} +u {50 07 +a?) 2 (2n)

_ _—3aur  3aur
ar = (r2+a2)5/2  (r2+q2)5/2
_ —6aur
qr = (r2+qa?2)5/2
_ 109
96 = ~7 %0

qo = —%{[(rcos@ —a) (_73 (r? +a? - 2arcost9)_5/2) (2arsin®)
+(r? + a? — 2arcos®)~3/?(—rsinB)] —[(rcos6 +
a) (_73 (r’ +a?+ 2arcos€)_5/2) (—2arsinf) +(r? + a? +

2arcos8)3/2(—rsind)]}
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= L[ 02 + @) 52 @an) + (7 + @) 0] - [ +
a®)™5/2(=2ar) + (r? + az)_3/2(—r)]}
Along the streamline through (r, /2, )

ul —3a%r r 3a’r T
(2 + a?)5/2 + (2 + a2)3/2 + 2+ a2)52 (12 + a2)32

%:;

qe =0
B 1 d¢
W = rsin@ 00

qy =0
Along the streamline through (r,/2,v)
Bernoulli's equation
P lo_Po
p 2 p
E_,_l 36a’u’r? _ Py
p 2@%*+a?> p
p 2 4202012 2\=5 _ P°°
;+18u a‘r=(r= +a®) 5—?

P P,
—=——18u%a’r®(r* + a®)~>
p P

Multiply by p on both sides
P =P, —18pu?a®r?(r? + a?)~°

(;—f = —18pu2a®[r?(=5)(r* + a®)~¢(2r) + (r* + a®)~°(2r)]

= —36pu?a’r(r? + a?)3[-5r2(r? + a®)" 1 + 1]
—5r2 +1(r? + a?)
2 + a2

= —36pu’a’r(r? + a?)™>

= —36pu?a’r(r? + a?)7(—4r? + a?)
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dpP
= 36pula’r(r? + a?)"%(4r? — a?)

a
=3
dpP
E:
Also

a dP
r>E=>E>O

<a:>dp<0
r 2 dr

Hence P is minimum at r = %on the plane.

(i.e.,) at a distance aTﬁ from the doublet.

3.3. Image in solid sphere:
A harmonic function satisfies the Laplace equation, V2¢ = 0 in spherical
polar coordinates, the Laplace equation is given by

Vi = rzsline {E)ar ( “sing ?9_(1{)) "3 (sm@ ?T?;) 50 o (ﬁg_i)} =

Theorem: 1

If ¥™S,,(6, ) is a harmonic function, so also is r~™*Ds, (6,1)).
Proof:
It is given that r™S,,(6,v) is harmonic.

~This function satisfies the Laplace equation are V2¢ =

rzsline {aar (T‘ sind ) + 669 (Sln@ ) + a(zp (si:ze %)} =0

Put ¢ = 1"5,(6,%) V?(r"$,(6,9)) =

rzsline {aar (r smH[ (r”S (o, l/)))]) (sme—(rns (o, 1/))))
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a(zp <Sm9 - ™S, (6, 11))))} ﬁ [% (r?sin@ - nr"=15,(6,¢)) +

G n 9Sn 0 (1 _,0S,\]_ L
20 (sm@r ) o (@r W)] =0 (1)
Put ¢ = r~ (g (0,)

If r™S,,(6,1) is a harmonic function so also is

72 (r= D5, (0,1))

)
669 <Sm9 aae (re s, ll’))>

a1 9, ..
61/)(5111961/)( S0, lp)))}

{: (r sinf[—(n + D]r~"*2)s, (6, l/))) +i(sm9r (n+1) O5n )

a0 a0
+i(ir (n+1) 05y )} =0
0y \sin6 ay

= [sm@( (n+1D)r"s,6,¥)] + i [sm@r (n+1)

1
r2sinf

S, ]
00

+i[ 1 - (n+1)65] 0
0y Lsin@ oy

9%S, 1 9%s,
= sinfn(n + 1)r-"+Ds (0,9) + singr- "+ _—2 57 +mr—(n+1) 707

=0

) 92s, 1 @25,
= r~ D sindn(n + 1)S,(0, ) + sind =0

002 sinQ oP?
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a2s, 1 a2s,

= sinfn(n + 1)5,(6,9) + sinb 502 T sing oYz 2)
From (1),

) as. g (" 0Sy
. n+1 P— n_1

(smGnr 5.(0,1)) + (ser ) oy o <sm9 61,0) 0
928, T 92S,
= sindS, (0, YIn(n + D™ + sinfr™ =+ —— oz 0
azsn 1 9%s,
1 =
= 1" |sin8S, (0, YI)n(n + 1) + sind 062 sin@ 61,02]
9%s, 1 a%s,

= 5indS, (0,Y)n(n + 1) + sind + =0 - (3)

002  sinf oy?
From equation (2) and (3), we get
V2¢ =0
This is a harmonic function.
Hence the proof.
Theorem: 2
If ¢(r, 6,1) has an expansion of the form

[oe]

B(0,9) = ) anrSu(6,9)

n=0
the series on the right be uniformly convergent with respect to r, then for

constant A,

_f RA- 1o(R,0,9) dR = Zw
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Proof:

Given:

[o¢]

B00) = ) anr™S,(6,)

n=0

Multiply both sides by R*~* and put r = R

oo

RAT(R,0,9) = ) anR"RY1S, (6, )

n=0

o)

= D aR™IS,60,9)

n=0

Integrating both sides w.r.t to R and limits 0 to r,

fo TR/I—1 ¢(R,0,9)dR = fo rZan R™-15 (8,y) dR

® T
_ Z a, S, (6,1) f R"A-1 gR
0

n=0

I
Nk

n+l-1+1 ]T
0

R = R

S
I
=)

[ rn+l
anSn(6,9) ]

I
NgE

n+ A4
n=0
2 N rt
=r Z ann—HSn(é’,ll))
n=0
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= z an n—-l-AS”(g' Y)
n=0

_f R*1¢(R,0,9)dR = Zan 7520 9) > (1)

Result:
Put A = 1ineqn. (1), then

1 r ® 7,Jl
E fo $(R,0,)dR = ;anmsnw, )

Theorem : 3

Wess's sphere theorem:

Let ¢(r, 0,¢) be the velocity potential at a point P having spherical polar
coordinates (r, 8,1) in an incompressible fluid having irrotational
motion, there being no rigid boundaries.

Also suppose has no singularities within the region r < a. Then when a
solid of radius a is introduced into the flow with its centre at the origin of

coordinates, the new velocity potential at P in the fluid is

2

a (a 1 (9T
¢(T,9,1/))+;¢<7,9,l[)>—a£ ¢ (R,60,Y)dR, (r > a).

Proof:
Suppose ¢ is a regular near the region.

We assume it has an expansion of the form

o)

D04 = ) ant™Su(6,)

n=0

where each r"S,,(6,v) is harmonic and each §,, is known.
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When the sphere is introduced into the stream it will produce a perturbation
potential which will be zero at infinite and which must be harmonic.
A suitable form to choose for the perturbation potential in virtue of theorem 1,

is
> B~ s, 0, )
n=0

where £3,, is the coefficient of un determinant.

Thus the new velocity potential P is

o)

¢, 0,9) = ) apr™S,(0,9) + Y Bpr ™IS, (6,9) - (1)
2 2,

n=0
Onr=a,wehave2—f= 0

2L = ¥ o 1S, (6,1) + i B[~ (n + D D]5,(8,1) 0 =
Trzo[annr ™™ = By (n + Dr~™+2]s,.(6,9)

™t — B (n+ Dr~"*+2) = ¢

a,nr™~t = B, (n + 1)r-+2)

nana2n+1

B =
n+1
= (1- 2n+1 =0,1,2,..
.Bn ( n + 1) ana ) n 01 14
From (1)
©o 0] 1
B0,8) = ) @™, (0,9) + Y (1= — ) ana?™ 1 05,(0,1)
n=0 n=0
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[oe] [oe]

= ) @t (0, ) + )y @™, (6,)
n

n=0 =0

-1
_ Z ana2"+1r_("+1)5n(9, ll})
n=0

n+1
[ee) 1 e} a2 n+1
= Z an rnSn(9, ll)) + Ez an <7> Sn(e, l[))
n=0 n=0
1 2 an (?) Sn(H, lp)
a Z n+1
n=0
Puta=r
> = > a, 1S, (6,
¢(T, 9! ll)) = Z an TnSn(g' ltb) + Z an rnSTl(g’ ll]) - Z . n _T_(l lp)
n=0 n=0 n=0
~ By theorem 2,

1" c r™
o o®owdr= 2 7S O0)

a [a?
= ¢(T, 9v¢') = ¢(T, ng/)) +;¢ <T'6!1/)>
! wr R,0 dR
o] ewowar  >a

were,
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[o¢]

¢(r,0,9) = z a, S, (0,9) {Theorem by (2)}

n=0
were
1 @ a2 n+1 2
52 a?’l <7> Sn(gi 1)0) == <_J9J w)
n=0

~ The new velocity potential at P in the fluid is

2 a?/r
¢(r,9,¢)+%¢<a7,9,¢>—% »(R,0,P)dR,  (r>a)
0

Hence the velocity potential at

2

a f(a 1 aTZ

Example: 1
Image of a source in a solid sphere.

Proof:

Ax
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The velocity potential at (r, 8,) in a fluid due to a simple source of strength
m at (f,0,0) is

¢(r,0) = m@r? — 2rfcosé + f2)~/% - (1)
Introduce a solid sphere in the region r < a whena < f.

By Wess's sphere theorem,

2

a fa 1 @/
0

_ (ma/f) B TJ“Z” dR
_\/r2—2r(a2/f)c059 +f2 alo  /RZ—2Rfcosd + f2
(ma/f) m (@ dR

Jr2 =2r(a?/f)cosf + 2 alo  JR?2—2Rfcosf + f2

=~ The image system of a point source of strength m placed at f from the centre

of solid sphere consist of a source of strength % at the inverse point in the

sphere together with a continuous linear distribution sink of strength —% per

unit length, extending from the centre to the inverse point.

Example : 2

Images of a doublet in a sphere when the axis of the doublet passes
through the centre of the sphere.

Proof:

A doublet AB with its axis BA pointing towards the centre O of a sphere of
radius a.

Let OA = f and OB = f + 6f.

Let A’, B' are the points in the sphere inwards to A and B.

So that,
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r_a” I
0OA =7 OB o7

Let A and B be associate simple source of strength m, —m.
The strength of the doublet is

u =méf wherem — oo, §f - 0.

In such a way that p remains finite.

The image of m at A consist of % at A’ together with a continuous line
distribution from O to A’ of sinks of density —% per unit length, and the image

. ma
of —m at B consist of ~ror

at B’ together with a continuous line distribution from O to B’ of source of
density% per unit length.
B'A'=0A"— 0B’
a? a?
T <W>

2 2

_2_ ¢
N

, ., a2 A"
A+x)t=1—-x+x>—x3+--
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-6
2 2 3
7))+ () ]
Since &1 is very small, we neglect the higher powers.

-5

(ie.) B'A = “72(‘;1)

The strength of the doublet at A’
_ ma[a®8f
ANE
_ ma’sf
==
_ ke’

A

where u = mdf

The image of doublet in a sphere is a doublet at A of strength y with its axis
3
towards O and a doublet at A" of strength ’% with its axis directed always

from 0.

Hence the proof.
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Unit— 1V
Some two-Dimensional Flows

Two-dimensional flow:

If a fluid moves in such a way that at any given instant the flow pattern in a
certain plane is same in all other parallel planes within the fluid, then the flow
is called two-dimensional flow.

Note:

No motion perpendicular to the plane

z-axis is perpendicular to the parallel planes.

4.1. Explain the stream function:

Y

Compressible:

By diagram, ¢ is an arc of a curve in the (x, y) -plane joining two points A, B.
Fluid [compressible or incompressible] is constrained to flow in two-
dimensional steady motion parallel to this place.

At P(x,y) of the curve, the velocity components are [u, v].

P’ is the neighboring point (x + 8x, y + 8y) on {, so that PP’ = §s. If the tangent
to ¢ at P makes angle a with OX, then the velocity component at P along the

normal from right to left w.r.t travel from A to B is v cosa — usina
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Hence the mass of fluid which crosses unit thickness of the surface element
through PP’ normal to the plane of flow per unit time is

p(v cosa — usina)ds = p(véx — udy)
This mass flux is constant denote it by oy
oY = p(véx — udy)

dip = p(vdx —udy) - (1)

The total mass flux per unit thickness per unit time from right to left across the
arc AB.
From (1), Integrate with limit Ato B

[ dy =[] p(vdx — udy)

Wp —Ya = [, p (vdx —udy) > (2)

Clearly, when A and B are fixed, the integral eqn. (2) is independent of the
shape of the curve ¢ joining them.
= dyis a perfect differential.

This may also we see from the fact that for steady flow the equation of

continuity
V.(pg) =0
] a
= (pu) + @(PU) =0
Thus,
_9%
pY = d0x
0
—pu = % - (3)

Now, suppose the curve { is a stream line.
Then no fluid crosses its boundary.
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Since Yz — Y, is the mass flux per unit time per unit thickness of A to P,
Yp—Pa=0
(or) Y = constant along { are the stream lines in the plane

z=0.
For this reason, the function ¥ (x, y) is called the stream function.
Incompressible:
When the fluid is incompressible, the equation of continuity is V.q = 0 even
if the flow pattern is unsteady.
Now, oy denotes the volume of a fluid crossing unit thickness of PP’ from
right to left per unit time.
From egns. (1), (2) and (3),
dy = vdx —udy - (4)
Y — a = [, (vdx — udy) > (5)

_ %
V=% u_ay_>(6)

The flow to be irrotational, then there exists a velocity potential ¢ such that

uz—g—f, vz—g—f})ﬁ(ﬂ
The equation of continuity is

du Jv

x + 3y =0-(8)

From eqgns. (6), (7) and (8),

oy _ 0

dx dy

f;—f = - g—f ~ (9

From (8)
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0 d 0 0
_<__¢) +_(__¢) _ o
dx\ oOx dy\ 0dy

0%¢p 0%¢
Similarly,
0%y N 0%y _
ox2 = dy?
Cross multiplies eqgn. (9) terms

0pay ¢ oy
dx d0x  dy dy
d¢p 0 dp 0
90p%%  9PY _
dx 0x Jy dy

Thus for irrotational incompressible two-dimensional flow (steady or

0

unsteady), ¢ (x,y), Y(x,y) are harmonic functions and the families of curves
¢ = constant (equipotential) and i = constant (stream lines) intersect
orthogonally.

From eqn. (1) as the perpendicularity of the vectors V¢, V.

Hence the solution.

4.2. The complex potential for two dimensional irrotational,
incompressible flow. (or) Derive the C-R equations.

Solution:

Supposethatz = x + iyand w = f(z) = ¢(x,y) + iY(x,y)

where x,y, ¢, are all real and i = v—1.

we write,
¢ = Re(w),
Y = Img(w).
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Also, we suppose that ¢ and 1 and the first derivatives are everywhere

continuous within a given region.

If at any point of the region specified by z, the derivative Z—VZV =f'(2)is
unique, then w is said to be analytic (or) regular at that point.

If the derivative is unique throughout the region, then w is said to be analytic

(or) regular throughout the region.

The derivative of w at z is

dw ‘@)= i {6¢+i&/)}
dz =r@= Sx,gznao 6x + idy
were,

8¢ = Pp(x + 6x, y + 6y) — p(x,¥)

&Y =(x +6x, y+6y) —(x,y)

This limit may be evaluated in infinitely many ways according to the nature of
the differentiable 6x, 6y.

If we first keep y as constant so that

6y =0,

then

d_w _ lim {qu + i&p}
dz  &x-0 ox

dw 0¢ 0y

i W

If, however, we keep x constant so that

6x =0,

then

d_w — lim {6(],’) + i&/)}
dz 6&y-0 i5y
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aw  0p 0
__ 0,

dz dy dy - @)

If w is the analytic function, the two values of Z—‘Z by eg. (1) and (2) must be

equal.
Then equating the real and imaginary parts
9 _% 2% _ NG

ax  ay'  ady ax

The above equations are called the Cauchy’s Riemann equation.

The necessary and sufficient condition for w to be analytic at a point.

If they hold at all points of a region, they express the necessary and sufficient

conditions for w to be analytic throughout the region.

The function ¢,y are termed conjugate functions.

If we now assign to ¢ and 1 the meanings of velocity potential and stream

function for two dimensional, irrotational, incompressible, inviscid flow, then
w=¢+ip

is called the complex velocity potential.

The real and imaginary parts of w are the velocity potential and the stream

functions respectively.

Compare the Cauchy’s Riemann eqn. (3)

dw ]
E: —-u+iv
since
d¢ ay
== _E
dp oy
_ _@za

Also |Z—V;| =Vu?+vi=gq
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(i.e.,) The speed of the fluid at any point.

3. Discuss the flow for which w = z2.
Solution:

w = z2

we’ve

¢+ i = (x + iy)?

were

w=¢+ip

z=x+1iy

= ¢+ i = x? + 2ixy — y?
Equating real and imaginary parts
¢ = x2 —y2

P = 2xy

The equipotential are rectangular hyperbola

x? —y? = constant
having asymptotes

y=1x

The stream lines are the rectangular hyperbola

xy = constant
having asymptotes

x=0,y=0
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The two families of curves cut each other orthogonally.

Since there is no flow over a stream line any one may be taken as a rigid
barrier.

In particular the axis

x=0,y=0

may be taken as rigid boundaries.
Since

w = z?

Differentiate w w.r.t to z
dw

- =
is zero only at the horizon, this is the only stagnation point.

2z

It is easily confirmed that both ¢ and iy are harmonic and so from the first we
infer that the flow is irrotational.

Hence the solution.
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4.3. Complex velocity potential for standard two-dimensional flows:
We consider in turn the flow patterns due to a uniform stream; a line source
and sink and a line doublet.
Through this section the flow is assumed to be inviscid, irrotational,
incompressible and two dimensional.
Uniform stream:
Case: 1
We first consider the uniform stream having velocity — Ui.
= velocity potential ¢ = Ux
Clearly, since x = Re(z)
w=Uz=U(x+1iy)
The stream function
Y =Im(w) = Uy,
so that the lines y = constant, are the stream lines.
Case (ii):
Suppose the uniform stream is inclined to the positive x-axis at angle a, so
that
q = [-Ucosa, —Usina]
The flow being obviously irrotational, we can find ¢ such that
q=-V¢

) ) )
9% _ Ucosa, % _ y sina
x ay

dep = (52) dx + (52) dy
d¢ = Ucosa dx + Usina dy

Now integrate,

[d¢ = [Ucosadx + [ Usinady
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¢(x,y) = xUcosa + yUsina
¢(x,y) = U(x cosa + ysina)
in the simplest form.

Also, since
_ [ Y oy
1= dy’ 0x
oY .
P Ucosa, @ = U sina

= q = (—Usina, Ucosa)
0y 0y

ap = (5;) e+ (5,) &

By C-R equation

op oy dp oy

ox oy’ dy  0x

d¢ d¢
dl/) = —@dx+ady

dy = —Usinadx + Ucosa dy
Integrate,

Y = —Usina(x) + Ucosa(y)
Y(x,y) = Ulycosa — xsina]
is another simplest form.
Letw=¢ + iy

w = U(xcosa + ysina) + iU(—xsina + ycosa)
= Ulxcosa — ixsina] + ysina + iycosa

= Ulx(cosa — isina) + iy(cosa — isina)]

= U[xe_i“ + iye_i“]

= Ue *(x + iy)
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w = Ue @z where z = x + iy.
5. Line Source and Line Sinks:
If A is any point P in the considered plane of flow and C is any closed curve

surrounding it.

Let parallel infinite lines be drawn through A and through every point of C, so
that all are perpendicular to the plane of the flow.

Suppose that fluid is emitted symmetrically from all points of the infinite line
through A, the rate of emission from all such a point A on the line being the
same everywhere and parallel to the plane of flow.

Then the line through A is called the line source.

If the fluid drains away through such a line under the same condition of

symmetry, then the line is called a line sink.
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6. Discuss the flow due to a uniform line doublet at O of strength u per

unit length, its axis being along 0X. (or) Explain line doublets. (or)

Discuss the flow for which w = g

Solution:
AY
- — - - Equipotential
streamlines
< » X
y
\

The complex potential at P(x, y) is
w=t rmxtiy

VA

u

w = -

x+1iy
Multiply by conjugate terms.
we XD

x+ily x-—1y

x%+y?
From (1),

. . px

Real part is (¢) = e

. . —-uy
Imaginary part is () = xzﬁ:yz
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(i.e.,) The equipotential ¢ = constant

px 1
x?+y? 20,
2C ux = x? + y?
2K, x = x% + y? where uC; = K,
The stream line 1 = constant
w1
x?2+y? 2C,

—2C,uy = x* +y?
2K,y = x? + y? where K, = —uC,
The first family have centres (K;,0) and radius K;, the second centres (0, K,)
and radius K.
(ii) The two families are mutually orthogonal.
Hence the solution.
7. Find the equation of the stream lines due to uniform line sources of
strength ‘m’ through the points A(—c, 0), B(c,0) and a uniform line sink
of strength 2m through the origin.
Solution:
Let P be the point such that

OP=z=x+1iy

then
ﬁ=z+c
BP=z—c

and so the complex potential at P is

112 |Page



—> C <«
— 5 | .
A 0) «—C g, 0)

w = —mlog(z + ¢) —mlog(z — c¢) + 2mlogz
=mlog(z+ ¢)" + mlog(z — ¢)™ + 2mlogz

1 1
=mlog (Z n ) + mlog ( ) + mlogz?

R
_mogz+cz—cZ

ZZ
w = mlog m

sincez=x+1iy

w = miog| 2"
Ha+ir=c
l [ x? —y? + 2xiy
w = mio
g x% —y? + 2xiy — c?
_ [ (x%2-y?)+i2xy ]
W= mlog | (x2—y2—c2)+i2xy
_ [ (x%-y?)+i2xy (xz_yz_CZ)_iny]
w = mlog | (x2—y2—-c2)+i2xy =~ (x2-y2-c2)—i2xy
— milog |2 (P =y?) - (P -y M2ixy+(x? yH)aixy—c?(2ixy) +4x7y?
=miog [x2—y2—c2]244x2y2
(xZ_yZ)Z—cz(xz—yz)—cz(zixy)+4x2y2
mlog [ (x2—y2—2)2+4x2y2
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since,
(xZ _y2)2 — x4 + y4 _ 2x2y2 + 4x2y2
= x* + y* + 2x%y?
= (x% + y?)?
(2 +y?)? = c2(x? = y?) — c2(ixy)

w =mlog [(2 — y2) — c2]2 + 4x2y?
Y = Img(w)
¥ = mlog —2xyc? ]

(x2 +y2)? — c2(x? — y?)

Y = constant = k, (say)

—2xyc? ]
(x2+y?)2—c?(x%-y?)

kqy =mlog [
—2xyc? 1
=K h =K
G2 +y?)2 — 2 — y2) T mlog
—2xyc? = K[(x* + y%)? — c*(x* — y?)]
K(x? +y?)? = —2xyc? + Kc?(x? — y?)

nyc

(x?+y?)?= +c*(x* —y?)

2
(X% +y2)? = kxyc® + c*(x* —y?),  where — z=k

Hence the solution.
8. Describe the irrotational motion of an incompressible fluid for which the
complex potential is w = ik logz. Two parallel line vortices of strengths
ki, ky (kq + ky #0) in unlimited liquid cross the z-plane at point A4, B
respectively. The centre of mass of masses k, at A and k, at B is G. Show

that if the motion of the liquid is due solely to these vortices, G is a fixed

point about which A, B move in circles with angular veI00|ty ( 2 kZ) . Show
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(k1+k2)CP

also that the fluid speed at any point P in the z-plane is where C

AP.BP
is the centre of mass of masses k, at 4, k, at B.
Solution:
ks

w =ik logz
put z = re'®
w = ik[log(reie)]

= ik[logr + logew]

=ik logr +ikifloge
w = iklogr — kO ni2=-1
equating real and imaginary parts
¢ =—ko
Y = klogr

This shows that the stream lines are concentric circles centre on 0, the
equipotential being the radii through O cutting the circles orthogonally.

Also, at (r, 8) in the plane of flow the velocity components are

__9%9 _199
qr = or’ qe = r a6

115 | Page



1 k
qr =0 qo = —>(=k) =~
The flow is due to a line vortex through O of strength k.

The line vortices at 4, B, k, at A gives a velocity :'—; in that sense.

k, at B gives a velocity :—; in that sense.

Associating masses k at 4, k, at B, we see that the total linear momentum of

the system in the direction of the velocity of B is

b (F5) + e () =0
1\ 4B 2\4aB/) ~

(i) The centroid G of the two masses does not move.

The diagram that the velocity of B relative to A is %
H H k1+k2
so that the angular velocity of AB is B2

Thus the line rotates with this angular velocity about G.

Let O be the fixed origin of coordinates and suppose

0OA=a,  OB=b,

a and b being complex numbers.

If P be the point for which OP = z,
then
ﬁ=z—a,ﬁ=z—b

and the complex potential at P is
w =ik logz
=i(ky +ky)logz
w = ik,log(z — a) + ik,log(z — b)
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Differentiating w.r.t z

dw _ ik ik

dz z—a z-—Db

dw [ki(z—b) +ky(z—a)
iz T Z-—aiz-b

- (D)

If C denotes the centroid of k, at A4, k, at B and if 0C = 7, , then
(k1 +k2)§: kzﬁ‘l‘klﬁ
(ky + k) CP = ky(z — a) + ky(z — b) - (2)

sub (2) in (1),

dw _ i(ky +k,)CP
dz (z—a)(z—»b)
dw (ks +ky)(z—2)
dz (z—a)(z—Db)
Thus the speed of P is,

- (3)

from (3), taking modulus on both sides

dw|  (ky +ky) |z — 2|
dz| ~ |z—allz—b|
Cjdw| (kg + k) CP
"ldzl = aP.BP

Hence the solution.

4.4. A two-dimensional doublet of strength ui is at the point z = ia ina
stream of velocity —Vi in a semi-infinite liquid of constant density
occupying the half plane y > 0 and having y = 0 as a rigid boundary (i is
the unit vector on the positive x — axis). Show that the complex potential

of the motion is
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2uz
(z%2 + a?)

Show that, also for 0 < u < 4a?V, there are no stagnation points on this

w=Vz+

boundary, and that the pressure on it is a minimum at the origin and a
maximum at the point z = +a+/3.

Solution:

The image system consisting of equal line doublets of strength ui at A(0, a),
A'(0,—a).

The velocity potential due to the uniform strength is Vx, so its complex

velocity potential is Vz.

Diagram: 1

0,0) Al > Hi
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Diagram: 2

y
oafa M P
7 e (_vi)
<
-V;
%
0 — X
A"[(0,-a) =V;

<=

By diagram 2,

0P =z

AP =z —ia

AP =2z +ia

Thus, the complex potential due to the line doublets at A, A’ are respectively,
u(z—ia)™t, u(z+ia)™?

and so, the total velocity potential at P is

w=Vz+u(z—ia) '+ pu(z +ia)?!

Z fia + Z -fia

w=Vz+

ulz +ia + z — ia]
z2 + a?
u(22)
z2 + a?
2uz
z2 +a?

Diff. w.r. to z,

=Vz+

=Vz+

w=Vz+
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dw [(z2 + a®)(1) — 2z(2)
E_V-l_zﬂ_ (z%2 + a?)?

(22 + a? — 72

| (22 + a?)?
[ a? — 22 ]

(a2 + z2)2

=V+2u

dW—V+2
dz K

(or)

dw
Fri V+2ul(a® - 2z*)(z* +a*) ]l =q (say)
When z = x,
d
v+ 2ul(a® - x2) (% + a?) 2]
dz
. dW —
f =
=V +2u[(a? —x?)(x?+a?)"%]=0 (say)
2u(a? — x?)
v+ (x? + a?)? =0
V(x? + a?®)? + 2u(a? — x?)
(x% + a?)?
> V(% +a?)?+2u(@®-x?)=0

0

=0

VIx* + a* + 2x2%a?] + 2ua? — 2ux?> =0

Vx* +Va* + 2Vx?a? + 2ua? — 2ux? =0

Vx* +2x2(Va? — u) + (Va* + 2ua®) =0

This gives the speed of the fluid at any point (x, 0) on the boundary y = 0.
Equating this expression to 0 gives the equation,

V(x?)2 4+ 2x?(Va? — ) + Va* + 2ua?) =0

a quadratic in x2 whose discriminant is
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A =b%—4ac
were a =V, c =Va*+ 2ua?, b=2Va%-p
A=4Va?—pw?—4VVa* + 2ua?)

=4[(Va? — w)? —V(Va* + 2ua?)]

= 4[Va* + u? — 2uVa? — Va* — 2uva?]

= 4[u* — 4Vpa?]
A= 4u[u—4vVa?]
Clearly, A < 0 where 0 < u < 4a?V the quadratic equation has no real roots.
This means there are no stagnation points on the boundary y = 0.
Applying Bernoulli’s equation along the streamline y = 0 at (x, 0) on the
boundary, we have in the usual notation,

1(2)— tant
=>—+= =
; 5@ constan

:_ —
p+2

Thus, P is maximum when V + 2u[(a? — x?)(a? + x?)~2]2is a minimum and

P 1 v 2u(a? — x?
(a? + x?)?

) 2
] = constant

conversely,

Lety = [V + 2u(a? — x?)(a® + x?)7?]?
= y/2 =V 4+ 2u(a® — x?)(a® + x?) 72
Diff. w.r. to x,

1 . dy (a? + x?)%(=2x) — (a® — x»)[2(a® + x*)(2x)]
5y 1/2_:0‘*‘2#[ (a? + x2)* ]

2 dx
5 —(a? + x?) — 2(a® — x?)
) [ (@ + x2)3 ]
(a® +x%) +2(a? - xz)]
= —4ux

-1/2

1 !
Sy %y =2u-2x(a?+x

(a? + x2)3
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a® + x?% 4 2a® — 2x?

= T (a? + x2)3
2y Iy = —ax((3a® — 1)@ 433 - (1)
(ie)y'=0 when x=0
From (1),
362 —x%2=0
x? = 3a?
x = +V3a
putx =z
z=+aV3
(or)
z=1V3a

Hence the solution.
4.5. The Milne - Thomson Circle Theorem:
Statement:
Let f(z) be the complex velocity potential for a flow having no rigid
boundaries and such that there have no singularities of flow within the
circle |z| = a. Then, on introducing the solid circular cylinder |z| = a into

the flow, the new complex velocity potential is given by
2

w=f(z)+j_f(a7> for|z| = a.

Proof:

All the singularities of f(z) occur in the region |z| > a, and so the

. .. a?\ . -
singularities of f (7) liein|z| < a.
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J— 2
Hence the singularities of f (%) also liein |z| < a.

Thus f(z) and f(2) + f (a;) both have the same singularities in the region
|z| > a and so both functions, considered as complex velocity potentials, may
be described to the same hydrodynamical distributions in the region |z| > a.
On the circle |z| = a,

Take z = ae'®

Then, a; =qe”
_(a?
w=f(2)+f <7>

w = f(ae') + f(aei®)

(i.e) on |z| = a, w isthe sum of a complex quantity and its complex
conjugate and is therefore a real number.
Hence,

Y =Imag(w) =0 onl|z|l=a
This shows that a circular boundary is a stream line across which no fluid
flows.

Hence, |z| = a is a possible boundary for the new flow and
— a2
w=f@+f(—

is the appropriate complex velocity potential for the new flow.

Hence the proof.
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11. Uniform flow past a stationary cylinder.

Y

_Ui

A uniform stream having velocity —Ui gives rise to a complex potential Uz.
Take

f(z)=Uz
fz) =Uz

f(aei®) = U(ae™0)
_— a?
f(ae®®) =U <7>

Thus, on introducing the cylinder of circular section |z| = a into the stream,

the complex potential for the region |z| = a, because

w=f@)+7 (%)
=Uz+ Ua?z7!
w=U(z+a%z™1)

Taking z = re'®
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w =U[re'® + a?r~1le™]

= Ulr(cos@ + isin@) + a’r~*(cosf — isinB)]

a? a?
w =UcosO|r+— )+ iUsinf|r ——
Tr r
Equating real and imaginary part
S w=¢+ iy
. a?
(i.e.,) ¢ = Ucosb (r + 7)

¥ =Usind (r— %)

o 104 1 09
ar= "% %= "7 %9" 9= " 5in6 oz

Hence the velocity components are
2
qr = — [UcosH (1 - %)]

qg = %[U sinf (r + aTZ)]

q, =0
Now,
q, = —%z —[Usin9(1+z—j)]
o= 38 == 2fvcos (-2
1 oy
%= gz O

Hence the solution.
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Unit-V
Viscous Fluid

5.1.Stress component in a real fluid:

z
8s %IA n
)
UV~
0 >4

%
Let 8s be a small rigid plane area inserted at a point P in a viscous fluid.
Cartesian coordinates (x, y, z) are refered to a set of fixed axis 0X, 0Y, 0Z.
Suppose that §F, is the forces exerted by the moving fluid on one side of Js,
the unit vector ‘n’ being taken to specify the normal at P to §s on this side.
We know that, in the case of an inviscid fluid, § F, is alligned with n.
For a viscous fluid, however tractional forces are called into play between the
fluid and the surface so that
(6F, will also have a component tangential to 6s)
We suppose that the cartesian components of § F,, to the [6an, 0Fyy, 6Fnz], SO
that

8Fy = 8Fpy T+ 8F,y, ] + 8Fy, k

Then the component of stress parallel to the axis are defined to be

an' Pny' nz:
Where;

B, = lim
nx o ss—ol Os

(San] _ dFyy
ds
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 [8Fy]  dFy
Fry = 5%%[ 8s ] "~ ds
B = lim 6Fnz]_anZ
"z sssol 8s 1 ds

In the components B, By, By the first suffix ‘n” denotes the direction of the
normal to the element §s; the second suffix x, y, z denotes the direction in
which the component is measured.
If we identify ‘n’ in the unit vectors 1, J, k in 0X,0Y, 0Z, we obtain the
following three sets of stress components

Pexs Py, Pez
Pyx, By, Byz

Poxs Py, Prz
The diagonal elements Py,, P,,, P,, of this array are called normal (or) direct
stresses.
The remaining six elements are called shearing stresses.
For an inviscid fluid,

Pex =Py =P, = =P
Poy =Py =+ =0
Here, we regard the direct stresses as positive when they are tensile and
negative when compressive, so that P is the hydrostatic process.
The matrix
[Pex Pey Pez Pyx Pyy Pyz Pox Pry Prz |

is called the stress matrix.

The quantities P;;, (i,j = x,y,z) are called the components of the stress

tensor whose matrix is of the above form.
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Clearly, P;; is a second order tensor.

Hence the proof.
5.2. Explain relations between cartesian components of stress.
(or)
Explain the stress matrix which is diagonally symmetric.
Solution:

P 52
}gg
5y oxr
N
) Yy
g

We consider the motion of a small rectangular parallel points of viscous fluid
with the centre being P(x, y, z) and

consider the lengths of each side be 6x, 8y, 6z parallel to the fix cartesian axis.
The mass of a fluid element is constant which is permitted to move along with
the fluid.

At the point P(x, y, z), the force components parallel to 0X, 0Y, 0Z on the
surface of area between &y, 6z through the point P has unit normal.

Consider the above diagram, the points P; and P, is having different

coordinate axes.
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The point P; moves in the negative direction whereas P, moves in the positive

direction.

(ie.,) Py (x - %Sx, vy, Z)

1
P, (x + ESx, v, z)
Since 7 is the unit normal measured from the fluid which is drawn outside.

At P, the unit normal corresponding to the force components across the plane

8y X 6z is given by

{_P +1s (apxx)]a 5}
[ XX 2 x dx Yoz

-P +15 Oy 5y8
Y 2%\ Tax )|97°%

a3 (o]~

For the parallel plane, at the point P; the unit normal drawn outwards from the

fluid element are —7.

=~ The corresponding components are
(=[P =300 (52 aver)
- [By —30¢ (52)] 0v02},
i 1 _ (0P,
Fm3eod -

From (1) and (2), we’ve the components are
0P,y 0Py, 0P,
[(Sx ( 9% ) 6yéz, 6x <W 6yéz, 6x ( I ) 6yéz

G2) (52) Gprorse -
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Together with couples whose moments
—P,, 6x6y6z onOY

Py 6x8y6z on0Z - (4)
Similarly,

the pair of forces perpendicular to y axis at the point P having the components

0P, oP, 0P,
yx vy yz
() (F) (5o =0
Together with couples of moments,

=Py 6x6y6z on0Z
Py, 6x8yéz on 0X - (6)

The pair of forces perpendicular to z-axis, at the point P having the

components

) (32) Gpwwss -
Together with the couple of moment,
—PB,y 6x6yéz 0X
P, 6x8yéz OY - (8)
Consider all the six faces of the cuboid with the point P having the

components

From eqns. (3), (5) and (7), we’ve
(7). (32). G F2). (52). (F2))
[(52).(52). (Fe)poxorsz - -

Combining the couple moments on OX, OY and 0Z we get
[(Pyz - sz)6x6y6z, (P, — P, )0x6yb2z, (ny — Pyx)é‘xé‘yé‘z]

[(Pyz - sz): (Pez — P, (ny - Pyx)]5x5y5z - (10)
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Suppose there is a external force acting on &, the body moves from the
coordinates (x,y, z) to (x,y, z)6x6ydz.
Taking the moment in the positive direction, through the point P.
Total moment of forces
= Moment of Inertia about axis
X Angular acceleration
Let 0, is the quantity of the n" order of the small value 8x, 8y, 8z then Ox
Os = (P, — P, )6x8y6z + 0,4
The third order of small values is given by
(Pyz — sz)SxSySZ =0
P,—PB,=0
(i.e) B, =P,
Similarly,
Pz = Pox
Pey = Py
Thus, the stress matrix diagonals are symmetric and contains 6 knowns.
Hence the proof.
5.3. Translation Motion of fluid element.
Proof:
Taking account of surface forces and body forces, the total force component
acting on the element is given by

0Py, N 0P« N 0P,
dx dy 0z

> (6x8yéz) + Xpdxdydz

has the mass pdxdydz is consider to be fixed values.

If the velocity at the point P is ¢ = [u, v, w] at time t.
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The equation of motion in the i direction is given by

axx+ayx+azx 6x6ydz + Xpbéxdydz = 888(0) (D)
e _ﬁ
Ep 5 5, | 0X0Y8z + Xpdx8ydz = pOxdydz |-

0Py OB, 0P, _ du
<8x + dy + e 5x5y52+Xp6x6y6Z—pé‘xé‘yé‘z(a)

0P 0Py 0P, Ju
X 666=888<—)
{<6x+6y+az+p xX0yoz pxyzat

0Py OB, 0P, _ ou
<6x + + 0z +Xp—p(—t> ~@

dy
Now, consider a point u in the xyz plane at time ¢
Suchthatu = u(x,y, z,t)
Diff. pw.rt. t
du Jdu Ju ou du
E=§+ua+v@+wa—z

= The motion of P in the direction 7,7, k is given by

ou ou ou ou 1[0P, 0P,y 0P,
E+ua+v@+wa—z—x+z ax + ay + 37
av av ov ov 1|0P 0Py 0P,
E-Fua-}'U@'FWE—y-F;[ax + ay + 37
ow ow ow ow 1|0P,, 0Py 0P,
ot YtV TV T +p[ax+6y+c')z

If x; is the coordinate, u; is the velocity component, X; is the body force
component then the equation of motion is

aui 1

E + ujui,j = Xi + ;Pij,j

Hence the solution.
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5.4. The coefficient of viscosity and laminar flow:
Solution:

Upper Velocity = V;
Local Point P Velocity =V, —>V/;
Z 41y 2 /LS LK

Ofr777777777777 77T
Fixed plane

X
By the diagram, the z-plane is extended from z = 0to z = h.
The plane z is fixed between z = 0 and z = h which is namely called fixed
planes.
The fixed plane has a constant velocity towards the right-side direction.
Consider a point P which is not a larger value moves along with a velocity v;.
(ie.,) There is no slip between fluid and the surface.
At the point P(x, y, z) the velocity v; is independent of x, y.
When z is fixed, the velocity is also fixed so that the fluid moves between the
fixed planes.
The moment of a fluid between this parallel plane is called laminar flow.
For sufficiently large value of h, the shearing stress on the moving plane is

proportional to =
If 4" is a coefficient of viscosity which is constant then we write the stress as
(v
K ()
Suppose h — 0 then the stress on the fixed plane is
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Py = 6l (5)

P,, = v - (1)
zy # dZ

we’ve
6W oV
ay az
ou 0w
P = Py :#[g‘i'a
v 0du

In the above equation, substitute

u=0 v=v(z), w=0
=P, =P, ,ud—v - (2)
dz
Py =Pz =0 (3)
Py =Py =0-(4)
From (1) and (2),
,dv dv
‘udz_‘udz
=>u=u - (5

(i.e.,) u is constant, this is coefficient of velocity

From (1),
the dimension of u is

B,y

N

we know that,

(i) linear momentum = MLT 1
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(i) Force = MLT 2
(iii) Velocity = LT 1
(iv) Dimension of work = ML?T 2
[MLT~2]/L?
[LT-1]LT
MLT 2 1
STz I

=>u=

1
— MLT-2L2=
K T

u=MLT1
where M-Mass, L-length, T-time
In aero dynamics, the kinematic coefficient of viscosity 9 is defined by
_u MLTTT?
p ML™3
=9 =L*T"

I

For most of the fluids u depends on pressure and temperature.

For gases u is independent of pressure but decreases with the temperature.
5.5. Obtain Navier Stoke’s equation of motion of a viscous fluid.
Solution:

By the translation of motion of fluid element, we’ve

du 1 [apxx N ). N 0P,

sz_i_; 0x dy 0z

]—>(1)

ou
P =—P+2u [a] + 14

ou . ow

P = [ 4 2 }- ()
dv |, ou

Pyx =u [a 5
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Substituting (2) in (1), we get

(1)=>du_ +1 6[ 42 [6u]+/m]+6[ (6v+0u)]
dt_x p{ax P Hlox ay“ax dy

*al G 3D

10P 2ud?u 1014 u 0%v ud?u po*u puo*w

pax+7(3x2+ﬁax +Eaxay p 0y? Eaz2+Eaxaz

:>du_ 16P+u 62u+62u+62u +/16A+,uazw+yazv
ac ~ pox p| 0x? 0y? 0z?| pdx pdzdox pdydx
du 16P+u 62u+62u+62u LM 62u+ 0%v +62W +/16A
ac ~ pox plox? 0dy? 0z%| p|ox? 0dydx 0zdx| pox
By kinematic coefficient of viscosity is
U
vV=-
p
du 16P+ P2y 4 6A+/16A
dt_x po vvd Vax p Ox
du 16P+ 72y + A( N ) 3)
—_— —_——— —_— — | -
dt x p 0x Vv ax"
since A = — §# for a compressible fluid.
7 ( 2 )1
vd—=—+|—zu)-
p P 37 /p
A u 2u
Vd—=———
p p 3p
_ 3pu—2pu
3p?
"
3p?
_*
3p
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_1kw y=t
3p p
4 A 1 v
VT, T3V T3
Subv +%value in (3),
(3) N du 10P i ‘72 n A (V) (4)
_—= _——_—— — =) =
dt x p 0x v dx \3
similarly, we’ve
(replace u = v, x =y in (4))
dv 10P 04 v
— =y - 72 — (=
P p6y+v v+ay(3)—>(5)
(Replaceu = w, x = z in (4))
dw 10P n |72 n oA (V) (6)
—_— —_——— — =) -
ac 2T paz TV W T e2\3

This equation is known as Navier-stoke’s equations.
The tensor form of Navier stoke equation is

du; 1 v

= X _Ep'l +VUi,jj + A,i il (7)

dt 3

Vector form:

dv; 1 v

@ =Y TP Wik T34, 2 ®)
dwy, 1 v
ek _;P,k T VWi + 345 > (9)
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