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PREFACE

Mathematical analysis is a foundational branch of mathematics
that rigorously develops the concepts of limits, continuity,
differentiation, and integration on the real line. It forms the
theoretical backbone for calculus and extends to spaces like
metric and normed spaces, with profound applications in
physics, engineering, optimization, and applied sciences. This
book delivers a thorough introduction to mathematical
analysis, emphasizing its logical structure, proof techniques,
and geometric insights.

Purpose

The purpose of this book is to equip students and educators in
mathematics with a solid mastery of real analysis principles. It
features precise definitions, complete proofs, and abundant
examples to build proficiency in sequences, series,
compactness, and functional analysis. Readers will acquire the
tools for advanced study and interdisciplinary problem-solving.
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UNIT-I
Functions of Bounded Variation & Infinite Series:
1.1 Monotonic Functions
Definition 1.1

Let f be a real-valued function defined on a subset S of R.
Then f'is said to be increasing (or nondecreasing) on S if for
every pair of points x and y in S,

x <y implies f(x) < f(y),

If x <y implies f(x) < f(y) then f is said to be strictly
increasing on S. (Decreasing functions are similarly defined.)
A function is called monotonic on S if it is increasing on S
or decreasing on S.

If f is an increasing function, then f is a decreasing
function. Because of this simple fact, in many situations
involving monotonic functions it suffices to consider only
the case of increasing functions.

Definition 1.2

Let f be defined on a closed interval [a, b]. If f(c+) and
f(c-) both exist at some interior point ¢, then:

a) f(c) f(c) is called the left hand jump of f at c,

b) f(c+) f(c) is called the right hand jump of f at ¢,

¢) f(c+)-f(c-) is called the jump of f at c.

If any one of these three numbers is different from 0,
then c is called a jump dis-continuity of f.

For the endpoints a and b, only one-sided jumps are
considered, the right hand jump at a, f(a+) f(a), and the left
hand jump at b, f(b) - f(b-).
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Examples

1. The function f defined by f(x) = x/x if x # 0, f(0) =
A, has a jump discontinuity at 0, regardless of the value of A.
Here f(0+) = 1 and f(0)=1.

2. The function f defined by f(x) = 1 if x # 0, f(0) = 0,
has a removable jump dis-continuity at 0. In this case f(0+)
=f(0)=1.

1.2 PROPERTIES OF MONOTONIC FUNCTIONS
Theorem 1.1.
Let f be an increasing function defined on [a, b] and let
X0,X1,.-.-Xpbe n + 1 points such that a = x5 < x; <...< 2xp
=b. Then we have the inequality sum YRi[f(x{) —
f(xi)] = f(b) - f(a) .
Proof.

Assume that y, € (xg,Xp41). For 1Sk <n—1, we

have f(xg) < f(i) and f(Ve-1) < f(x) , so that
fO) —fOx) <fO) —f(k-1) - If we add these
inequalities, the sum on the right telescopes to f(y,,—1) —

f(yo) . Since f(¥n-1) = f(¥o) < f(b) — f(a) , this
completes the proof.

The difference f(xi) — f(xg) is, of course, the jump of f
at xy. The fore-going theorem tells us that for every finite
collection of points x; in (a, b), the sum of the jumps at
these points is always bounded by f(b) - f(a) This result can
be used to prove the following theorem.

Theorem 1.2.

If f is monotonic on [a, b], then the set of discontinuities
of f is countable.
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Proof.
Assume that f is increasing and let S, be the set of points in
(a, b) at which the jump of f exceeds 1 / m, m > 0 If x; <

. -1
X, <...<Xp_p are in S, by the above theorem nT <

f®) = f().

This means that S;,;, must be a finite set. But the set of
discontinuities of f in (a, b) is a subset of the union
Um=1Sm and hence is countable. (If f is decreasing, the
argument can be applied to -f.)

1.3 FUNCTIONS OF BOUNDED VARIATION
Definition 1.3.

If [a, b] is a compact interval, a set of points
P={xq x4,...x,}, satisfying the inequalities a = xy < x; <
...< x, =b is called a partition of [a, b]. The interval
[x,—1,xk] is called the k™ sub-interval of P and we write
Axy, = X — Xj_1.50 thatAx,= b-a. The collection of all
possible partitions of [a,b] will be denoted by p|a, b].
Definition 1.4.

Let f be defined on [a, b]. If P={x(xq,...x,,} is a
partition of [a, b], write Af;, = f(xg) — f(xg—1),for k = 1,
2 ,..,n. If there exists a positive number M such that
Yie=1lAfx| < M for all partitions of [a,b], then f is said to be
of bounded variation on [a,b] .

Examples of functions of bounded variation are provided by
the next two theorems.
Theorem 1.3.

If f is monotonic on [a, b], then f is of bounded variation
on [a, b].
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Proof. Let f be increasing. Then for every partition of [a,
b] we have Af,, =0 and hence Yp_|Afil= Xici Afx =
Yie=1f (xx) = f (xxe—1) =1(b)-f(a).

Theorem 1.4.

If f is continuous on [a, b] and if f' exists and is
bounded in the interior, say |f'(x)| < Afor all x in (a, b),
then fis of bounded variation on [a, b].

Proof.

Applying the Mean-Value Theorem, we have , Af;, =
fx) = f(xe-1) = f'(tx) (Xk — Xx—1) Where t, € () —
Xp_1) This implies

k=1l8fkl = Xie=11f "t Axp < AXy—1 Axy = A(b-2).
Theorem 1.5.

If f is of bounded variation on [a, b], say >|Afyx| < M for
all partitions of [a, b], then f is bounded on [a, b]. In fact,
If(x)| < |f(a)| + M for all x in [a, b].

Proof.

Assume that x € (a, b) Using the special partition P = {a, x,
b} we find

[f(x) - f(a)| + [f(b) - f(x) = M

This implies |f(x) — f(a)| < |f(a)|+ M . The same
inequality holds if x=a or x=b.

1.4 TOTAL VARIATION

Definition 1.5.

Let f be of bounded variation on [a, b], and let }.(P)denote
the sum Y}2_;|Afi| corresponding to the partition P=
{x0,%1,... x5} of [a, b]. The number sum
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V¢(a,b) =sup {¥.(P): P € pla,b]}
is called the total variation of f on the interval [a, b].

NOTE. When there is no danger of misunderstanding, we
will write V¢ instead of V¢(a,b)

Since f'is of bounded variation on [a, b], the number V¢ is
finite. Also, V; = 0, since each sum >.(P) = 0. Moreover,

(a, b) = 0 if, only if, fis on V¢(a, b)= 0.
Theorem 1.6.

Assume that f and g are each of bounded variation on [a,
b]. Then so are their sum, difference, and product. Also, we
have

Vizg < V; + VzandVy , < AVy + BV,
Where
A=sup{lg(x)|: x € [a, b]}, B=sup{|f (x)|: x € [a, b]},
Proof.
Let h(x) = f(x) g(x).
For every partition P of [a, b], we have
|ARg| = |f Cer) g (xie) — f (xpe-1)9 (Xpe—1) |
= |f(x)g ) — fxre-1)9(x) +

f(er—1)9(xx) = f(xr-1)9 (xpe-1) |

< A|Afi|+ BlAgkl .

This implies that h is of bounded variation and that V_{h}

<= A*V_{f} + B*V_{g} The proofs for the sum and
difference are simpler and will be omitted.

NOTE.

Quotients were not included in the foregoing theorem
because the reciprocal of a function of bounded variation
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need not be of bounded variation. For example, if f(x) =
0 as x = xy, then 1/f will not be bounded on any interval
containing and 1/f cannot be of bounded variation on such
an interval. To extend Theorem to quotients, it suffices to
exclude functions whose values become arbitrarily close to
Zero.
Theorem 1.7.
Let f be of bounded variation on [a, b] and assume that

f is bounded away from zero; that is, suppose that there
exists a positive number m such that 0 <m <|f(x)| for all x
in [a, b]. Then g =1/ f'is also of bounded variation on [a, b],
and V; < Vp/m?.
Proof.

11 | Afi ~ |fil
fGa)  fo-l 1fCadf (ae—)l = m?
1.5 ADDITIVE PROPERTY OF TOTAL VARIATION

In the last two theorems the interval [a, b] was kept fixed

|Agk| =

and V¢(a,b) was con-sidered as a function of f. If we keep f
fixed and study the total variation as a function of the
interval [a, b], we can prove the following additive property.

Theorem 1.8.

Let f be of bounded variation on [a, b], and assume that ¢ in
(a, b) Then f is of bounded variation on [a, c¢] and on [c, b]
and we have

Vi(a,b) =V ¢(a, c) + Ve(c, b)
Proof.

We first prove that f is of bounded variation on [a, ¢] and on
[c, b]. Let P; be a partition of [a, ¢] and let P> be a partition
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of [c, b]. Then Po= P; U P, is a partition of [a, b]. If ),(P)
denotes the );|Afy |corresponding to the partition P (of the
appropriate interval), we can write X (P;) + X(P;) =
2 (Po) + V(a, b)-(1)

This shows that each sum Y;(P;) and };(P,) is bounded by
V¢(a, b)and this means that f is of bounded variation on [a,
c] and on [c, b]. From (1) we also obtain the inequality

Vt(a, ¢) + Vi(c, b) < Vi(a, b)

because of by the known Theorem, To obtain the reverse
inequality, let P = {xy,x4,...,Xx, }€ p [a, b] and let P, =
PU{c} be the (possibly new) partition obtained by
adjoining the point c. If CE [xj_4, x], then we have

( |£Gxx) — £ Gee—1)] < [fCei) — F (O] + 1f(c) —
f(xx-1)|,, and hence
Y (P) < Z (Po).

Now the points of Py in [a, c] determine a partition P: of [a,
c] and those in [c, b] determine a partition P2 of [c, b]. The
corresponding sums for all these partitions are connected by
the relation

EMP)<ZPy)=X(P1)+Z(P2)< Ve(a, )+ Ve(c,b).
Therefore, V ¢(a, ¢) + V¢(c, b) is an upper bound for every

sum ). (P). Since this cannot be smaller than the least upper
bound, we must have

Vi(a, b) < V¢(a, ¢) + Ve(c, b), and this completes the proof.

1.6 TOTAL VARIATION ON Ja, x] AS A FUNCTION
OF x

Now we keep the function f and the left endpoint of the
interval fixed and study the total variation as a function of
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the right endpoint. The additive property implies important

consequences for this function.

Theorem 1.9

Let f be of bounded variation on [a, b]. Let V be defined on

[a, b] as follows: V(x) = Vi(a, x) ifa<x <b, V(a) = 0. Then:

1) V is an increasing function on [a, b].

i1) V-f is an increasing function on [a, b].

Proof.

Ifa<x <y <b, we can write V¢(a, y) = Ve(a, X) + Vi(x, y).

This implies V(y) -V(x) = V¢(x, y) = 0. Hence V(x) < V(y),

and (i) holds. To prove (ii), let D(x) = V(x) f(x) if x € [a, b].

Then, ifa <x <y <b, we have

D(y) - Dx)=V(y) - V(x) -[f(y) - f(x)]

= Vi(x,y)-[f(y)-f(x)].

But from the definition of V¢ (X, y) it follows that we have
f(y) - f(x) < Vi(x, y).

This means that

D(y) - D(x) > 0, and (ii) holds.

NOTE. For some functions f, the total variation V¢(a, x) can

be expressed as an integral.

1.7 FUNCTIONS OF BOUNDED VARIATION
EXPRESSED AS THE DIFFERENCE OF
INCREASING FUNCTIONS

The following simple and elegant characterization of
functions of bounded variation is a consequence of above
Theorem
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Theorem 1.10.

Let f be defined on [a, b]. Then f is of bounded variation on
[a, b] if, and only if, f can be expressed as the difference of
two increasing functions.

Proof.

If f is of bounded variation on [a, b], we can write f=V - D
where V is the function of Theorem 1.9 and D =V - f Both
and D are increasing functions on [a, b].

The converse follows at once from Theorems 1.3 and 1.8.
The representation of a function of bounded variation as a
difference of two increasing functions is by no means
unique. f = f; — f, where f; and f, are increasing, we also
have f = (f; + g) - ( f, + g) where g is an arbitrary in-
creasing function, and we get a new representation of f. If g
is strictly increasing, the same will be true of f; + gand f, +
g Therefore, Theorem 1.9 also holds if "increasing" is
replaced by "strictly increasing."

1.8 CONTINUOUS FUNCTIONS OF BOUNDED
VARIATION

Theorem 1.11.

Let f be of bounded variation on [a, b]. If X€ (a, b] let V(x)
= Vr(a, x) and put V(a) = 0 Then every point of continuity of
fis also a point of continuity of V. The converse is also true.

Proof.

Since V is monotonic, the right and left hand limits V(x+)
and V(x-) exist for each point x in (a, b). Because of
Theorem 1.10, the same is true of f (x+ ) and f (x-).

If a<x<y <b then we have [by definition of V¢(x,y) ]
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0 < [f(y) - fx)] = V(y) - V(%)
Letting y — x we find
0<|f(xt) - f(x) | < V(1) -V(x).
Similarly,0 < [f(x)-f(x-)] < V(x)-V(x-). These inequalities
imply that a point of continuity of f. To prove the converse,

let f be continuous at the point ¢ in (a, b). Then, given € > 0
there exists a & > 0 such that

0 < |x - c| <& implies [f(x) - f(c)] <€/ 2 For this same €,
there also exists a partition P of [c,b], say

P={xg,%1,..-Xn}, Xo=C, Xn= b such that

n
&
V(e b) = 5 D 10fil.
k=1

1.9 ABSOLUTE AND CONDITIONAL
CONVERGENCE

Definition 1.6.

A series ). a, is called absolutely convergent if sum
|a, | converges. It is called conditionally convergent if )’ a,,
converges but Y}|a,,| diverges.

Theorem 1.12.
Absolute convergence of Y, a,, implies convergence.
Proof.
Apply the Cauchy condition to the inequality
|ans1+. . Fanip| < lansil +...+|anp|-

To see that the converse is not true, consider the example
had (_1)n+1
2
n=1

10|Page



This alternating series converges, but it does not converge
absolutely.

Theorem 1.13.

Let ), a, be a given series with real-valued terms and
define
_ lanl+an _ lanl-an

P, = > dn = 5 , (n=1,2,...).

Then:

i) If )} a,, is conditionally convergent, both ), P, and ) q,
diverge.

i) If Y|a,| converges, both ) P, and ). g,, converge and
we have

Yn=1an=2n=1Pn — Xn=14n

NOTE. P,=a, and q,, = 0 if a,, = 0 whereas q,,=- a,a nd
P,=0ifa, <0

Proof.

We have a,=P, - q,, ,la,|= B, + qn

To prove (i), assume that ) a, converges and ) |a,|
diverges. If ) g, converges, then ), P, also converges (by
known Theorem) since P, = a, + q,, Similarly, if )} P,
converges, then ), galso converges. Hence, if either ), p,or
Y. q, converges, both must converge and we deduce that
Yla,| converges, since |a,|= B, + q, This contradiction
proves (i). To prove we simply use (4) with known Theorem.
1.10. DIRICHLET'S TEST AND ABEL'S TEST

All the tests in the previous section help us to determine

absolute convergence of a series with complex terms. It is
also important to have tests for determining convergence
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when the series might not converge absolutely. The tests in
this section are particularly useful for this purpose. They all
depend on the partial summation formula of Abel (equation
(2) in the next theorem).

Theorem 1.16.

If {a,}and { b,,} are two sequences of complex numbers,
define 4, = a;+...+a,

Then we have the identity (2)

n n
D e b= Ap buaa— ) Ay (heas by
k=1 k=1

Therefore, Yjy-; ax by converges if both the series
Yic=1 Ak (bgs1- bi)and { Ay byyq}converge.

Proof.
Writing Ay = 0 we have

Yk=1 A br=Xg=1 (Ax — Ax-1) by

= Xk=1 Ak b = Xk=1 Ak br+1 + Ap bpia

The second assertion follows at once from this identity.
NOTE.
Formula (2) is analogous to the formula for integration by
parts in a Riemann-Stieltjes integral.

Theorem 1.17 (Dirichlet's test).

Let ), a,, be a series of complex terms whose partial sums

form a bounded sequence. Let { b, } be a decreasing
sequence which converges to 0. Then ). a,, b,, converges.

Proof. Let A, = a,+...+a,and assume that |[A,| <M
for all n.

12|Page



Then lim A, b,,, = 0.
n—>00

Therefore, to establish convergence of ). a, b, we need
only show that ), A, ( bx4+1— by)is convergent. Since b, \
we have,

| A (bg+1- b))l < M( by — biey1).
But the series ),( byy1— by) is a convergent telescoping
series. Hence the com-parison test implies convergence of

2 Ap(bgi1- by).
Theorem 1.18. (Abel's test).

The series ), a, b, converges if ), a,, converges and if ), b,
is a monotonic convergent sequence.

Proof.
Convergence of Y a, and of { b, } establishes the
existence of the limit , lim A, b,,; where A, =

n—-oo
a;+...+a, Also, {A,,} is a bounded sequence. The
remainder of the proof is similar to that of Theorem 1.17.

1.11. REARRANGEMENTS OF SERIES

We recall that Z" denotes the set of positive integers, Z"
=11,2,3,...}.
Definition 1.7.

Let f be a function whose domain is Z* and whose range is
7" and assume that f is one-to-one on Z" Let ), a,, and }; b,
be two series such that

by, =asmy forn=1, 2----(1)

Then ), b,, is said to be a rearrangement of ) a,,.
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NOTE.

by, =ag ) implies a, =bs_q(ny and hence 3 ay,is also a
rearrangement of ) b,

Theorem 1.19.

Let ), a,be an absolutely convergent series having sum s.

Then every rearrangement of ), a, also converges
absolutely and has sum s.

Proof. Let {b,,} be defined by (1). Then

|b1|+...+|bn| = |af(1)|+...+|af(n)| < Zlakl,
k=1

So Y, b, has bounded partial sums. Hence ). b,, converges
absolutely.

To show that ), b,, = s let t,, =b; + b,+...+b,,. Given €> 0
choose N so that |Sy — S| < % and so that ) ;—;|ax| < g
Then

€
|tn_5| < Itn_SNl‘l'ISN_Sl < |tn_SN|+E

Choose M so that {1,2,..N} € {f(1),f(2),....f(M)},
Then n > M implies f(n) > N and for such n we have

|tn - SN|= |b1 + b2++bn - (a1 + a2++aN)|
=|asy+.. +apmy — (@1 + az+...+ay)|
< laysal + |aN+2|+---S§

since all the terms aq + a,+...+ay cancel out in the
subtraction. Hence, n > M im-plies |t, — S| <€ and this
means ), b, =s
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1.12 RIEMANN'S THEOREM ON CONDITIONALLY
CONVERGENT SERIES

The hypothesis of absolute convergence is essential in
Theorem 1.18. Riemann discovered that any conditionally
convergent series of real terms can be rearranged to yield a
series which converges to any prescribed sum. This
remarkable fact is a consequence of the following theorem:

Theorem 1.20.

Let > a,, be a conditionally convergent series with real-
valued terms. Let x and y be given numbers in the closed
interval

[-o0, +oo], with x < y. Then there exists a rearrangement
>'b, of Ya,, such that

lim inf t, = x and lim sup t, =y, where
n—->oo n—oo

tp=by + by+...+b,

Proof. Discarding those terms of a series which are zero
does not affect its con-vergence or divergence. Hence we
might as well assume that no terms of }; a,, are zero. Let
Pn» denote the nth positive term of ), a,, and let-q,,, denote
its nth negative term. Then ) p, and ) q, , are both
divergent series of positive terms. [Why?] Next, construct
two sequences of real numbers, say {x,} and {y,, }, such that

lim x, = x and lim y, = y with x,<y,,, y; >0
n—->oo

n—-oo

The idea of the proof is now quite simple. We take just
enough (say ki) positive terms so that

P] + .t Pkl > yl,
followed by just enough (say r1) negative terms so that
Pi+.. +Pu-q-...-qu<Xy
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Next, we take just enough further positive terms so that

Pi+...+Pu-q-...- qutPia1 + ...+ Po> vy,
followed by just enough further negative terms to satisfy the
inequality
Pi+...+Pu-qi-.cco- quutPrr1 + ... Pro- Qeiv1 - ooo- 2>
y2

These steps are possible since ). p, & Y. q, , are both
divergent series of positive terms. If the process is continued
in this way, we obviously obtain a rearrangement of Y, a,,.
We leave it to the reader to show that the partial sums of this
rearrangement have limit superior y and limit inferior x.

UNIT-II
THE RIEMANN-STIELTJES INTEGRAL
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2.1 INTRODUCTION

Calculus deals principally with two geometric problems:
finding the tangent line to a curve, and finding the area of a
region under a curve. The first is studied by a limit process
known as differentiation; the second by another limit
process-integration to which we turn now.

The reader will recall from elementary calculus that to find
the area of the region under the graph of a positive function
f defined on [a, b], we subdivide the interval [a, b] into a
finite number of subintervals, say n, the k™ subinterval
having length Ax;, and we consider sums of the form sum
of the form Y3, f (tx)Ax,where t; is some point in the k™
subinterval. Such a sum is an approximation to the area by
means of rectangles. If f is sufficiently well behaved in [a, b]
continuous, for example then there is some hope that these
sums will tend to a limit as we let n—oo, making the
successive subdivisions finer and finer. This, roughly
speaking, is what is involved in Riemann's definition of the

definite integral f: f(x) dx (A precise definition is given
below.)

The two concepts, derivative and integral, arise in entirely
different ways and it is a remarkable fact indeed that the two
are intimately connected. If we consider the definite integral
of a continuous function f as a function of its upper limit,
say we write

F(x) = f F(t)dt
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then F has a derivative and F'(x) = f(x). This important result
shows that differentiation and integration are, in a sense,
inverse operations.

In this chapter we study the process of integration in some
detail. Actually we consider a more general concept than
that of Riemann: this is the Riemann-Stieltjes integral,
which involves two functions f and a. The symbol for such

. . b . _—
an integral is fa f(x) da(x) or something similar, and the
usual Riemann integral occurs as the special case in which
a(x) = x. When «a has a continuous derivative, the definition

is such that the Stieltjes integral f: f(x) da(x)becomes the

Riemann. integral f: f(x) a’(x) dx .However, the Stieltjes

integral still makes sense when a is not even when « is
discontinuous. In fact, it is in dealing with. discontinuous a
that the importance of the Stieltjes integral becomes
apparent. By a suitable choice of a discontinuous a, any
finite or infinite sum can be expressed as a Stieltjes integral,
and summation and ordinary Riemann integration then
become special cases of this more general process. Problems
in physics which involve mass distributions that are partly
discrete and partly continuous can also be treated by using
Stieltjes integrals. In the mathematical theory of probability
this integral is a very useful tool that makes possible the
simultaneous treatment of continuous and discrete random
variables.

2.2 NOTATION

For brevity we make certain stipulations concerning
notation and terminology to be used in this chapter. We shall
be working with a compact interval [a, b] and, unless
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otherwise stated, all functions denoted by f, g, a, B, etc., will
be assumed to be real-valued functions defined and bounded
on [a, b].

A partition P of [a, b] is a finite set of points, say P = {Xo,
Xi,..., Xn}, such that a = Xy <X;<...<Xy.1<X, = b. A partition
P' of [a, b] is said to be finer than P (or a refinement of P) if
PCP', which we also write P'2 P .The symbol Aa;, denotes
the difference Aax =a(b)-a(a) , so that

n

> ab) - aa)

k=1
The set of all possible partitions of [a, b] is denoted by p]a,
b].
The norm of a partition P is the length of the largest
subinterval of P and is denoted by ||P||. Note that
P' 2 P implies ||P'|| < ||P]|.
That is, refinement of a partition decreases its norm, but the
converse does not necessarily hold.

23 THE DEFINITION OF THE RIEMANN-
STIELTJES INTEGRAL

Definition 2.1.

Let P = {Xo, Xi,..., Xa} be a partition of [a, b] and let t, be a
point in the subinterval [ Xk.1, Xk]. A sum of the form

S(P, f, @) = Xj=1 f (tx) Aax
is called a Riemann-Stieltjes sum of f with respect to a. We
say f is Riemann-integrable with respect to a on [a, b], and
we write "feR(a) on [a, b]" if there exists a number A
having the following property: For every € > 0, there exists a
partition Pe. of [a, b] such that for every partition P finer

19|Page



than P. and for every choice of the points te in [Xk.1, Xi], we
have |[S(P,f,a) — Al <e.
When such a number A exists, it is uniquely determined and

is denoted by f; f da We also say that the Riemann-Stieltjes

: b : :
integral fa f da exists. The functions f and « are referred to

as the integrand and the integrator, respectively. In the
special case when alpha a(x) = x we write S(P, f) instead of
S(P, f, ) and f € R instead of f € R(«) The integral is then

called a Riemann integral and is denoted by fab f dx or by
f; f dx .The numerical value of f: f(x) da(x) depends

only on f, @,a, and b does not depend on the symbol x. The
letter x is a "dummy variable" and may be replaced by any
other convenient symbol.

NOTE.

This is one of several accepted definitions of the Riemann-
Stieltjes integral.

2.4 LINEAR PROPERTIES

It is an easy matter to prove that the integral operates in a
linear fashion on both the integrand and the integrator. This
is the context of the next two theorems.

Theorem 2.2.
If f e R(a) and if g € R(a) on [a, b], then ¢ f +c,g €
R(@) on [a, b] (for any two constants c; &c,) and we have

2 (e f + cag)da =

b b

c1J, fdatec, [, gda
Proof. h = c¢; f + ¢, g Given a partition P of [a, b], we can
write
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[oe]

SC.f0 =) A

= ¢1 2=1 f (t)Aay + c3 Xk=1 9 (tr)Aay
=c1S(P,f,a) + c,S(P, g, a)
Given € > 0 choose P, so that P2 P’ implies
b
s, f.a) - J fda
implies |S(P, g,a) — f: gda| <e.

< ¢ and choose P"; so that P2 P,

If we takeP, = P’ U P"', then, for P finer than P, we have

< lcile + leyle

b b
‘S(P, ha)— clf fda — sz gda
a a

and this proves the theorem.
Theorem 2.3.

If f €R(a)and f € R(f) on [a, b], then f € R(cya +
¢, )on [a, b] (for any two constants c; and ¢,) and we have

jabfd(cla reB)=c j:fda s f:fdﬁ

The proof is similar to that of Theorem 2.2

A result somewhat analogous to the previous two theorems
tells us that the integral is also additive with respect to the
interval of integration.

Theorem 2.4.

Assume that ¢ € (a, b) If two of the three integrals in (1)
exist, then the third also exists and we have

fcfda+jbfda=jbfda———(1)

a

Proof.
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If P is a partition of [a, b] such that ¢ €P let P=Pn [a, c]
and P"= PN [c, b] denote the corresponding partitions of [a,
c] and [c, b], respectively. The Riemann-Stieltjes sums for
these partitions are connected by the equation

S(P.fya)= S(P' f,a)+S(P" f.a)
Assume that f: fdaand fcb fda exist. Then, given &> 0 there is
a partition P'e of [a, c] such that

b

S(P'.f,0)— f Cfda

&
< —

2
whenever P'is finer than P's,

And a partition P"¢ of [c,b] such that

b
S(P".f,a) — f fda

£
< 2 whenever P"is finer than P',

Then Pe = P's + P"¢ is a partition of [c, b] such that
whenever P finer than Pe implies P'2 P'; and P" 2 P/,

Hence, if P is finer than P&, we can combine the foregoing
results to obtain the inequality

<e&

S(P,f,a) —fcfda—fbfda

This proves that f: fda exists and equals f: fda +

fcb fdaThe reader can easily verify that a similar argument

proves the remaining cases.
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Using mathematical induction, we can prove a similar result
for a decomposition of [a, b] into a finite number of sub-
intervals.

NOTE.

The preceding type of argument cannot be used to prove that
the integral fac fda exists. The conclusion is correct,
however.

Definition 2.5.

If a < b we define f: fda = — fbafda whenever f; fda
da exists. We also define f: fda=0

The equation in Theorem 2.4 can now be written as follows:

f:fda+j:fda+fcafda =0

2.5 INTEGRATION BY PARTS

A remarkable connection exists between the integrand and
the integrator in a Riemann-Stieltjes integral. The existence

of f: fda implies the existence of f: a df and the converse

is also true. Moreoververy simple relation holds between the
two integrals.

Theorem 2.6.
If f € R(a) on [a, b], then &« € R(f) on [a, b] and we have

b b
| e + [ a@ir@ = foe® - f@at@

NOTE.

This equation, which provides a kind of reciprocity law for
the integral, is known as the formula for integration by parts.
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Proof.

. . b . . ..
Let £ > 0 be given. Since fa fdaexists, there is a partition

P, of [a, b] such that for every P' finer than P, we have

b
‘S(P',f, a) — f fda
a
< &g ———(2)
Consider an arbitrary Riemann-Stieltjes sum for the integral
b
J, adf say

S(P,f,a) = Z a(ti)Afk
k=1
= > @t)f ) = ) alt)f (o),
k=1 k=1

where P is finer than P, Writing A = f(b) a(b) - f(a) a(a) we
have the identity
A=Y=1 f () a(xx) — Lk=1 f (xp—1)a(xr-1)

Subtracting the last two displayed equations, we find

A-SP, a )= k=1 f () [a(xi) — a(ti)] +
Lie=1f (G- [a(tr) — a(xe-1)]

The two sums on the right can be combined into a single
sum of the form S(P', f, @) where P' is that partition of [a, b]
obtained by taking the points X and t; together. Then P' is
finer than P and hence finer than P, Therefore the inequality
(2) is valid and this means that we have

A-SP, a,f)- [, fdal<e,
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whenever P is finer than P;. But this is exactly the statement
that f: a df exists and equals A - f: fda

2.6 CHANGE OF VARIABLE IN A RIEMANN-
STIELTJES INTEGRAL

Theorem 2.7.

Let f € R(«) on [a, b] and let g be a strictly monotonic
continuous function defined on an interval S having
endpoints ¢ and d. Assume that a=g,b = g(d) Let h and S be
the composite functions defined as follows: h(x) = f[g(x)]
B(x)=a[g(x)] if x € S Then h € R(f) on S and we have

J? fda=[* fdp Thatis,
g(d)

o0 fOdalt)= [ £ () {a(e()}
Proof.

For definiteness, assume that g is strictly increasing on S.
(This implies ¢ <d.) Then g is one-to-one and has a strictly
increasing, continuous inverse g' defined on [a, b].
Therefore, for every partition P={yq,y1,...¥n}} of [c,d]
there corresponds one and only one partition P'
={xg,%1,---Xn} of [ a, b] with x;, = g(y;) In fact, we can
write

P'=g(P)and P= g~ 1(P"

Furthermore, a refinement of P produces a
corresponding refinement of P' and the converse also holds.

If € > 0 is given, there is a partition P’ of [a, b] such
that P' finer than P’ implies

ISP £, @) - [ fdal|<ce.
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Let P. =g~ 1(P’,) be the corresponding patition of [c, d],
and let P={y,,v1,... ¥y} be a partition of [c, d] finer than
P'..

Form a Riemann-Stieltjes sum

S(P, h, B) = Xi=1 h(ux) APk

where uy € [yr—1 — yx] and ABy =B (i) = B(Yk-1) If
we put t = g(ur) & x = g(yr)then P'={xq, x1,...x,} is
a partition of [a, b] finer than P’,. Moreover we then have

S(P,h, )= Y= flgu){al g )] — alg (Ye-1)1}
=Lk=1 fltel{alx] — alxx—11}
=S(P', f, a)
sincety, € [xx_1,Xg] Therefore,
IS(P, h,3) -f: fda| < € and the theorem is proved

NOTE. This theorem applies, in particular, to Riemann
integrals, that is, when a(x) = x Another theorem of this type,
in which g is not required to be mono-tonic, will later be
proved for Riemann integrals.

2.7 REDUCTION TO A RIEMANN INTEGRAL

The next theorem tells us that we are permitted to
replace the symbol da(x) by o (x)dx in the integral

b . ..
fa fda(x) whenever a has a continuous derivative
Theorem 2.8.

Assume f € R(a) on [a, b] and assume that a has a
continuous derivative alpha' on [a, b]. Then the Riemann

integral fab fo'(x)dx exists and we have fab fx)da(x)=
I fa(0dx
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Proof.

Let g(x) = f(x)a’(x) and consider a Riemann sum

S(P,g) = Xk=19(tr) Axy = Xi=1 f (tx) Axy
The same partition P and the same choice of the t; can be
used to form the Riemann-Stieltjes sum

S(P.fa) = Xj=1 f (i) Acty

Applying the Mean-Value Theorem, we can write
Aay=a'(vy) Ax,

and hence S(P,f,a) —S(P,g) =Xr_1f (t)[a' (Vi) —
a'(t)].Since f is bounded, we have |f(x)] < M for all x in
[a, b], where M > 0 Continuity of a' on [a, b] implies
uniform continuity on [a, b]. Hence, if € > 0 is given, there
exists a § > 0 (depending only on €) such that

€
2M(b—a)

0 <|x-y| <& implies |a'(x) — a’(¥)] <

If we take a partition P’'c with norm ||P'¢|| < &, then for

any finer partition P we will have |a'(vy) — a'(ty)] <
€
2M(b—a)

In the proceeding equation . For each such P, we therefore
have

&
IS(P,f,a) —S(P,g)| < >

On the other hand, since f € R(a) on [a, b], there exists a
partition P''¢c such that P finer than P"'cimplies

<£
2

b
‘S(P,f,a) - j fda
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Combining the last two inequalities, we see that when P is

finer than Pc = P'cUP". , we will have [S(P,g)—
b

[, fda| <%

and this proves the theorem.

NOTE. |A| <gla(c) — a(c—)|. Similarly, if f is continuous

from the right and discon-tinuous from the left at c, we have

a(c) = a(c—)and |A] < gla(c+) —a(c) |. Hence the last

displayed inequality holds in every case. This proves the

theorem.

Example. Theorem 2.9 tells us that the value of a Riemann
Stieltjes integral can be altered by changing the value of f at
a single point. The following example shows that the
existence of the integral can also be affected by such a
change. Let

(a(x) =0,if x #0,a(0) = —1)
f)=1if —1<x<+1

In this case Theorem 2.9 implies f_11 fda=0 But if we re-
define f so that f(0) = 2 and f(x) = 1 if x # 0, we can easily
see that f_ll fda will not exist. In fact, when P is a partition
which includes 0 as a point of subdivision, we find

S, f,a) = f(t)[alxy) — a(0)] + f(tk-1)[a(0)
— a(xg-1)]
= f(te) = f(tk-1)

where xj,_, < tp_q < 0 <t < xi. The value of this sum
is 0, 1, or -1, depending on the choice of t, and t,_;.

1 e .
Hence, [~ ,fda does not exist in this case. However, in a

Riemann integral ff f(x)dx , the values of f can be changed
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at a finite number of points without affecting either the
existence or the value of the integral. To prove this, it
suffices to consider the case where f(x) = 0 for all x in [a, b]
except for one point, say x = ¢. But for such a function it is
obvious that S(P, f) < [f(c)| ||P||. Since ||P|| can be made

arbitrarily small, it follows that f; f(x)dx=0

2.9 REDUCTION OF A RIEMANN-STIELTJES
INTEGRAL TO A FINITE SUM

The integrator a in Theorem 2.9 is a special case of an
important class of functions known as step functions. These
are functions which are constant throughout an interval
except for a finite number of jump discontinuities.

Definition 2.10 (Step function). A function a defined on [a,
b] is called a step function if there is a partition

a=Xi <X, <...< X,= b such that a is constant on each open
subinterval (Xi.1, Xk). The number a(x;+) — a(xx—) is
called the jump at xy, if 1 <k<n. The jump at x;, isa(x;+) —
a(x1) , and the jump at Xy, is a(x,+) — a(x,—).

Step functions provide the connecting link between
Riemann-Stieltjes integrals and finite sums:

Theorem 2.11

(Reduction of a Riemann-Stieltjes integral to a finite
sum). Let a be a step function defined on [a, b] with jump
Xk at Xk, where Xi,...,X, are as described in Definition 2.10.
Let f be defined on [a, b] in such a way that not both f and «
are discontinuous from the right or from the left at each xx.

Then ff fda exists and we have
b
Jo fCda(x) = Ekoy f () e
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Proof. By Theorem 2.4, f: fda can be written as a sum of
integrals of the type considered in Theorem 2.9.

One of the simplest step functions is the greatest-integer
function. Its value at x is the greatest integer which is less
than or equal to x and is denoted by [x]. Thus, [x] is the
unique integer satisfying the inequalities [x] < x <[x] + 1
Theorem 2.12. Every finite sum can be written as a
Riemann-Stieltjes integral. In fact, given a sum )7_; ai
define f on [0, n] as follows: f(x) = ap k-1 <x<k(k=
1,2,..,n),f{0)=0

D= Zzzlf (k) = f:ﬂx)d[x].

where [x] is the greatest integer < x . Proof.

The greatest-integer function is a step function, continuous
from the right and having jump 1 at each integer. The
function f'is continuous from the left at 1, 2 ,...,n. Now apply
Theorem 2.11.

2.10 EULER'S SUMMATION FORMULA

We shall illustrate the use of Riemann-Stieltjes integrals by
deriving a remarkable formula known as Euler's summation
formula, which relates the integral of a function over an
interval [a, b] with the sum of the function values at the
integers in [a, b]. It can sometimes be used to approximate
integrals by sums or, conversely, to estimate the values of
certain sums by means of integrals.

Theorem 7.13 (Euler's summation formula).

If f has a continuous derivative f' on [a, b], then we have
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D fa= | Foodx

a<nsb
b
+.f f'e)((x))dx + f(a)((a))
— f(b)((b))

where ((x)) = x - [x] When a and b are integers, this
becomes

M=

b
fn) = f fo0)dx

n=a

b 1
[ Fee - W -pdx

+f@);f@)
NOTE.

Ya<n<p f means the sum from n=[a] + 1 to n = [b]

Proof. Applying Theorem 2.6 (integration by parts), we have
b
| feode -
a

b
+ [ - e
= f()(b - [b]) — f(a)(a - [a])

Since the greatest-integer function has unit jumps at the
integers [a] + 1, [a] + 2 ,...,[b], we can write

J2 F)d[x] =T acnsy £()

If we combine this with the previous equation, the theorem
follows at once.
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2.11 MONOTONICALLY INCREASING
INTEGRATORS. UPPER AND LOWER INTEGRALS:

The further theory of Riemann-Stieltjes integration will now
be developed for monotonically increasing integrators, and we
shall see later (in Theorem 2.24) that for many purposes this is
just as general as studying the theory for integrators which are
of bounded variation.

When « is increasing, the differences Aa;, which appear in the
Riemann-Stieltjes sums are all non-negative. This simple fact
plays a vital role in the development of the theory. For
brevity, we shall use the abbreviation "a 7 on [a, b]" prime
prime to mean that "a is increasing on [a, b]."

As stated earlier, to find the area of the region under the graph
of a function f we consider Riemann sums ) f(t;)Ax as
approximations to the area by means of rectangles. Such sums
also arise quite naturally in certain physical problems
requiring the use of integration for their solution. Another
approach to these problems is by means of upper and lower
Riemann sums. For example, in the case of areas, we can
consider approximations from "above" and from "below" by
means of the sums ), Mj, Ax;, and Y, my, Ax;, , where M, and
m,, denote, respectively, the sup and inf of the function values
in the kth subinterval. Our geometric intuition tells us that the
upper sums are at least as big as the area we seek, whereas the
lower sums cannot exceed this area. (See Fig. 2.1.) Therefore
it seems natural
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to ask: What is the smallest possible value of the upper sums?
This leads us to consider the inf of all upper sums, a number
called the upper integral of f. The lower integral is similarly
defined to be the sup of all lower sums. For reasonable
functions (for example, continuous functions) both these
integrals will be equal to f: f(x)dx. However, in general,

these integrals will be different and it becomes an important
problem to find conditions on the function which will ensure
that the upper and lower integrals will be the same. We now
discuss this type of problem for Riemann Stieltjes integrals.

Definition 2.14.

Let P be a partition of [a, b] and let

Mu(f) = sup {F(x): x € [Xe_1, X I},

my(f) inf {f(x): x € [Xy_q, Xk ]}

The numbers

U(P, f, a)=X}-1 My (f)Aay, and

L(P, f, a)=Xr-1myx (f)Aa; are called, respectively, the
upper and lower Stieltjes sums of f with respect to a for the
partition P.

NOTE.

We always have my (f) < M, (f). If « 7 on [a, b], then
Aay, > 0 and we can also write my (f)Aay < My (f)Aay, from
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which it follows that the lower sums do not exceed the upper
sums. Furthermore, if t;, € [X,_1, X], then

my(f) < f(te) <(My (f)

Therefore, when a 7, we have the inequalities

L(P, f.a) < S(P, f, @) < U(P, f, a) relating the upper and
lower sums to the Riemann-Stieltjes sums. These inequalities,

which are frequently used in the material that follows, do not
necessarily hold when a is not an increasing function.

The next theorem shows that, for increasing a, refinement of
the partition increases the lower sums and decreases the upper
sums.

Theorem 2.15.
Assume that a 7 on [a, b]. Then:
1) If P' is finer than P, we have

U, f, @) <U(P, f, @) and L(P', f, @) > L(P, {, ).

ii) For any two partitions P: and P,, we have L(Py, f, o) <
U(P>, £, 0).

Proof.

It suffices to prove (i) when P' contains exactly one more

point than P, say the point c. If ¢ is in the i subinterval of P,
we can write

UP'f,a) = Xi=1k=i M (DA + M' [a(c) — a(x;-1)] +
M"[a(x;) — a(c)],
where M' and M"' denote the sup of f in [x . 1,c] and [c,x;]
But, since

M’ < M;(f) and M" < M(f)
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we have U(P', f, @) < U(P, f, @) (The inequality for lower
sums is proved in a similar fashion.)

To prove (ii), let P=P; U P, . Then we have L(P1, f, a) <L(P,
f,a) <UP, f, a) <U(P,, f, )

NOTE.

It follows from this theorem that we also have (for increasing
a) m[o(b) - a(a)]< L(P1, f, a) <U(P2, £, o) <m[a(b) - a(a)]
where M and m denote the sup and inf of f on [a, b].
Definition 2.16.

Assume that ¢ / on [a, b]. The upper Stieltjes integral of f
with respect to « is defined as follows:

b
f fda =inf{U(P,f,a):P € p[a,b]}.

The lower Stieltjes integral is similarly defined:

b
f_ fda = inf{L(P,f,a):P € pla,b]}

a

NOTE.

We sometimes write I(f, &) and I(f, @) for the upper and
lower integrals. In the special case where a(x) = x the upper
and lower sums are denoted by U(P, f) and L(P, f) and are
called upper and lower Riemann sums. The corresponding

integrals, denoted by ff fda and f; fda are called upper

and lower Riemann integrals. They introduced G. Darboux
(1875).

Theorem 2.17.
Assume that a on [a, b]. Then I(f, &) and I(f, )

Proof.
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€ > 0 is given, there exists a partition P; such that
UP,f,a) <I(fa) +¢

By Theorem 2.15, it follows that I(f, @) + ¢ is an upper
bound to all lower sums L(P, f,a) Hence, I(f, @) < I(f @) +
g and, since € is arbitrary, this implies I(f, @) < I(f @) .
Example. It is easy to give an example in which I(f a) <
I(f, @) Let a(x) = x and define f on [0, 1] as follows:

f(x) = 1 if x is rational,

f(x) = 0 if x is irrational.

Then for every partition P of [0, 1], we have M, (f) =1 and
my (f) = 0 since every subinterval contains both rational and

irrational numbers. Therefore, U(P, f) = 1 and L(P, f) = 0 for
all P. It follows that we have, for [a, b] =[0, 1],

fjfda and Lbfda

Observe that the same result holds if f(x) = 0 when x is
rational, and f(x) = 1 when x is irrational.

2.12 ADDITIVE AND LINEARITY PROPERTIES OF
UPPER AND LOWER INTEGRALS

Upper and lower integrals share many of the properties of the
integral. For ex-ample, we have

fEfda =fc_fda +f5fda

if a < ¢ <b and the same equation holds for lower integrals.
However, certain equations which hold for integrals must be
replaced by inequalities when they are stated for upper and
lower integrals. For example, we have
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fE(f+g)da ngfda +f5gda

a

And

f_b(f+g)da =f_bfda +f_bgda

a a a
These remarks can be easily verified by the reader. (See
Exercise 2.11.)

2.13 RIEMANN'S CONDITION

If we are to expect equality of the upper and lower integrals,
then we must also expect the upper sums to become arbitrarily
close to the lower sums. Hence it seems reasonable to seek
those functions f for which the difference U(P, f, «) - L(P, f,
«) can be made arbitrarily small.

Definition 2.18.

We say that f satisfies Riemann's condition with respect to
a on [a, b] if, for every € > 0 there exists a partition P, such
that P finer than P, implies

0<UP,f,a)-LP,f,a) < ¢
Theorem 2.19.

Assume that a 7on [a, b]. Then the following three statements
are equivalent:

i) f € R(a)on [a, b]
ii) f satisfies Riemann's condition with respect to  on [a, b].
iii) I(f, @) = I(f, @)
Proof.

We will prove that part (i) implies (ii), part (ii) implies (iii),
and part (iii) implies (i). Assume that (i) holds. If a(b) = a(a)
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then (ii) holds trivially, so we can assume that a(a) < a(b)
Given € > 0 choose F; so that for any finer P and all choices
of ty and t'y in [X k-1 ,X k], we have
n £ n £
‘Z Ft)Aa, —A| << and |Z F(t')Aa, —A| < =
k=1 3 k=1 3
where A = f; fda Combining these inequalities, we find

Since
n 2
D ool <3e
k=1
Since My (f) - my (f) = sup{f(x) —

fO):x,x"in [x,_q1,x]} it follows that for every h > 0 we
can choose t; and t'y so that f(t,)-f(tx—1)>Mi(f)-me(f) - h

Making a choice corresponding to h = ge/ [a(b) — a(a)], we
can write

U(P’ f, a) - L(P: f, a):Z;cl=1[Mk (f) —my (f)] Aak

< Xie=1f (&) — f (' )] Ay + h Xi—1 Aay < & Hence, (i)
implies (ii). Next, assume that (ii) holds. If > 0 is given, there
exists a partition P, such that P finer than P, implies U(P, f, a)
<L(P, fa)+ €.
Hence, for such P we have
I(fa) < UPfa) < L(P,fa) + ¢ < Ifa)+ ¢
That is, I(f @) < I(f,a) + & for every £ > 0 .Therefore,
I(f,a) < I(f,a) But, by Theorem 2.17, we also have the
opposite inequality. Hence (ii) implies (iii).
ii) Finally, assume that I (f,a) = I(f, &) and let A denote their

. b .
common value. We will prove that fa fda exists and equals
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A. Given &> 0 choose P, so that U(P, f, a) <I(f, @)+ ¢ for all
P finer than P’, Also choose P", such that

L(P,fa)>I(fa)— ¢

for all P finer than P, If P, = P', U P", we can write
I(f,a) — e <L(P,f,a) < S(P,f,a) < U(P,f, )

<I(fa)+ ¢

for every P finer than P"’, But, since I(f,a)=I(f, a)=A. This

means that

IS(P, f, @) - A] < & whenever P is finer than P, This proves

that f: fda exists and equals A, and the proof of the theorem

is complete.

UNIT-III
3.1 INTEGRATORS OF BOUNDED VARIATION
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In the above Theorem we found that every function a of
bounded variation on [a, b] can be expressed as the difference
of two increasing functions. If a=a: - @, is such a
decomposition and if f€ R(a;) & f € R(a,) on [a, b], it
follows by linearity that € R(a). However, the converse is not
always true. If € R(a) on [a, b], it is quite possible to choose
increasing functions a; and @, such that a=a; - a,, but such

that neither integral f; fday, f; fda; exists. The
difficulty, of course, is due to the non uniqueness of the
decomposition a=a1 - @>. However, we can prove that there is
at least one decomposition for which the converse is true,
namely, when a; is the total variation of @ and a,=a1-a .

Theorem 3.1.

Assume that a is of bounded variation on [a, b]. Let V(x)
denote the total variation of a on [a, x] if a <x < b, and let
V(a) = 0 Let f be defined and bounded on [a, b]. If f€ R(a) on
[a, b], then f € R(V) on [a, b].

Proof.

If V(b) = 0 then V is contant and the result is trivial. Suppose
therefore, that V(b) > 0 Suppose also that [f(x)] < M if x€ [a,
b]. Since V is increasing, we need only verify that f satisfies
Riemann's condition with respect to V on [a, b].

Given € > 0 choose Pe, so that for any finer P and all choices
of points t, and t, € [xy_1,x;] we have

<£ d
7

D It - F(E10) Ay
k=1

n &
Vb <Z Aty | + ——
(b) k=1| ak|+4M
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For P finer than P, we will establish the two inequalities

zn_l[Mk (f) = me (H1(Avy, — |Aa|) < %

And T [M () = mie (D)]lAa | < >

and which, by addition, yield

U(P, f, V) - L(P, £, V) <.

To prove the first inequality, we note that Av, — [Aa,| =0
and hence

D M) = (B~ It

n
< ZMZ [AV, — |Aay]
k=1

=2M(V(b)- T3 [Acrc )
&
<2

To prove the second inequality, let

A(P)= {k: Ay, = 0}, B(P)= {k: Aa, < 0}

1
E .

And let k=VZ(b). if k € A(P), choose t; & t') so that
f) = (1) > M (f) — mye(f)-h
Then

ke=1[Mi (f) — mue(F)]| Ay | < Lreapy[ f(t) —
f(@') 1 Aay| + ke f (') — f(t) 11Aay| +
h¥k-1lAapl<C + RV (b)=2 + - =~
It follows that f € R(V) on [a,b]

NOTE.
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This theorem enables us to reduce the theory of Riemann-
Stieltjes integration for integrators of bounded variation to the
case of increasing integrators. Riemann's condition then
becomes available and it turns out to be a particularly useful
tool in this work. As a first application we shall obtain a result
which is closely related to Theorem 2.4.

Theorem 3.2.

Let a be of bounded variation on [a, b] and assume that f €
R(a) on [a, b]. Then f € R(a) on every sub interval [c, d] of
[a, b].

Proof.

Let V(x) denote the total variation of @ on [a, x], with V(a) =
0 Then alpha = V - (V - @) where both V and V - a are
increasing on [a, b] By Theorem 3.1, f ER(V) and hence f €
R(V -a) on [a, b]. Therefore, if the theorem is true for
increasing integrators, it follows that f € R(V) on [c, d] and f
ER(V-a)on|[c,d],sof € R(a)on|c,d].

Hence, it suffices to prove the theorem when a /7 on [a, b]. By

Theorem 2.4 it suffices to prove that each integral fac fda and

f: fda exists. Assume that a <c <b . If P is a partition of [a,
x], let A(P, x) denote the difference

A(P,x)=U(P, f, a) - L(P, f, a)

of the upper and lower sums associated with the interval [a,
x]. Since f € R(a) on [a, b], Riemann's condition holds.
Hence, if ¢ > 0 is given, there exists a partition P, of [a, b]
such that A(P, b) < € if P is finer than Pe. We can assume that
¢ €Pe The points of P, in [a, ¢] form a partition P’, of [a, c].
If P' is a partition of [a, c] finer than P’, then P= P' U P, is a
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partition of [a, b] composed of the points of P' along with
those points of P, in [c, b]. Now the sum defining A(P',c)
contains only part of the terms in the sum defining A(P, b)
Since each term is > 0 and since P is finer than P, we have

A(P',c) < A(P,b)<e
That is, P' finer than P, implies A(P', ¢) < & Hence, f satisfies
Riemann's condition on [a, c¢] and fac fda exists. The same
argument, of course, shows that fad fda exists, and by
Theorem 2.4 it follows that fcd fda exists.
Theorem 3.3.
Assume f € R(a) and g € R(a) on [a, b], where @ / on [a, b].
Define F(x)= f;f(t) da(x) and G(x) = f:g(t)da(t) if x €
[a, b].
Then f €R(G), g € R(F) and the product f.g ER(a) on [a, b],

and we have f; fg)da(x) =
[} f0dG @) = f; g()dF (x)
Proof.

The integral f; f.g dxexists by the known Theorem For
every partition P of [a, b] we have

S(P.LG)=Th=1 f (8 [,* 9O da(®)
=Ykt i FE)g(©dae),

And [ £(x). 9(x) da(x) =Ty [1* F(B)g(E)da(®)
Therefore, if Mg=sup {|g(x)|: x € [a, b]}
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b
‘S(P,f,G) —f f.gda

S

= Xk

‘ f () — fF(O}g(O)da(t)

SMgZ:: j IF(to) — £(O)] da(t)

154

n Xk
<My [ M)~ ma o
k=1Jx;_,

< My{U(P,f,a) — L(P, f,a)}

. Since f € R(a) for every &> 0 there is a partition P, such that
P finer than P, implies U(P, f, a) - L(P, f, @) < &.This proves
that £ €R(G) on [a, b] and that [ f. g da = [. f dGA similar
argument shows that geER(F) on [a, b] and that
NOTE. Theorem 3.3 is also valid if a is of bounded variation
on [a, b].

3.2 SUFFICIENT CONDITIONS FOR EXISTENCE OF
RIEMANN-STIELTJES INTEGRALS

In most of the previous theorems we have assumed that
certain integrals existed and then studied their properties. It is
quite natural to ask: When does the integral exist? Two useful
sufficient conditions will be obtained.

Theorem 3.4.

If f is continuous on [a, b] and if a is of bounded variation on
[a, b], then f € R(a) on [a, b].

NOTE. By Theorem 2.6, a second sufficient condition can be
obtained by inter-changing f and « in the hypothesis.
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Proof.

It suffices to prove the theorem when a 7 with a(a) < a(b)
Continuity of f on [a, b] implies uniform continuity, so that if
>0 is given, we can find § > 0 (depending only on €) such
that |x - y| < & implies |f(x) - f(y)| <&/ A ,where A = 2[a(D) -
a(a)] . If P; is a partition with norm ||P|| < & then for P finer
than P, we must have

My (f) = my(f) <~

Since

My (f) = my(f) = sup{f (x) — f(¥)/x%,y € [Xp—1, %] '}
Multiplying the inequality by Aoy and summing, we find
U(Pfa) = L(P,f,a) < %ZLlAak = % <eg

and we see that Riemann's condition holds. Hence, f € R(«)
on [a, b].

Theorem 3.5

Each of the following conditions is sufficient for the existence
of the Riemann integral fab f(x) dx

a) fis continuous on [a, b].

b) f is of bounded variation on [a, b].

3.3 NECESSARY CONDITIONS FOR EXISTENCE OF
RIEMANN-STIELTJES INTEGRALS

When a is of bounded variation on [a, b], continuity of
f is sufficient for the existence of ff fda. Continuity of f

throughout [a, b] is by no means necessary, however. For
example, in Theorem 3.9 we found that when a is a step
function, then f can be defined quite arbitrarily in [a, b]
provided only that f is continuous at the discontinuities of a.
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The next theorem tells us that common discontinuities from
the right or from the left must be avoided if the integral is to
exist.

Theorem 3.6. Assume that @ 7 on [a, b] and let a < c <b.
Assume further that both « and f are discontinuous from the
right at x = c; that is, assume that there exists an ¢ > 0 such
that for every 8 > 0 there are values of x and y in the interval
(c, ¢ +6) for which |f(x) — f(c) = €| and |a(y) — a(c) =
e |

Then the integral ff f(x)da(x) cannot exist. The integral
also fails to exist if a and f are discontinuous from the left at c.
Proof.

Let P be a partition of [a, b] containing ¢ as a point of
subdivision and form the difference

U(P,f,a) = L(P, f, )=X=1[Mx (f) — mi ()] Aty
If the ith subinterval has c as its left endpoint, then

U, f,0) =L fa) = [M(f) —mi(][alx) — alc)],

since each term of the sum is >0. If ¢ is a common
discontinuity from the right, we can assume that the point x;,
is chosen so that a(x;) — a(c) > & . Furthermore, the
hypothesis of the theorem implies[M; (f) — m;(f) > €. Hence,

U(P, f,a )- L(P, f, ) > €2,
and Riemann's condition cannot be satisfied. (If ¢ is a
common discontinuity from the left, the argument is similar.)

3.4 MEAN-VALUE THEOREMS FOR RIEMANN-
STIELTJES INTEGRALS

Although integrals occur in a wide variety of problems, there
are relatively few cases in which the explicit value of the
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integral can be obtained. However, it often suffices to have an
estimate for the integral rather than its exact value. The Mean
Value Theorems of this section are especially useful in
making such estimates.

Theorem 3.7 (First Mean-Value Theorem for Riemann-
Stieltjes integrals).

Assume that a 7 and let fER(a) on [a, b]. Let M and m
denote, respectively, the sup and inf of the set {f(x): x € [a,
b]}. Then there exists a real number c satisfyingm <c< M
such that

[, foda)=cf, da(x)= cla(b) - ()]

In particular, if f is continuous on [a, b], then ¢ = f(x,) for
some X, in [a, b].

Proof.

If a(a) = a(b) the theorem holds trivially, both sides being 0.

Hence we can assume that a(a) = a(b) Since all upper and
lower sums satisfy

m[a(a) - a(b)] < L(P, f, o) < U(P, f,a) < M[a(a) - a(b)]
the integral integrate ff fda must lie between the same

bounds. Therefore, the quotient ¢ = ( ff fda)/( f: da) lies
between m and M. When f is continuous on [a, b], the
intermediate value theorem yields c=f(x,) for some x; in [a,
b].

A second theorem of this type can be obtained from the first
by using integra-tion by parts.

Theorem 3.7 (Second Mean-Value Theorem for Riemann-
Stieltjes integrals). Assume that « is continuous and that f
7on [a, b]. Then there exists a point x, in [a, b] such that
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b Xq b
f f(x)da(x) = f(a)f da(x) +f(b)f da(x)
Proof:
By Theorem 2.6, we have
b X0
| reoda = tra®) - f@a@ - | “at) dre)

a

Applying Theorem 3.6 to the integral on the right, we find

b
f f)da(x) = f(@)[a(x,) — a(a@)] + f(b)[a(b) — a(x,)]

where x, in [a, b] which is the statement we set out to prove.

3.8 THE INTEGRAL AS A FUNCTION OF THE
INTERVAL

If fe R(a) on [a, b] and if a is of bounded variation, then (by
known Theorem) the integral f; fda exists for each x in [a,

b] and can be studied as a function of x. Some properties of
this function will now be obtained.

Theorem 3.8

Let a be of bounded variation on [a, b] and assume that f €
R(a) on [a, b]. Define F by the equation

F(x)= [ fda if x€ [a, b]

Then we have:

i) F is of bounded variation on [a, b].

ii) Every point of continuity of a is also a point of continuity
of F.
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iii) If a 7 on [a, b], the derivative F'(x) exists at each point x
in (a, b) where a' * (x) exists and where f is continuous. For
such x, we have F' (x) = {(x). o'(x).

Proof. It suffices to assume thata » on [a, b]. If x+#y,
Theorem 3.6 implies that

b
F(y) - F(x) =/, fda=c[a(y) - a(x)]
where m< ¢ < M (in the notation of known Theorem ).
Statements (i) and (ii) follow at once from this equation. To
prove (iii), we divide by y - x and observe that ¢ = f(x) asy =
X

When Theorem 3.7 is used in conjunction with known
Theorem, we obtain the following theorem which converts a
Riemann integral of a product f . g into a Riemann-Stieltjes

integral fabfdG with a continuous integrator of bounded
variation.

Theorem 3.9.

If fER & g € R on [a, b], let

F=f; F(©) dt,6(0) = [; g(©) dt

if x € [a, b] Then F and G are continuous functions of

bounded variation on [a, b]. Also, f € R(G) and g € R(F) on
[a, b], and we have

b b b
f () g(x) dx = f F() dG(x) = f 9(x) dF (x)

Proof. Parts (i) and (ii) of Theorem 3.8 show that F and G are
continuous func-tions of bounded variation on [a, b]. The
existence of the integrals and the two formulas for

fff(x) g(x) d(x) follows by taking a(x) = x
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NOTE. When a(x) = x part (iii) of Theorem 3.8 is sometimes
called the first fundamental theorem of integral calculus. It
states that F'(x) = f(x) at each point of continuity of f. A
companion result, called the second fundamental theorem, is
given in the next section.

3.9 SECOND FUNDAMENTAL THEOREM OF
INTEGRAL CALCULUS

The next theorem tells how to integrate a derivative.

Theorem 3.10 (Second fundamental theorem of integral
calculus). Assume that fER on [a, b]. Let g be a function
defined on [a, b] such that the derivative g' exists in (a, b) and
has the value

g' (x) =f(x) for every x in (a, b).

At the endpoints assume that g (a+) and g (b-) exist and
satisfy g(a)-g(a+)=g(b)-g(b-). Then we have

b b
[ reax= [ gedx =g - 9@
a a
Proof. For every partition of [a, b] we can
g(b)-g(a)= Xi=1[9(xx) — g(xr-1)] = Xi=1 9" (tx)Axy,
write where t,is a point in (Xg_q ,xx) determined by the

Mean-Value Theorem of differential calculus. But, for a given
€ > 0 the partition can be taken so fine that

b
‘g(b) — g(a) - f f()dx

<&

> fann - [ e

and this proves the theorem.
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The second fundamental theorem can be combined with
Theorem 7.8 to give the following strengthening of Theorem
2.8.

Theorem 3.11.

Assume f € R [a, b]. Let a be a function which is continuous
on [a, b] and whose derivative ' is Riemann integrable on [a,
b]. Then the following integrals exist and are equal:

b b
ff(x)dax=f f)a' (x)dx

Proof.

By the second fundamental theorem we have, for each x in [a,
b],

a(x) —a(a) = fxa’(t)dt

Taking g = o' in Theorem 3.8 we obtain Theorem 3.11.

3.10 CHANGE OF VARIABLE IN A RIEMANN
INTEGRAL

The formula ff fda = fcd hdp of Theorem 2.7 for changing

the variable in an integral assumes the form

g(d) d
f fda = f flg(Olg' (©de

9@
when a(x) = x and when g is a strictly monotonic function
with a continuous derivative g' It is valid if f€ R on [a, b].
When f is continuous, we can use Theorem 3.8 to remove the
restriction that g be monotonic. In fact, we have the following
theorem:
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Theorem 3.12 (Change of variable in a Riemann integral).

Assume that g has a continuous derivative g' on an interval [c,
d]. Let f be continuous on g([c, d]) and define F by the
equation

FO=[5 ., F(©)dt if x € g([e, d])
Then, for each x in [c, d] the integral fcx flg(®)]g'(t)dt exists

and has the value F[g(x)] In particular, we have

[58) Feodx = [ flg(01g'®)de

Proof.

Since both g' and the composite function f g are continuous on
[c, d] the integral in question exists. Define G on [c, d]

follows: G(x)= [ flg(©)]g'(t)de
We are to show that G(x) = F[g(x)] By Theorem 3.8, we have
G'(x) = flg()]g'(x)

and, by the chain rule, the derivative of F[g(x)] is also
flg(@)]g'(x) since F'(x) = f(x) Hence, G(x) - F[g(x)] is
constant. But, when x = ¢ G(c) = 0 F[g(c)] = 0 must be 0.
Hence, G(x) = F[g(x)] x in [c, d]. In particular, when x = d we
get G(d) = F[g(d)] is the last equation in the theorem.

NOTE. Some texts prove the preceding theorem under the
added hypothesis that g' is never zero on [c, d], which, of
course, implies monotonicity of g. The above proof shows
that this is not needed. It should be noted that g is continuous
on [c, d], so g([c, d]) is an interval which contains the interval

joining g(c) and g(d)
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In particular, the result is valid if g(c) = g(d) This makes the
theorem especially useful in the applications. (See Fig. for a
permissible g.)

Actually, there is a more general version of Theorem 3.12
which does not require continuity of f or of g' but the proof is
considerably more difficult. Assume that h € R on [c, d] and,
if x € [c, d] let g(x)= fj h(t) dt where a is a fixed point in [c,
d. Then if f € in R on g(c, d]) the

integral fcd flg(®)]h(t)dtexists and we have

o Feodx = [ fla(Olg ).

This appears to be the most general theorem on change of
variable in a Riemann integral. (For a proof, see the article by
H. Kestelman, Mathematical Gazette, 45 (1961), pp. 17-23.)
Theorem 3.12 is the special case in which h is continuous on
[c, d] and f is continuous on g([c, d])
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3.11 SECOND MEAN-VALUE THEOREM FOR
RIEMANN INTEGRALS

Theorem 3.13.

Let g be continuous and assume that 7on [a, b]. Let A and B
be two real numbers satisfying the inequalities

A <f(a+) and B> f(b-).

Then there exists a point X in [a, b] such that

D) [, fGIg)dx = A[;° g()dx +B [ g(x)dx

In particular, if f(x) = 0 for all x in [a, b], we have

..o b b

i) [, f()g(x)dx =B [, g(x)dx

Where X in[a, b]

NOTE. Part (ii) is known as Bonnet's theorem.

Proof. If a (x) = f(fg(t)dt then a' = g Theorem 3.9 is
applicable, and we get

I, F)g(x)dx =f@)[,° g(t)dt + f(b) [, g(t)dt

This proves (i) whenever A = f(a) and B = f(b) Now if A and
B are any two real numbers satisfying A<f(a+) and B> f(b-),
we can redefine fat the end-points a and b to have the values
f(a) = A and f(b) = B The modified f is still increasing on [a,
b] and, as we have remarked before, changing the value of fat
a finite number of points does not affect the value of a
Riemann integral. (Of course, the point x; in (i) will depend
on the choice of A and B.) By taking A = 0 part (ii) follows
from part (i).
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3.12 RIEMANN-STIELTJES INTEGRALS DEPENDING
ON A PARAMETER

Theorem 3.14.

Let f be continuous at each point (x, y) of a rectangle Q = {(x,
y) /a<x<b, c<y <d} Assume that a is of bounded
variation on [a, b] and let F be the function defined on [c, d]

by the equation F(y) = ff f(x,y)da(x)

Then F is continuous on [c, d]. In other words, if yo€ [c,d] we
have

b b
lim [ G y)dat) = [ lim G y)dato)

Y—=Yo
Proof.

Assume that ¢ 7 on [a, b]. Since Q is a compact set, f is
uniformly continuous on Q. Hence, given € > 0 there exists a
6 > 0 (depending only on &) such that for every pair of points
z=(x,y)and z' = (X', y') in Q with |z - Z'| < § we have |f(X, y)
XLy <elfly-y|<é.

Fy) - FO < J) 10y = £, y)ldat) < elata) -
a(b)].

This establishes the continuity of F on [c, d].

Of course, when a(x) = x this becomes a continuity theorem
for Riemann integrals involving a parameter. However, we
can derive a much more useful result for Riemann integrals
than that obtained by simply setting a(x) = x if we employ by
known Theorem .
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Theorem 3.15.

If f is continuous on the rectangle [a, b]X[c, d] and if g €R
[a, b], then the function F defined by the equation F(y) =

b
Jo 90COf (x, y)dx
is continuous on [c, d].That is, if yo in [c, d] we have
b b
lim | g(x)f(x,y)dx = f g(x)f (x,y0)dx
Y=Yo Jg a

Proof. If G(x) = fj g(t) dtby known Theorem shows that
b
F(y) = J, f(x,y)dGx Now apply.
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Unit-1V
Infinite Series and infinite Products
4.1 DOUBLE SEQUENCES
Definition 4.1.

A function f whose domain is ZtX Z7 is called a double
sequence.

NOTE. We shall be interested only in real or complex-valued
double sequences.

Definition 4.2. If a € C we write lim f(p,q) =a and we
p,q—)OO

say that the double sequence f converges to a, provided
condition is satisfied: For every € > 0 there exists an N such
that [f(p, q) - a| < € whenever both p> N and q >N

Theorem 4.1.

Assume that pl‘;r_r)loo f(p,q) = a. For each fixed p, assume that
also exists li_,r)r;) flp,q) exists.Then the limit li_IEo ( 1i_r)101O fp,q))
also exists afld has the value a ! '

NOTE.

To distinguish pl{;r_l)loo f(p, q@)from 1}1_1}1010 ( qh_r,?o fip,q)) , the first

1s called a double limit, the second an iterated

Proof.
Let F(p) = lim f{p,q) Given € > 0 choose N; so that
q—)OO

If (0, q) — al<,if p>Niandq>N (1)
For each p we can choose N, so that

[F(p) - f(p, @) < if > No=-=(2)
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(Note that N, depends on p as well as on 8.) For each p > N;
choose N and then choose a fixed q greater than both N; and
N> Then both 1) and (2) hold and hence |[F(p) - a| <g, if p>N;
Therefore, gl_r){)lo F(p)=a.

NOTE.
A similar result holds if we interchange the roles of p and q.

Thus the existence of the double limit lim f(p,q)and of
p,q—)OO

lim f(p, q)implies the existence of the iterated limit
q—-

lim ( lim f(p,q))

p—)w q—)OO
The following example shows that the converse is not true.
Example.
Let f(p,q) = Pq (p=12,.,q=1,2,.) Then

p2+q?
lim f(p,q) = 0 and hence lim ( lim f{(p,q)) = 0 But f(p, q) =
g p—o®© g0
1/2 when p = q and f(p, q) = 2/5 when p = 2q and hence it is
clear that the double limit cannot exist in this case.

A suitable converse of Theorem 4.1 can be established by
introducing the notion of uniform convergence. (This is done
in the next chapter in Theorem 9.16.)

4.2 DOUBLE SERIES
Definition 4.3.

Let f be a double sequence and let s be the double sequence
defined by the equation

s(p,q) = z”: Zq:f(m.n)

m=1n=1
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The pair (f, s) is called a double series and is denoted by the
symbol Y., , f(m,n) or more briefly,by Y. f(m,n) The
double series is said to converge to the sum a if

lim s(p,q) =a
p,q—>

Each number f(m, n) is called a term of the double series and
each s(p, q) is a partial sum. If ), f(m,n) has only positive
terms, it is easy to show that it converges if, and only if, the
set of partial sums is bounded. We say ), f(m, n) converges
absolutely if );|f(m,n)|converges. this is valid for double
series.

4.3 REARRANGEMENT THEOREM FOR DOUBLE
SERIES

Definition 4.4.

Let f be a double sequence and let g be a one-to-one function
defined on Z * with range Z*

X Z" Let G be the sequence defined by
G(n) =flgn)] ifninZ" .
Then g is said to be an arrangement of the double sequence f
into the sequence G.
Theorem 4.2.

Let ) f(m,n) be a given double series and let g be an
arrangement of the double sequence f into a sequence G. Then

a) ), G(n) converges absolutely if, and only if, ) f(m,n)
converges absolutely.

Assuming that ) f(m, n) does converge absolutely, with sum
S, we have further:

b) Xn=1G(M) =S
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) Yo f(mmn)and Y-, f(m,n)  both  converge
absolutely.
d) If A, =Xn1f(mmn)and B, = Yon=1 f(m,n) , both
series converge Y, A,, and Y, B,absolutely and both have sum
S. That is,

Yom=12n=1 f(M,n)=X7"_1 Ym=1 f(Mm,n)=S
Proof.
Let T = |G(1)| +....+|G(k)| and let

S.4) = iimm,nn

m=1n=1
Then, for each k, there exists a pair (p, q) such that T;, < S(p,
q) and, conversely, for each pair (p, q) there exists an integer r
such that S(p, q) < T: These inequalities tell us that
Y.|G(n)|has bounded partial sums if, and only if, Y| f(m, n)|
has bounded partial sums. This

Now assume that )|f(m,n)| converges. Before we
prove (b), we will show that the sum of the series sum G(n) is
independent of the function g used to construct G from f. To
see this, let h be another arrangement of the double sequence f
into a sequence H. Then we have

G(n) = 1[g(n)] and H(n) = flh(n)]
But this means that G(n) = H[k(n)] where k(n) = h™! [g(n)]
Since k is a one-to-one mapping of Z* onto Z* the series sum
H(n) is a rearrangement of sum G(n) and hence has the same
sum. Let us denote this common sum by S'. We will show
later that S'=S

Now observe that each series in (c) is a subseries of ), G(n)
Hence (c) follows from (a). Applying by known Theorem, we
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conclude that )} A,, converges absolutely and has sum S' The
same thing is true of }; By, It remains to prove that S'=S

For this purpose let T= lim S(p, q).Given € > 0 choose N so
p,q—>oo

that 0 < T - S(p, q) < €/ 2 whenever p > N and q > N Now
write

ty = Xn=1G(n),s(p, @) = Xy Zooy f(myn)

Choose M so that ty, includes all terms f(m, n) with 1< n <N
+1, I<Sm<N+I1

Then tm - s(N + 1, N + 1) is a sum of terms f(m, n) with either
m > N or n > N Therefore, if n = M we have

&
[t, —s(N+1,N+1)| ST—S(N+1,N+1)<§

Similarly,
S-s(N+I,N+1)[<T-S(N+1,N+ 1)<§

Thus, given € > 0 we can always find M so that | ¢,- S| <e¢
whenever n = M Since lim t,= S'it follows that S'= S
n—-oo

NOTE. The series Ym=12m=1 f(m,n) and
Y1 2im=1 f (m,n) are called "iterated series". Convergence
of both iterated series does their equality. For example,
Lifm=n+1n=12,...
suppose f(m,n) = {—1,if m=n—1,n=1.2,...
0, otherwise.

61|Page



4.4 A SUFFICIENT CONDITION FOR EQUALITY OF
ITERATED SERIES

Theorem 4.3.

Let f be a complex-valued double sequence. Assume that
Yim=1 f(m,n)converges absolutely for each fixed m and that

)

m=1n

[o¢]

|f (m, )|
=1

converges. Then:
a) The double series Y., ,, f (m, n)converges absolutely.
b) The series Y;n—; f (M, n) converges absolutely for each n.

c) Both iterated series
Yin=12m=1f(mmn) and Y5_, Xn-, f(m,n) converge
absolutely and we have

Ym=12m=1f (M, M)=En=q Xim=1 f (M, 1) = X f (M, 1)
Proof.

Let g be an arrangement of the double sequence f into a
sequence G. Then ) G(n) is absolutely convergent since all
the partial sums of }|G(n)| are bounded by
Ym=12m=1lf(m,n)|. By Theorem 4.2(a), the double series
Ymn f(m,n) converges absolutely, and statements (b) and (c)
also follow from Theorem 4.2.

As an application of Theorem 4.3 we prove the following
theorem concerning double series Y., ,, f (M, n) whose terms
can be factored into a function of m times a function of n.
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Theorem 4.4.

Let ). a,, and ), b,, be two absolutely convergent series with
sums A and B, respectively. Let f be the double sequence
defined by the equation

f(m,n) = apby,, if (m,n) € ztxz*

Then Y, ,, f (m, n) converges absolutely and has the sum AB.

Proof.

We have
D lanl Dbl = Y Aanl D by = D" lanlibyl
m=1 n=1 m=1 n=1 m=1n=1

Therefore, by Theorem 4.3, the double series
Ymn @mbnconverges absolutely and has sum AB.

4.5 MULTIPLICATION OF SERIES

Given two series ), a,, and ), b,, we can always form
the double series ), f(m,n),where f(m,n) = a,,b,, .For
arrangement g of f into a sequence G, to a further series
Y. G(n). By analogy with finite sums, it seems natural to refer
to ), f(m,n) or to ), G(n) as the "product”" of and Theorem
8.44 justifies this terminology when the two given series
Y.a, and Y, b, are absolutely convergent. However, if either
Y.a, and Y, b, is conditionally convergent, we have no
guarantee that either ), f(m,n) or ) G(n) will converge.
Moreover, if one of them does converge, its sum need not be
AB. The convergence and the sum will depend on the
arrangement g. Different choices of g may yield different
values of the product. There is one very important case in
which the terms f(m, n) are arranged "diagonally" to produce
Y.G(n) and then parentheses are inserted by grouping
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together those terms a,, b,, for which m + n has a fixed value.
This product is called the Cauchy product and is defined as
follows

Definition 4.5.

Given two series XYo@, and Yn_ob, , define ¢, =
Yk=0ax bp_g,ifn=0,1,2

The series Yg—oC, is called the Cauchy product of
Y.a, and Y. b,
NOTE.
The Cauchy product arises in a natural way when we multiply
two power series. Because of Theorems 4.3 and 8.13, absolute

convergence of both )} a, and ), b, implies convergence of
the Cauchy product to the value

Yin=0cn=Ln=0 an) Xn=o bn)-—-(1)
This equation may fail to hold if both ) a, and ) b, are

conditionally convergent. However, we can prove that (1) is
valid if at least one of ), a,,, ). b, is absolutely convergent.

Theorem 4.5 (Mertens).

Assume that )5, a, converges absolutely and has sum A,
and suppose Y.n—o b, converges with sum B. Then the Cauchy
product of these two series converges and has sum AB.

Proof.

Define A, = Yx-0ak » Bn = Xk=0br »Cn = D=0 Cx Where
Ck.

letd, =B —B,and e, = Y.;_0ar dx_1 - Then

Cp = Z:o 22:0 akbn—k = ?),:O Zi:ofn (k), """

~(2)
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where

apbp_r, if n >k,
fa) = [ "lfn<k}

Then (2) becomes
4 ()Zp kfn(k) :Z]Iz=02fl=k akbn—k =
e oakz bm=Yi—o Ak Bp_1

=3P 0 ak(B —dy_x) =A,B —e,

To complete the proof, it suffices to show that e,, — Oas p— «
The sequence {d,} converges to 0, since B = )} b,, Choose M
>0 so that |d,| <M

for all n, and let K = Y,7"_¢la,| Given € > 0 choose N so that
n > N implies |d,,| < € / (2K) and also so that

[o¢]

> i<
a —
"M
n=N+1
Then, for p > 2N we can write
N 4
el < D laxdp il + D lady ]
k=0 k=N+1

&
< SN ola [ +MED_y L]
&
=< ;Z;?:o|ak|+MZf=N+1|ak|
& &
< > + 5= &
This proves that e, — 0 as p — o and hence ¢, > AB asp -

(0]

Another product, known as the Dirichlet product, is of
particular importance in the Theory of Numbers. We take and,
instead of defining c,, by (2), we use the formula
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Cn = Xamaaqbpa(n=1,2,.)
where }.q/n g byp/q means a sum extended over all positive
divisors of n (including 1 and n).
For example,

C¢ = a1bg + azbs + azb, + agh, and c¢; = a;b; + a; by
The analog of Mertens' theorem holds also for this product.

The Dirichlet product arises in a natural way when we
multiply Dirichlet series.

4.6 CESARO SUMMABILITY
Definition 4.6.

Let s, denote the nth partial sum of the series ), a, and let
{0} be the sequence of arithmetic means defined by
Sy+.+Sy .
Op = 17, ifn=1,2
The series ), a, is said to be Cesaro summable (or (C,1)
summable) if lim o, = S converges. then S is called the

n—oo
Cesaro sum (or (C, 1) sum) of and ) a,we write Y a, = S
(C1)

Example 1.

Leta,=z",|z| =1,z # 1. Thens :L—ianda=i-
n ’ ’ ) n o 1-z 1-z no1-z

1z(1-2z")

n(1-z)2°

Therefore, Y5, z" 1= i (C,1)
In particular, Yo (—1)" 1 = % (C,1)
Example 2. a, = (—1)™*! n In this case,

. 1.,
lim sup o, ==, lim inf 0, =0
n—oo 2" n-oo
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and hence (—1)™*!n is not (C, 1) summable.

Theorem 4.6. If a series is convergent with sum S, then it is
also (C, 1) summable with Cesaro sum S.

Proof. Let S, denote the nth partial sum of the series, define
o, , and introduce t,, = S,, — S, 7, = 0,, — S.Then we have

ittty
n n .

and we must prove that t,, = 0 as n = o Choose A > 0 so
that each |t,| < A. Given € > 0 choose N so that n > N
implies |t,| < € . Taking n > N, we obtain

til + |t +... +]|t t +...+]|t
_lal+ 1t |N|+|N+1| |tn]

|T,l <

n n
NA
<—+¢
n

Hence, lim ,,%|7,,| < €. Since ¢ is arbitrary, it follows that

lim|z,| =0
n—-oo

NOTE. We have really proved that if a sequence {s,}
converges, then the sequence {g, }of arithmetic means also
converges and, in fact, to the same limit.

Cesaro summability is just one of a large class of
"summability methods" which can be used to assign a "sum"
to an infinite series. Theorem 4.6 and Example 1 (following
by known Definition) show us that Cesaro's method has a
wider scope than ordinary convergence. The theory of
summability methods is an important and fascinating subject,
but one which we cannot enter into here. For an excellent
account of the subject the reader is referred to Hardy's
Divergent Series (Reference). We shall see later that (C, 1)
summability plays an impor-tant role in the theory of Fourier
series.
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4.7 INFINITE PRODUCTS

This section gives a brief introduction to the theory of infinite
products.

Definition 4.7.
Given a sequence {u,,} of real or complex numbers, let
P1= UL po=Uil , Py = Ugly. . U = [[e=q upem-—-(1)
The ordered pair of sequences ({u, },{p,}) is called an infinite
product (or simply, a product). The number p, is the nth
partial product and u,, is called the n™ factor of the product.
The following symbols are used to denote the product defined
by (1):

UgUype . Upe- o, = [ 1 Up—(2)
NOTE. The symbol [[;y-pn+1 Unmeans [[n=; uysn We also
write , when there is no danger of misunderstanding.
By analogy with infinite series, it would seem natural to call
the product (2) convergent if {p,} converges. However, this
definition would be inconvenient since every product having
one factor equal to zero would converge, regardless of the
behavior of the remaining factors. The following definition
turns out to be more useful:
Definition 4.8.
Given an infinite product [[n=; U, , let p=l1r=n+1 Uk
a) If infinitely many factors u,, are zero, we say the product
diverges to zero.
b) If no factor u, is zero, we say the product converges if

there exists a number p#0 such that {p,} converges to p. In
this case, p is called the value of the product and we write p=
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[I=qu,. If {p,} converges to zero, we say the product
diverges to zero.

c¢) If there exists an N such that n > N implies u,, # 0, we
say [[n=1 u, converges, provided that [[5=y41 Uy converges
as described in (b). In this case, value of the product [[n-; u,
is Uy Uy [[nen+1 Un

d) [Iy=1uy, is called divergent if it does not converge as
described in (b) or (c).

Note that the value of a convergent infinite product can be
zero. But this happens if, and only if, a finite number of
factors are zero. The convergence of an infinite product is not
affected by inserting or removing a finite number of factors,
zero or not. It is this fact which makes Definition 4.8 very
convenient.

Example. [[np=:(1+1/n) and [[;-,(1 —1/n) are both
divergent. In the first case, p,, = n + 1, and in the second p,, =
1/n.

Theorem 4.7 (Cauchy condition for products).

The infinite product I1u,,, converges if, and only if, for every
g€ > 0 there exists an N such that n > N implies
|Ups1Ungze--Unsk — 1l < €,k =1,2,3--(3)

Proof.

Assume that the product I1u,,, converges. We can assume that
no u,, is zero (discarding a few terms if necessary). Let p,, =
Uq...upand p= Then p#0 and hence there exists an M > 0
such that |p,|>M. Now {p,} satisfies the Cauchy condition
for sequences. Hence, given € > 0 there is an N such that n >
N implies|pn_+k - pn| < eM for k =1, 2,... Dividing by |p,|,

we obtain.
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Now assume that condition holds. Then n > N implies u,, # 0
Take € = 1/2 in (3), let Ny be the corresponding N, and let
Gn = Uny+1Ung+2--- UnD > No Then (3) implies 1/2 <|gp| <
3/2 Therefore, if {q,} converges, it cannot converge to zero.
To show that {q,} does converge, let £ > 0 be arbitrary and
write (3) as follows:
An+k
an
This gives us |quik-Gn < €lqnl< 3/ 2 . Therefore, {q,}

—1|<s.

satisfies the Cauchy condition for sequences and hence is
convergent. This means that the product I1u,, converges.

NOTE.

Taking k = 1 in (3), we find that convergence of [1u,,, implies
lim u,, = 1.For this reason, the factors of a product are

n—oo

written as = 1 +a,, Thus convergence of I1(1 + a,) implies

lim a, =0
n—oo
Theorem 4.8.

Assume that each a, > 0 Then the product II(1 + a,)
converges if, and only if, the series ) a,, converges.

Proof.
Part of the proof is based on the following inequality: 1 +x <

Although (2) holds for all real x, we need it only for x>0
When x > 0 (2) is a simple consequence of the Mean-Value
Theorem, which gives us

e*-1= xe*o, where 0<x(<x

Since e*e > 1 (2) follows at once from this equation.

70|Page



Now let Sp,=aq +ax+...+a,,pp =1 +a)(A +
a,)...(1+ a,)Both sequences {s,} and {p,} are increasing,
and hence to prove the theorem we need only show that {s,,} is
bounded if, and only if, {p,,} is bounded.
First, the inequality p,,>s, is obvious. Next, taking x = a; in
(2), where k = 1, 2 ,...,n, and multiplying, we find p, <e’™ .
Hence, {s,} is bounded if, and only if,{p,} is bounded. Note
that {p,,} cannot converge to zero since each p,, = 1 Note also
that

Pn = +o0if s, - 400
Definition 4.9.

The product II(I + a,,) is said to converge absolutely if II(I +
la,|) converges.

Theorem 4.9.
Absolute convergence of II(I + a,) implies convergence.
Proof.

Use the Cauchy condition along with the inequality

|(1 + an+1)(1 + an+2)---(1 + an+k) - 1|

S (A +|an1 DA+ a2 (1 + ag4q])
-1

4.8 POWER SERIES

An infinite series of the form

[oe]
ap + Z a, (z —zy)",
n=1

written more briefly as

Yin=1an (Z — )", -—--(1)
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is called a power series in z — z,. Here z, zy and a,, (n =
0,1, 2 ,...) are complex numbers. With every power series (1)
there is associated a disk, called the disk of convergence, such
that the series converges absolutely for every z interior to this
disk and diverges for every z outside this disk. The center of
the disk is at and its radius is called the radius of convergence
of the power series. (The radius may be 0 or +co in extreme
cases.) The next theorem establishes the existence of the disk
of convergence and provides us with a way of calculating its
radius.

Theorem 4.10.

Given a power series Yoo, (z — zo)", let

i
(where r = 0 if A= o0 and r = +o0 if A = 0 ). Then the series
converges absolutely if |z -zy| < r and diverges if |z - zg| > 1

. 1
A= lim sup ¥/lapl, r==,
n—0oo

Furthermore, the series converges uniformly on every
compact subset interior to the disk of convergence.

Proof. Applying the root test (by known Theorem ), we have

and hence ), a,, (z — z,)"converges absolutely if |z -z, | <r
and diverges if |z - zy| > 1.
To prove the second assertion, we simply observe that if T is

a compact subset of the disk of convergence, there is a point p
in T such that z € T Timplies

|z - 2ol S |p-2zo| <t
Hence, | a,(z — zp)"| <|a,(p — z,)"| for each z in T, and
the Weierstrass M-test is applicable.
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NOTE.

If the limit 711_{?0 |an/an+ 1|exists (or if this limit is +o0), its
value is also equal to the radius of convergence of (1).
Example 1.

The two series Yoroz™ and Yo, z" /n? have the same
radius of convergence, namely, r = 1 On the boundary of the
disk of convergence, the first converges nowhere, the second
converges everywhere.

2
. z .
Example 2. The series Yp—q - has radius of convergence r =

1 but it does not con-verge at z= 1 However, it does converge
everywhere else on the boundary because of Dirichlet's test .

These examples illustrate why Theorem 4.10 makes no
assertion about the be-havior of a power series on the
boundary of the disk of convergence.

Theorem 4.11.

Assume that the power series Yp—o @, (z — zo)™ converges
for each z in B(zo; r) Then the function f defined by the
equation

2= $50 an (2 = 20)", if 2 € B(zo; 1)-—*
is continuous on B(zo; 1) ,
Proof.

Since each point in B(zy; r) belongs to some compact subset
of B(zy; 1) the conclusion follows at once from by known
Theorem

NOTE.

The series in (*) is said to represent f in B(z,; r) It is also
called a power series expansion of f about z, Functions
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having power series expansions are continuous inside the disk
of convergence. Much more than this is true, however. We
will later prove that such functions have derivatives of every
order inside the disk of convergence. The proof will make use
of the following theorem:

Theorem 4.12.

Assume that Y a, (z —zy)™ converges if z € B(z,; 1)
Suppose that the equation

f(z)= Y=o an (z — zp)"
is known to be valid for each z in some open subset S of B(zy;
1) Then, for each point z; in S, there exists a neighborhood B

(z1; R) € S in which f has a power series expansion of the
form

f(z)= X0 bic (z — 21)",

Where
(00} n —
bi=Eio (},) an (21 — 20)" ¥, (k=0,1,2...).

Proof:

If zin S we have
f(2)= Y=o @n (z — 2p)"
=Xn=00an (z — 21 + 2z — Zp)"
© o (N k n-k
Y0 Zio (},) (2 — 2021 — 20)
= Yim=02k=0 Cn (k)
Where

cn(k) = {Gcl) an(z — 2)" (21 — 29)" "if k < n}
" 0, if k>n
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Now choose R so that B(z;; R)SS and assume that zEB(z;; R)
Then the iterated series Yim—oXkeoCn (k) converges
absolutely, since

Y=o Zi=olcn (k)| = Xoolay|(lz=z1 [+|z1—20 )" -—-(4)
=Yorolan | (12220 )"

Where z,= zg+|z—z1 |+]|z; 20|

But |zy—zo|<R+|z,—zo|<r,

And hence the series in (4) converges. Therefore, theorem
4.11, we can interchange the order of summation to obtain

f) = i i n (k)

n=0 k=0
(o) [oe) n _
= Yin=0 k=0 An (k) (z— Z1)k(Z1 —zo)" k

= Z;?:O bk (Z - Zl)kf
Where by, is given by (4) . This completes the proof.

Note: In the course of the proof we have shown that we may
use any R>0 that satisfies the condition B(z;;R)<S.

49 THE TAYLOR'S SERIES GENERATED BY A
FUNCTION

Definition 4.11.

Let f be a real-valued function defined on an interval I in R. If
f has derivatives of every order at each point of I, we write f €
C>®on L.

If f € C* on some neighborhood of a point ¢, the power series

2, F(n)
z f () (=)
n=0

n!
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is called the Taylor's series about ¢ generated by f. To
indicate that f generates this series, we write

w fM™
fO0) ~ Ty 2@ - o
Taylor's formula states that if f € C* on the closed interval [a,

b] and if ¢ € [a, b] then, for every x in [a, b] and for every n,
we have

) =S - o + B (- )

wherex; is some point between x and c. The point x; depends
on X, ¢, and on n. Hence a necessary and sufficient condition
for the Taylor's series to converge to f(x) is that

hmf n(xl)( — ¢)"=0-----(2)

n—-oo
In practice it may be quite difficult to deal with this limit
because of the unknown position x; of In some cases,
however, a suitable upper bound can be obtained for

n

£ (x;)and the limit can be shown to be zero. Since SN
n!

0 asn — oo for all A, equation (2) will certainly hold if there
is a positive constant M such that

[f® 0| < M"
for all x in [a, b]. In other words, the Taylor's series of a
function f converges if the nth derivative f ™ grows no faster

than the nth power of some positive number. This is stated
more formally in the next theorem.

Theorem 4.13.

Assume that f € C” on [a, b] and let ¢ € [a, b] Assume that
there is a neighborhood B(c) and a constant M (which might
depend on c) such that | fm (x)| < M™for every x in B(c) N
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[a, b] and every n = 1, 2 Then, for each x in B(c) N [a, b] , we
have

w [M©
fO) = T2 (x —o)"
4.10 BERNSTEIN'S THEOREM

Another sufficient condition for convergence of the Taylor's
series of f, formulated by S. Bernstein, will be proved in this
section. To simplify the proof we first obtain another form of
Taylor's formula in which the error term is expressed as an
integral.

Theorem 4.14.
Assume f has a continuous derivative of order n + 1 in some

open interval | containing ¢, and define E,, (x) for x in I by the
equation

) = 2020 (= o) + By (x) (1)

Then E,, (x) is also given by the integral
En ()= 7 (x — OV f D (8 dt-(2)
Proof.

The proof is by induction on n. For n =1 we have
Ex(x) =f(x) = f(e) = f'(©)(x — )
=[L(F'(®) = f(e)dt
= u(®dv(®)

where u(t) = f'(t) — f'(c) and v(t) =t - x Integration by parts
gives

fxu(t)dv(t) = u(x)v(x) —u(c)v(c) — fxv(t)du(t)
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= fx(x —t)f"(t)dt

This proves (2) for n = 1 Now we assume (2) is true for n and
prove it for n + 1 From (1) we have

f(n+1)(c) -
Epnyr = n()—m(x—c) !

We write E,, (x) as an integral and note that (x — ¢)"*1= (n +
D[S —onde

to obtain

Ener =[2G — "D (0de — L2 (X pynar,

(n+1)I
f(x O D) - FOHD(0)]de

= fc u(t)dv(t)

Where u(t) = fOD@)— () and v(t) =
—(x =)™/ (n+1)

Integration by parts .

1 X
B (@) = o | v©du©

Ve

— (n m 1)! f (x _ t)n+1f(n+2)(t)dt

This proves (2)
NOTE.

The change of variable t = x + (c - x) u transforms the integral
in (2) to the form

En(x) = %[; uf D[y + (¢ — x)u]du-—- (*)
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Theorem 4.15 (Bernstein).

Assume f and all its derivatives are non-negative on a
compact interval [b, b+r]. Then, if b < x <b + r the Taylor's
series

zf(k)(b) ~ b)k

converges to f(x).
Proof.

By a translation we can assume b = 0 The result is trivial if x
= 0 so we assume 0 < x <1 We use Taylor's formula with
remainder and write

AO)
F@) = Bl = by<(1)
We will prove that the error term satisfies the inequalities

0 < En(x) < Q™f()—(2)

This implies that E,, (x) =0 as n =0 since (g)’”’l - 0if0<x
<r

To prove (2) we use (*) with ¢ =0 and find
E (x)=i+1f1 u f D [x — xu]du

n n! J0
for each x in [0, r]. If x#0, let

En(x) 1

1
E,(x) = —— = f u™f D [x — xu]du

n!Jy

The function f (n+1) is monotonic increasing on [0, r] since its
derivative is non-negative. Therefore we have

O —xu) = D1 —w)] < fOD[r(1 - w)]
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0 <u <1, and this implies F,(x) < F,(r) if 0<x<r.In other
words

En(x) En(r) X
x+1 < yn+1’ or En(x) < (;)n+1En(r)

Putting x =r (1), we see that E,,(r) < f(r).since each term in
the sum is nonnegative. Using this in (34), we obtain (33)
which, in turn, completes the proof.

4.11 THE BINOMIAL SERIES

As an example illustrating the use of Bernstein's theorem, we
will obtain the fol-lowing expansion, known as the binomial

series:(1 + x)* = Yn-o (Z) x™if-1<x<1 - (1)

. . a
where a is an arbitrary real number and (n) =a(a —

1)...(a—n+1)/n! . Bernstein's theorem is not directly
applicable in this caseHowever as follows: Let f(x) = (1 - x)
where ¢ > 0 and x < 1 Then f™ (x) = c(c +1)...(c +n —
DA —x)~c "

and hence f™ (x) > 0 for each n, provided that x < 1
Applying Bernstein's theorem with b = - 1 and = 2 we find
that f(x) has a power series expansion about the point b = - 1
convergent for - 1 < x < 1 Therefore, by Theorem, f(x) also
has a power series expansion about 0,

) =X fOOxk /!, if-1<x<1--(2)
But £®(0)= (°) (- 1)k, s0

[oe]

e

k=0
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Replacing c by a and x byx in (36) we find that (1) is valid for
each a < 0 But now (1) can be extended to all real a by
successive integration.

Of course, if a is a positive integer, say a = m then (Trr:) =0 for
n>m and (1) reduces to a finite sum (the Binomial Theorem).
4.12 ABEL'S LIMIT THEOREM

If - 1 <x <1 integration of the geometric series

Gives us the series expansion

log(1 =) == ) =, == =()
n=1

Also valid for -1<x<1. we put x=-1 inrighthand side of (37),
we obtain a convergent alternating series,
(_1)Tl+1

n
The next theorem answers this question in the affirmative
Theorem 4.16 (Abel's limit theorem).

Assume that we have f(x) = Y, a,r", if -r<x<r---(1)

namely,); .Can we also put x = - 1 in the lefthand side.

If the series also converges at x = r then the limit lim x — r-
f(x) exists and we have

lim f(x) = E a,r"
xX—r—
n=0

Proof. For simplicity, assume that r =1 (this amounts to a
change in scale).
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Then we are given that f(x) = Ygepa,r" for- 1 <x <1 and

that )’ a,, converges. Let us write f(1)= Yo a, . We are to

prove that lir{l f(x) =f(1) or, in other words, that f is
x—-1—

continuous from the left at x = 1

If we multiply the series for f(x) by the geometric series and

use by known Theorem, we find

ﬁ f(x) = Yoo Cnx™where ¢,= Y.o- ,, - Hence we have

f) = f(©) = (1 =x) Lpzolen — F(D] 2™, if - 1 <x<1--—

()

By hypothesis, lim ¢,, = f(1).Therefore, given € > 0 we can

n—-oo

find N such that n> N implies |c, — f(1)| < &/2If we split
the sum (2) into two parts, we get

fy - (1) = (1—x) XNZslen — F(D]X™ + (1 —
x) Xn=nlcn = F(D]x™ = =(3)

Let M denote the largest of the N numbers |c,, — f(1)|,n=0,
1,2,..,N-1.

If0<x<1(3)gives us

[fx) - A < (1 - NM + (1 - x)> Ny x™

. & xN £

= (1 - X)NM + (1 - X) E§<(1'X)NM+E

Now let 6 =§NM Then 0 <1 - x <§ implies [f(x) - f(1)| <€

which means lir{l f(x) = f(1). This completes the proof.
x—>1-

4.13 TAUBER'S THEOREM

The converse of Abel's limit theorem is false in general. the
limit f (r-) may exist but yet the series), a, r™ may fail to
converge. For example, take a,, = (- 1)" Then f(x) =1/ (1 + x)
if -1 < x < 1 andf(x) >1/2 as x — 1- However,

82|Page



Y.(—1)"diverges. A. Tauber (1897) discovered that by placing
further restrictions on the coefficients a,, one can obtain a
converse to Abel's theorem. A large number of such results
are now known and they are referred to as Tauberian
theorems. The simplest of these, sometimes called Tauber's
first theorem, is the following:

Theorem 4.17 (Tauber).

Let f(X)=) g0 anx™ for -1<x<1, and assume that lim na, =

n—oo

0. If f(x) »Sasx - 1—, then Yy, a, converges and has
sum S.

Proof.

Let no, = Y.}-o klag| Then g,, =0 as n— c.Also, %1_{130 f(x)
=Sifx,=1-1/n.

Hence, given € > 0,

We can choose N so that n> N implies

fGen) = SI <5 0n <5 nlan] <3

Now let s, = Y.}_o ak. Then for -1<x<1, we can write

Sp—S= f(x)—5+Zak(1—xk)fz a;x*
=0 k=n+1

Now keep x in (0,1). Then
(1-xF)y=(1-x)(1+x+... x5 1) <k(1—x), for each k. Therefore, if
n>N and 0<x<1, we have

s, sI<Ifx)-S(1 x)Zklakl

3(1)

Taking x=x,=1-1/n, we find |s,, —s|<§+§+§—g

This completes the proof.
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UNIT-V
SEQUENCES OF FUNCTIONS

5.1 POINTWISE CONVERGENCE OF SEQUENCES OF
FUNCTIONS

This chapter deals with sequences {f,} whose terms are real or
complex-valued functions having a common domain on the
real line R or in the complex plane C. For each x in the
domain we can form another sequence {fi(x)} whose terms
are the corresponding function values. Let S denote the set of
x for which this second sequence converges. The function f
defined by the equation

(x) = lim £, (x), if x €8,

is called the limit function of the sequence {f,}, and we say
that {f,} converges pointwise to f on the set S.

Our chief interest in this chapter is the following type of
question: If each function of a sequence {f,} has a certain
property, such as continuity, differentiability, or integrability,
to what extent is this property transferred to the limit
function? For example, if each function f is continuous at c, is
the limit function f also continuous at ¢c? We shall see that, in
general, it is not. In fact, we shall find that pointwise
convergence is usually not strong enough to transfer any of
the properties mentioned above from the individual terms f, to
the limit function f. Therefore we are led to study stronger
methods of convergence that do preserve these properties. The
most important of these is the notion of uniform convergence.

Before we introduce uniform convergence, let us formulate
one of our basic questions in another way. When we ask
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whether continuity of each f,, at ¢ implies continuity of the
limit function f at c, we are really asking whether the equation

lim £, ()= fa(€),
implies the equation chmg f ()= f(c)—-(1)
But (1) can also be written as follows:

lim lim f,(x) = lim lim f;, (x)-~(2)

X—>C nN—oo

Therefore our question about continuity amounts to this: Can
we interchange the limit symbols in (2)? We shall see that, in
general, we cannot. First of all, the limit in (1) may not exist.
Secondly, even if it does exist, it need not be equal to f(c). We
encountered a similar situation in previous Chapter in
connection with iterated series when we found that
Ym=12me1 f(m,n) is not necessarily equal to
Yn=12m=1f(m,n).

The general question of whether we can reverse the order
of two limit processes arises again and again in mathematical
analysis. We shall find that uniform convergence is a far-
reaching sufficient condition for the validity of interchanging
certain limits, but it does not provide the complete answer to
the question. We shall encounter examples in which the order
of two limits can be interchanged although the sequence is not
uniformly convergent.

5.2 EXAMPLES OF SEQUENCES OF REAL-VALUED
FUNCTIONS

The following examples illustrate some of the possibilities
that might arise when we form the limit function of a
sequence of real-valued functions.
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I

xin

].,(x)=l+zh' n=1,23. /(x)fli_r‘n-!,.(:L
Example 1.
A sequence of continuous functions with a discontinuous limit
. xn
function. Let f,,(x) = ey if x € R,n=1,2,... The graphs

of a few terms are shown in Fig. In this case 7%1_{{)10 fn(x)exists

for every real x, and the limit function fis given by
0if|x]<1

if x| =1;.

if x| >1

f(x) =

_ N

Each f,, is continuous on R, but fis discontinuous at x = 1 and
x=-1

Example 1.

A sequence of functions for which lim fol fn (X)dx #

n—oo
Jy fr (X)dx. Let f,(x) = n?x(1 —X)" if x € R, n=1,2,..if 0<
x < 1. The limit f(x) = lim f,,(x) exists and equals O.
n—oo
1 1 1

Hence [/ f(x)dx=0 . But [/ fo(x)dx= n*[ x(1-
x)dx

=n? [[(1—t)thdt

86|Page



_ n? n? n?

n+l  n+2 (n+1)(n+2)

so lim fol fn(x)dx = 1. In other words, the limit of the
n—-oo

integrals is not equal to the integral the limit function.
Therefore the operations of "limit" and "integration" cannot
always be interchanged.

Example 3.

A sequence of differentiable functions {f,,} with limit 0 for

which { f', ldiverges. Let f,(x) =S""f:" ifx€Rn=

1,2..Then lim fol fn(@)dx = 0 for every x. But f',(x) =
n—-oo

\ncos nx so Tlll_r)rolo f'n (%) does not exist for any x.

87|Page



5.3 DEFINITION OF UNIFORM CONVERGENCE

Let {f,} be a sequence of functions which converges
pointwise on a set S to a limit function f. This means that for
each point x in S and for each € > 0 there exists an N
(depending on both x and 8) such that implies

n> N implies |f;, (x) — f(x)|<e

If the same N works equally well for every point in S, the
convergence is said to be uniform on S. That is, we have
Definition 5.1

A sequence of functions {f,} is said to converge uniformly to
f on a set S if, for everye > 0 there exists an N (depending
only on e) such that n > N implies

|fn(x) — f(x)|<e for every x in S.
We denote this symbolically by writing
fn = f uniformly on S.

When each term of the sequence {f,,} is real-valued, there is a
useful geometric interpretation of uniform convergence. The
inequality |f,,(x) — f(x)| <& is then equivalent to the two
inequalities
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f(x) -& < fr(x) <f(x) +e
A sequence {f,} is said to be uniformly bounded on S if there
exists a constant M > 0 such that |f,,(x)] < M for all x in S and
all n. The number M is called a uniform bound for {f,,}
5.4 UNIFORM CONVERGENCE AND CONTINUITY

Theorem 5.1. Assume that f;, = funiformly on S. If each f,
is continuous at a point ¢ of S, then the limit function f is also
continuous at c.

NOTE. If ¢ is an accumulation point of S, the conclusion
implies that

lim lim f,(x) = 7lim ;irrclfn(x)

X—=>Cn—-oo

Proof.

If ¢ is an isolated point of S, then f is automatically
continuous at c. Suppose, then, that ¢ is an accumulation point
of S. By hypothesis, for every € > 0 there is an M such that n
> M implies .

|fn(x) — f(x)|<e/3 for every x in S
Since f), is continuous at c, there is a neighborhood B(c) such
that x € B(c)N S implies
|fu () = fu(O)l<e/3
But  [fG) - fOI<IfG)—fu]  +  1fu) -
@+ fu(C) = F(O)I
If x€ B(c) NS, each term on the right is less than £/3 and
hence |f(x) — f(C)| < &. This proves the theorem.

NOTE. Uniform convergence of {f} is sufficient but not
necessary to transmit continuity from the individual terms to
the limit function. In Example 2 (Section 5.2), we have a
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nonuniformly convergent sequence of continuous functions
with a continuous limit function.

5.5 THE CAUCHY CONDITION FOR UNIFORM
CONVERGENCE

Theorem 5.2.

Let {f,,} be a sequence of functions defined on a set S. There
exists a function f such that f, = f uniformly on S if, and
only if, the following condition (called the Cauchy condition)
is satisfied: For every € > 0 there exists an N such that m > N
and n > N implies

| fn (X)) — fn(x)|<e, for every x in S.

Proof.

Assume that f;, = f uniformly on S. Then, given € > 0 we can
find N so that n > N implies |f;,(x) — f(x)|<&/2 for all x in S.
Taking m > N, we also have |f,,(x) — f(x)|<&/2 and hence
|fm (x) — fn(x)|<e for every x in S.

Conversely, suppose the Cauchy condition is satisfied. Then,

for each x in S, the sequence {f,,(x)} converges. Let f(x)=
lim £, (x)if x in S. We must show that f,, = funiformly on S.
n—oo

If e > 0 is given, we can choose N so that n > N implies
| frn (%) — frsrk (0)|<e/2 for every k=1,2,... and every x in S.

Therefore, — lim [fo (%) = fok ()] = 1fn(x) = fF() < &/
2Hence, n > N implies |f,,(x) — f(x)| < € for every x in s.
This proves that f,, = f uniformly on S

NOTE.

Pointwise and uniform convergence can be formulated in the
more general setting of metric spaces. If f; and f are functions
from a nonempty set S to a metric space (T, dr), we say that
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fn = funiformly on S, if, for every € > 0 there is an N
(depending only on 8) such that n > N implies

dr(fu(x), f(x)) < & forall x in S.

Theorem 5.2 is valid in this more general setting and, if S is a
metric space, Theorem 5.1 is also valid. The same proofs go
through, with the appropriate replacement of the Euclidean
metric by the metrics dg and d. Since we are primarily
interested in real- or complex-valued functions defined on
subsets of R or of C, we will not pursue this extension any
further except to mention the following example.

Example.

Consider the metric space (B(S), d) of all bounded real-
valued functions on a nonempty set S, with metric d(f, g) = ||f
- g|| where ||f]] =5eelf(x)| is the sup norm. Then f; - fin
the metric space (B(S), d) if and only if f;, = f uniformly on
S. In other words, uniform convergence on S is the same as
ordinary vergence in the metric space (B(S), d).

5.6 UNIFORM CONVERGENCE OF INFINITE SERIES
OF FUNCTIONS

Definition 5.2.

Given a sequence {f,} of functions defined on a set S. For
eachx in S, let

Sn(X) = Xk=1fe()(n=1,2..).(1)

If there exists a function f such that S, — f uniformly on S,
we say the series Y. f;, (x) converges uniformly on S and we
write

Z fn(x) = f(x) (uniformly onS)
n=1
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Theorem 5.3 (Cauchy condition for uniform convergence
of series).

The infinite series ), f,, (x) converges uniformly on S if,
and only if, for everye> 0 there is an N such that n > N
implies
|ZZ:£+1fk(x)| < g foreachp=1,2,..,and every x in S.
Proof. Define s, by (4) and apply Theorem 5.2.
Theorem 5.4 (Weierstrass M-test).

Let {M,,} be a sequence of nonnegative numbers such that 0
<|fuX) <M, forn=1,2,.., and for every x in S. Then
Y. fn(x)converges uniformly on S if ) M,, converges.

Proof.

Apply by known Theorems and 5.3 in conjunction with the
inequality

| Xk es fi(O)| < Zilniq Mi

Theorem 5.5.

Assume that ), f,,(x)= f(x) (uniformly on S). If each f, is
continuous at a point x, of S, then f'is also continuous at x,

Proof:

Define S,, by (1). continuity of each f, at x, implies
continuity of S, at x,, and the conclusion follows at once
from Theorem 5.1

Note: If x( is an accumulation point of S, this theoem permits
us to interchange limits and infinite sums, as follows:

11r§1 f ()= z lim £, (x)

92|Page



5.7 UNIFORM CONVERGENCE AND RIEMANN-
STIELTJES INTEGRATION

Theorem 5.6.

Let a be of bounded variation on [a, b]. Assume that each
term of the sequence {f,,} is a real-valued function such that
fn € R(a) on [a, b] for each n = 1, 2 Assume that f,, -
f uniformly on [a, b] and define g, (x) = [ fu(O)da(t) if
x€E[a, b] n=1, 2. Then we have:

a)ff € R(a) on [a, b].

b) g, — g uniformly on [a, b], where g(x) = f(f f(®)da(t)
NOTE.

The conclusion implies that, for each x in [a, b], we can write

lim f “fu© da(t) = f " lim fu(0da(©

This property is often described by saying that a uniformly
convergent sequence can be integrated term by term.

Proof.

We can assume that « is increasing with a(a) < a(b) To prove
(a), we will show that f satisfies Riemann's condition with
respect to « on [a, b].

Given € > 0 choose N so that

& .
lf(x) = fn()| < mfor all x in [a, b].
Then, for every partition P of [a, b], we have
[UP.f, @) = fya| <Sand |[UP, f, @) — fya| <%

For this N, choose P; so that P finer thanP, implies U(P,fy, @)
- L(P, fy,a)<e/3. Then for such P we have
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UL, a )-L(P,f, ¢ ) S U(P1- fyy, @ )-L(P,f- fy, @ J+U(P, fy, @ )-
L(P, fN;a)

qUE.f - fu| +LP.f — fu@)| +  E<e

This proves (a). To prove (b), let £ > 0 be given and choose N
so that
€
() — f(D)] < ———-—
for all n > N and every tin [a, b]. If X € [a, b] we have
lg,, (¢t t|<fx| t t)|d ned¥-a@e
S§<s

This proves that g,, =g uniformly on [a, b].
Theorem 5.7.
Let a be of bounded variation on [a, b] and assume that

Y fn(x) = f(x) (uniformly on [a, b]), where each f;, is a real-
valued function such that f,, € R(«) on [a, b]. Then we have:

a) fe R(a) on [a, b].

b) Jg Biea fa(©da(t) =
P f; fn(®da(t), (uniformly on[a, b]).
Proof.

Apply by known Theorem to the sequence of partial sums.
NOTE.

This theorem is described by saying that a uniformly
convergent series can be integrated term by term.
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5.8 NONUNIFORMLY CONVERGENT SEQUENCES
THAT CAN BE INTEGRATED TERM BY TERM

Uniform convergence is a sufficient but not a necessary
condition for term-by-term integration, as is seen by the
following example.

Example.

Let f,(x) =x™if 0 <= x <= | The limit function f has the
value 0 in [0, 1) and f(1) = 1 Since this is a sequence of
continuous functions with discontinuous limit, the
convergence is not uniform on [0, 1]. Nevertheless, term-by-
term integration on [0, 1] leads to a correct result in this case.
In fact, we have

1 1
1
jofn(x)dxzjo x"dxzm—>0asn—>oo

So lim Jy o) dx = [} f(x)dx =0
Theorem 5.8 (Arzela).

Assume that {f,,} is boundedly convergent on [a,b] and sup-
pose each f {w} is Riemann-integrable on [a, b]. Assume also
that the limit function f is Riemann-integrable on [a, b]. Then

b b b
lim f fu@)dx = f lim £, ()dx = f f)dx

The proof of Arzela's theorem is considerably more difficult
than that of Theorem 5.7 and will not be given here. In the
next chapter we shall prove a theorem on Lebesgue integrals
which includes Arzela's theorem as a special case.

NOTE. It is easy to give an example of a boundedly
convergent sequence {f,} of Riemann-integrable functions
whose limit f is not Riemann-integrable. If {ry,7,,...,7,}
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denotes the set of rational numbers in [0, 1], define f,(x) to
have the value 1 if x =7y, forallk=1,2 ,...n, and put f,(x)=
0 otherwise. Then the integral [ 01 fn(x)dx =0 for each n, but
the pointwise limit function f is not Riemann-integrable on [0,
1].

5.9 SUFFICIENT CONDITIONS FOR UNIFORM
CONVERGENCE OF A SERIES

The importance of uniformly convergent series has been
amply illustrated in some of the preceding theorems.
Therefore it seems natural to seek some simple ways of
testing a series for uniform convergence without resorting to
the definition in each case. One such test, the Weierstrass M-
test, was described in known Theorem. There are other tests
that may be useful when the M-test is not applicable.
Theorem 5.9 (Dirichlet's test for uniform convergence).

Let F,(x) denote the nth partial sum of the series ), f,, (x)
where each f,, is a complex-valued function defined on a set
S. Assume that {F,} is uniformly bounded on S. Let \{g {n}\}
be a sequence of real-valued functions such that g, ,;(x) <
gn(x) for each x in S and for every n =1, 2 ..., and assume
that g, = 0 uniformly on S. Then the series
Y. fn () gn(x)converges uniformly on S.

Proof.

Let s,(x)=Xi-1/,(¥)g, (x)

By partial summation we have

$2 (=21 Frlo)(g,(x) =g () Hg,  (DF, (),

and hence if n > m we can write
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Sn (x) -
Sp(X)= ZZ:m+l Fk(x)(gk(x)_gkﬂ (x))+gn+1 (OF, (x)_gm+1 ()F (%),

Therefore , if M is a uniform bound for {F,} we have

s CM Y (g0 VM, (0-Mg, ., (),
k=m+1

=M(g,.(X)=g, . (Mg, )+ Mg, ()

=2Mg,, ., (%)

Since g, —0 uniformly on S, this inequality implies that
X[, (x)g, (x)converges uniformly on S.

5.10 MEAN CONVERGENCE

The functions in this section may be real- or complex-valued.
Definition 5.3

Let {f.} be a sequence of Riemann-integrable functions
defined on [a, b]. Assume that f in R on [a, b]. The sequence
{fu} is said to converge in the mean to f on [a, b], and we
write

Lim e = fon[a,b]

b 2
lim [ 160 - FIf dx =0
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