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PREFACE 

 

The field of statistics plays a vital role in modern research, and 

among its branches, inferential statistics stands as a powerful 

tool for drawing conclusions from data. This book, Inferential 

Statistics, has been designed to provide students, researchers, 

and educators with a structured and comprehensive 

understanding of inferential methods and their practical 

applications. 

These lecture notes are intended primarily for postgraduate 

students pursuing advanced studies in mathematics or statistics. 

The material has been carefully curated to align with academic 

curricula while maintaining a balance between theoretical rigor 

and simplicity in presentation. 

Beginning with the fundamental principles of estimation, the 

book explores topics such as point and interval estimation, 

properties of estimators, and key techniques like the method of 

moments and maximum likelihood estimation. The later 

chapters delve into hypothesis testing, including tests based on 

standard distributions such as the normal, t, chi-square, and F. 

Each topic is explained in a systematic manner, supported by 

illustrative examples, relevant theorems, and step-by-step 

problem-solving approaches. The emphasis throughout is on 

conceptual clarity and practical utility, ensuring learners gain 

not just knowledge but confidence in applying statistical tools. 

The lecture format adopted in this book encourages sequential 

learning, ideal for classroom use as well as independent study. 

Efforts have been made to ensure that the language remains 

accessible without compromising mathematical precision. 

This book is the product of years of teaching experience and 

interaction with students, whose questions and challenges have 
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shaped the content and approach. It is dedicated to learners who 

seek to understand the logic behind inference and its role in 

decision-making. 

I hope this work serves as a valuable guide and inspires further 

exploration into the fascinating world of statistics. 

Suggestions for improvement are warmly welcomed. 

 Sr. Lincy Selestin. M 
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UNIT – I 

POINT ESTIMATION 

 

1. 1. Population and Sample: 

1.1.1. Population: 

 According to statistics, an estimated population is the total 

number to statistical units that have at least one characteristic in 

common that makes them interesting for analytical purposes. 

  

 1.1.2. Sample: 

 A sample is a more manageable, smaller representation of a 

bigger group. It is a subgroup of a wider population that has its 

traits. When population sizes are too big to include every potential 

member or observation, samples are utilized in statistical testing. A 

sample should not show bias toward any particular trait; rather, it 

should reflect the population as a whole. 

 

1.2. Parameter and Statistic: 

1.2.1. Parameter: 

 A parameter plays a significant role in statistical analysis. I

t describes the traits utilized to identify a specific population. It ser

ves to represent a particular trait of the whole population. When dr

awing conclusions about a population, the parameter remains unkn

own as it is impractical to gather data from every individual within

 the population. 

 

1.2.2. Statistic: 

 A single item of data that is represented by a number is 

called a statistic. For example, the figure "water makes up 70% of 

the Earth's surface" is true. A fact that is determined via a 
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mathematical procedure is comparable to a statistic. The most 

frequent statistic you will come across is a population figure. 

1.3. Estimator: 

 In statistical models, a "estimator" or "point estimate" is a 

statistic (i.e., a function of the data) that is used to determine the 

value of an unknown parameter. "The estimator is the method 

adopted to acquire an estimate of an unknown parameter" is a 

classic way to phrase it. 

 

1.4. Characteristics of Estimators: 

 A good estimator should satisfy the following criterias: 

i) Unbiasedness   ii) Consistency   iii) Efficiency   iv) Sufficiency 

1.4.1. Unbiasedness:  

 An unbiased estimator of γ(θ) is defined as Tn = T(x1, x2,..., 

xn) if              E(Tn) = γ(θ), for all 𝜃 ∈ Θ 

 

Note: i) If E(Tn) ≠ γ(θ) then the given estimator (Tn) is known as 

biased estimator. 

 ii) The mean of the estimator is equal to the parameter. 

Then it is known as unbiased estimator. 

Example 1.1. A random sample of the normal population N(μ, 1) 

is represented by the numbers x1, x2,..., xn. Then the unbiased 

estimator of μ2+1 is 𝑡 =
1

𝑛
∑ 𝑥𝑖

2𝑛
𝑖=1 . 

Sol: 

 Given that E(xi) = μ, V(xi) = 1 ---- (1) 

Now,      V(xi) = {E(xi)}
2 – E(xi

2) 

 E(xi
2) = V(xi) + {E(xi)}

2 = 1 + μ2 

           ∴       𝐸(𝑡) = 𝐸 (
1

𝑛
∑ 𝑥𝑖

2𝑛
𝑖=1 ) 

                             =  
1

𝑛
 ∑ 𝐸(𝑥𝑖

2) 𝑛
𝑖=1     
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                              =  
1

𝑛
 ∑ (1 +  𝜇2)   =    

1

𝑛
 .  𝑛𝑛

𝑖=1  (1 +  𝜇2) 

                       E(t) = (1 + μ2) 

Thus t is an unbiased way to estimate of 1 + μ2. 

 

Example 1.2. If T is an unbiased estimator for θ, show that T2 is a 

biased estimator for θ2. 

Sol:  

 Since T is an unbiased estimator for θ, we have  E(T) = θ 

 Also   Var(T) = E(T2) – {E(T)}2 

        = E(T2) – θ2 

       E(T2) = θ2 + Var(T),  (Var(T) > 0). 

 Therefore  E(T2) ≠ θ2. 

 Therefore T2 is a biased estimator for θ2.   [By definition] 

 

Example 1.3. Show that 
∑ 𝑥𝑖(∑ 𝑥𝑖−1)

𝑛(𝑛−1)
 is an unbiased estimate of θ2, 

for the sample x1, x2, …, xn drawn on X which takes the values 1 or 

0 with respective probabilities θ and (1 – θ). 

Sol: 

 Since x1, x2, …, xn is a random sample from Bernoulli 

Population with Parameter θ. 

 𝑇 = ∑ 𝑥𝑖 ~ 𝐵(𝑛, 𝜃)𝑛
𝑖=1  

    E(T) = nθ and Var(T) = nθ(1 – θ) 

 𝐸 {
∑ 𝑥𝑖(∑ 𝑥𝑖−1)

𝑛(𝑛−1)
} = 𝐸 {

𝑇(𝑇−1)

𝑛(𝑛−1)
} 

         =  
1

𝑛(𝑛−1)
{𝐸(𝑇2) − 𝐸(𝑇)}   

  [∵ 𝐸(𝐶𝑋) =  𝐶. 𝐸(𝑋)& 𝐸(𝐴 − 𝐵) = 𝐸(𝐴) − 𝐸(𝐵)] 

         =
1

𝑛(𝑛−1)
{𝑉𝑎𝑟(𝑇) + (𝐸(𝑇))

2
− 𝐸(𝑇)}  

 [∵ 𝑉𝑎𝑟(𝑇) = 𝐸(𝑇2) − (𝐸(𝑇))
2

] 
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            =
1

𝑛(𝑛−1)
{𝑛𝜃(1 − 𝜃) + 𝑛2𝜃2 − 𝑛𝜃} 

            =
𝑛𝜃−𝑛𝜃2+𝑛2𝜃2−𝑛𝜃

𝑛(𝑛−1)
 

                                 =
𝑛𝜃2+𝑛2𝜃2

𝑛(𝑛−1)
=

𝑛𝜃2(𝑛−1)

𝑛(𝑛−1)
 

 𝐸 {
∑ 𝑥𝑖(∑ 𝑥𝑖−1)

𝑛(𝑛−1)
} =  𝜃2       

Therefore 
∑ 𝑥𝑖(∑ 𝑥𝑖−1)

𝑛(𝑛−1)
 is an unbiased estimator of θ2. 

 

Example 1.4. Let X be a distribution in the Poisson from with 

parameter θ. Show that only unbiased estimator of exp[-(K+1)θ],   

K > 0 is T(x) = (-K)X, so that T(x) > 0 if x is even and T(x) < 0 if x 

is odd. 

Sol: 

 E[T(x)] = E[(-K)x], k > 0 

         = ∑ (−𝐾)𝑥 (
𝑒−𝜃𝜃𝑥

𝑥!
)∞

𝑥=0  

          =  𝑒−𝜃 ∑ (
(−𝐾𝜃)𝑥

𝑥!
)∞

𝑥=0  

  =  𝑒−𝜃. 𝑒−𝐾𝜃             

  = 𝑒−(1+𝐾)𝜃 

 T(X) = (-K)X is an unbiased estimator of 𝑒−(1+𝐾)𝜃, 𝐾 > 0. 

 

1.4.2. Consistency: 

Definition:  

 An estimator 𝑇𝑛 = 𝑇(𝑥1, 𝑥2, … , 𝑥𝑛) based on a random 

sample of size n is said to be consistent estimator of γ(θ), θ ϵ ϴ, 

the Parameter Space, if Tn converges to γ(θ) in probability, i.e. if     

𝑇𝑛

𝑝
→ 𝛾(𝜃) as n→∞. In other words, Tn is a consistent estimator of 

γ(θ) if for every ε > 0, η > 0, there exists a positive integer n ≥ m(ε, 
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η), such that P[|Tn - γ(θ)| < ε] → 1 as n→∞ ⟹ 𝑃{|𝑇𝑛 − 𝛾(𝜃)| <

𝜀} > 1 − 𝜂; ∀ 𝑛 ≥ 𝑚, where m is some very large of n. 

 

Remarks: 

 If X1, X2, …, Xn is a random sample from population with 

finite mean EXi = μ < ∞, then by Khinchine’s weak Law of large 

(W.L.L.N), we have 

   𝑋̅𝑛 =
1

𝑛
∑ 𝑋𝑖

𝑛
𝑖=1

𝑝
→  𝐸( 𝑋𝑖) = 𝜇, 𝑎𝑠 𝑛 → ∞. 

Hence Sample mean (𝑋̅̅ ̅
𝑛) is always a consistent estimator of the 

population mean (μ). 

 

Theorem 1.1. If Tn is a consistent estimator of γ(θ) and ψ{ γ(θ)} is 

a continuous function of γ(θ), then ψ(Tn) is a consistent estimator 

of ψ{ γ(θ)}. 

Proof: 

 Since Tn is a consistent estimator of γ(θ), 𝑇𝑛

𝑝
→ 𝛾(𝜃)𝑎𝑠 𝑛 → ∞,  

i.e., for every ε > 0, η > 0, ∃ a positive integer n ≥ m(ε, η) such 

that         𝑃{|𝑇𝑛 − 𝛾(𝜃)| < 𝜀} > 1 − 𝜂; ∀ 𝑛 ≥ 𝑚       ----- (1) 

 Since ψ{ γ(θ)} is a continuous function, for every ε > 0, 

however small, ∃ a positive integer ε1 such that  

            |ψ(Tn) – ψ{γ(θ)}| < ε1, whenever |Tn – γ(θ)| < ε,  

i.e.,    |Tn – γ(θ)| < ε  ⟹ |ψ(Tn) – ψ{γ(θ)}| < ε1        ----- (2) 

For two events A and B, if A ⟹ B, then 

 𝐴 ⊆ 𝐵   ⟹    𝑃(𝐴) ≤ 𝑃(𝐵)     𝑜𝑟    𝑃(𝐵) ≥ 𝑃(𝐴)   ----- (3) 

From (2) and (3), we get 

     −− )( )}({)( 1 nn TPTP  

  mnTP n −−  ; 1)}({)(        1         [Using (1)] 

)},({)(     ⎯→⎯ p

nT  as n → ∞ or 
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      ψ(Tn) is a consistent estimator of ψ{ γ(θ)}. 

 

1.4.2.1. Sufficient Conditions for Consistency: 

Theorem 1.2.  Let {Tn} be a sequence of estimators such that for 

all θ ϵ ϴ, i) Eθ(Tn) → γ(θ), n → ∞ and ii) Varθ(Tn) → 0, as n → ∞. 

Then Tn is a consistent estimator of γ(θ). 

 

Proof: 

 We have to prove that Tn is a consistent estimator of γ(θ) 

 i.e.,       𝑇𝑛

𝑝
→  𝛾(𝜃),   𝑎𝑠 𝑛 → ∞ 

     i.e.,     𝑃[|𝑇𝑛 − 𝛾(𝜃)| < 𝜀] > 1 −  𝜂 ;  ∀ 𝑛 ≥ 𝑚 (𝜀, 𝜂)   ---- (1) 

where ε and η are arbitrarily small positive numbers and m is some 

large value of n. 

 Applying Chebychev’s inequality to the statistic Tn, we get 

  𝑃[|𝑇𝑛 − 𝐸𝜃(𝑇𝑛)| ≤ 𝛿] ≥ 1 − 
𝑉𝑎𝑟𝜃(𝑇𝑛)

𝛿2      ---- (2) 

We have 

|𝑇𝑛 − 𝛾(𝜃)| =  |𝑇𝑛 − 𝐸(𝑇𝑛) + 𝐸(𝑇𝑛) − 𝛾(𝜃)| 

                                ≤ |𝑇𝑛 − 𝐸𝜃(𝑇𝑛)| + |𝐸𝜃(𝑇𝑛) − 𝛾(𝜃)| ---- (3) 

Now  

|𝑇𝑛 − 𝐸𝜃(𝑇𝑛)| ≤ 𝛿 ⇒  |𝑇𝑛 − 𝛾(𝜃)| ≤ 𝛿 + |𝐸𝜃(𝑇𝑛) − 𝛾(𝜃)| ---- (4) 

Hence, on using (3) of Theorem 1.1., we get 

𝑃{|𝑇𝑛 − 𝛾(𝜃)| ≤ 𝛿 + |𝐸𝜃(𝑇𝑛) − 𝛾(𝜃)|}  ≥ 𝑃{|𝑇𝑛 − 𝐸𝜃(𝑇𝑛)| ≤ 𝛿} 

               ≥ 1 −  
𝑉𝑎𝑟𝜃(𝑇𝑛)

𝛿2  [From (2)]  ---- (5) 

We are given:    𝐸𝜃(𝑇𝑛) → 𝛾(𝜃) ∀ 𝜃 ∈  Θ 𝑎𝑠 𝑛 →  ∞ 

Hence, for every 𝛿1 > 0, ∃ a positive integer 𝑛 ≥ 𝑛0(𝛿1) such that 

 |𝐸𝜃(𝑇𝑛) − 𝛾(𝜃)| ≤ 𝛿1, ∀ 𝑛 ≥ 𝑛0(𝛿1)         ---- (6) 

Also Varθ(Tn) → 0 as n → ∞, (Given)  

   ∴
𝑉𝑎𝑟𝜃(𝑇𝑛)

𝛿2
 ≤ η , ∀ n ≥  n0

′ (𝜂),              ---- (7) 
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where η is arbitrarily small positive number. 

Substituting from (6) & (7) in (5), we get 

 𝑃[|𝑇𝑛 − 𝛾(𝜃)| ≤ 𝛿 + 𝛿1] ≥ 1 − 𝜂 ; 𝑛 ≥ 𝑚 (𝛿1, 𝜂) 

⇒                  𝑃[|𝑇𝑛 − 𝛾(𝜃)| ≤ 𝜀] ≥ 1 − 𝜂 ; 𝑛 ≥ 𝑚, 

where m = max (n0, n0’) and ε = δ + δ1 > 0. 

⇒               𝑇𝑛

𝑝
→  𝛾(𝜃),   𝑎𝑠 𝑛 → ∞                        [Using  (1)] 

∴         Tn is  a consistent estimator of γ(θ). 

 

Example 1.5. (a) Prove that in Sampling from a N(μ, σ2) 

population, the sample mean is a consistent estimator of μ. 

(b) Prove that for Cauchy’s distribution not sample mean but 

sample median is a consistent estimator of the population mean. 

Sol: 

 In sampling from a N(μ, σ2) population, the Sample mean 𝑥̅ is 

also normally distributed as N(μ, σ2/n),  

i.e.,            𝐸(𝑥̅) =  𝜇   & 𝑉(𝑥̅) =  𝜎2 𝑛⁄  

Thus as n → ∞, 𝐸(𝑥̅) =  𝜇   & 𝑉(𝑥̅) = 0 

Hence by Theorem 1.2., 𝑥̅ is a consistent estimator for μ. 

(b) The Cauchy’s population is given by the probability function: 

   𝑑𝐹(𝑥) =
1

𝜋
 .

𝑑𝑥

1+(𝑥−𝜇)2 , −∞ ≤ 𝑥 ≤ ∞ 

 The mean of the distribution, if we conventionally agree to 

assume that it exists, is at x = μ. If 𝑥̅, the sample mean is taken as 

an estimator of μ, then the sampling distribution of 𝑥̅ is given by: 

 𝑑𝐹(𝑥̅) =
1

𝜋
 .

𝑑𝑥̅

1+(𝑥̅−𝜇)2 , −∞ ≤ 𝑥 ≤ ∞,               ---- (1) 

because in Cauchy’s distribution, the distribution of 𝑥̅ is same as 

the distribution of x. 
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 Since in this case, the distribution of 𝑥̅ is same as distribution 

of any single sample observation, it does not increase in accuracy 

with increasing n. In other words, 

                 𝐸(𝑥̅) =  𝜇   & 𝑉(𝑥̅) = 𝑉(𝑥) ≠ 0, 𝑎𝑠 𝑛 →  ∞ 

Hence by Theorem 1.2, 𝑥̅ is not a consistent estimator of μ in this 

case. 

 Consideration of symmetry of (1) is enough to show that the 

sample median Md is an unbiased estimate of the population mean, 

which of course is same as the population median.  

Therefore   E(Md) = μ.           ---- (2) 

 For large n, the sampling distribution of median is 

asymptotically normal and is given by  

   𝑑𝐹 ∝ exp{−2𝑛 ∝ 𝑓1
2(𝑥 − 𝜇)2} 𝑑𝑥, 

where f1 is the median ordinate of the parent population. i.e., 

                               𝑑𝐹 ∝ exp {−
(𝑥−𝜇)2

1 (2𝑛𝑓1
2)⁄

}                    ---- (3) 

But f1 = Median ordinate of (1) = Model ordinate of (1)   

              [Because of symmetry] 

        = [𝑓(𝑥)]𝑥=𝜇 =
1

𝜋
 

Hence, from (3), the variance of the sampling distribution of 

median is: 

 𝑉(𝑀𝑑) =
1

4𝑛𝑓1
2 =

1

4𝑛(1 𝜋⁄ )2 =
𝜋2

4𝑛
  → 0  𝑎𝑠 𝑛 →  ∞    ---- (4) 

Hence from (2) and (4), using Theorem 1.2, we conclude that for 

Cauchy’s distribution, median is a consistent estimator for μ. 

 

Example 1.6. If X1, X2, …, Xn are random observations on a 

Bernoulli variate X taking the value 1 with probability p and the 

value 0 with probability (1 – p), show that: 

  
∑ 𝑥𝑖

𝑛
(1 −

∑ 𝑥𝑖

𝑛
) is a consistent estimator of p(1 – p). 
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Sol: 

 Since X1, X2, …, Xn are i.i.d. Bernoulli variates with 

parameter ‘p’. 

 𝑇 =    ∑ 𝑥𝑖 ~ 𝐵(𝑛, 𝑝) 𝑛
𝑖=1   

    ⇒   𝐸(𝑇) = 𝑛𝑝   𝑎𝑛𝑑 𝑉𝑎𝑟(𝑇) = 𝑛𝑝𝑞            |--- (1) 

𝑋̅ =
1

𝑛
 ∑ 𝑥𝑖 =  

𝑇

𝑛 
 ⇒   𝐸(𝑋̅) =

1

𝑛
 𝐸(𝑇) =

1

𝑛
 𝑛𝑝 = 𝑝𝑛

𝑖=1   [From (1)] 

and 𝑉𝑎𝑟(𝑋̅) = 𝑉𝑎𝑟 (
𝑇

𝑛
) =  

1

𝑛2
. 𝑉𝑎𝑟(𝑇) =  

𝑝𝑞

𝑛
 → 0 𝑎𝑠 𝑛 →  ∞. 

           [From (1)] 

Since 𝐸(𝑋̅) → 𝑝 and 𝑉𝑎𝑟(𝑋̅) → 0, 𝑎𝑠 𝑛 →  ∞; 𝑋 ̅is a consistent 

estimator of p. Also 
∑ 𝑥𝑖

𝑛
(1 −

∑ 𝑥𝑖

𝑛
) = 𝑋̅(1 − 𝑋̅), being a 

polynomial in 𝑋̅, is a continuous function of 𝑋̅. 

 Since 𝑋̅ is consistent estimator of p, by the invariance 

property of consistent estimators (Theorem 1.1), 𝑋̅(1 − 𝑋̅) is a 

consistent estimator of p(1 – p). 

 

1.4.3. Efficient Estimators: 

1.4.3.1. Efficiency: 

 A criterion which is based on the variances of the sampling 

distribution of estimators is usually known as efficiency. 

 If, of the two consistent estimators T1, T2 of a certain 

parameter θ, we have 

   V(T1) < V(T2), for all n 

then T1 is more efficient than T2 for all samples sizes. 

 

1.4.3.2. Most Efficient Estimator: 

 If T1 is the most efficient estimator with variance V1 and T2 is 

any other estimator with variance V2, then the efficiency E of T2 is 

defined as:          𝐸 =  
𝑉1

𝑉2
    Obviously, E cannot exceed unity. 
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Example 1.7. A random sample (X1, X2, X3, X4, X5) of size 5 is 

drawn from a normal population with unknown mean μ. Consider 

the following estimators to estimate μ: 

(i) 𝑡1 =
𝑋1+𝑋2+𝑋3+𝑋4+𝑋5

5
, (ii) 𝑡2 =

𝑋1+𝑋2

2
+ 𝑋3, (iii) 𝑡3 =

2𝑋1+𝑋2+𝜆𝑋3

3
, 

where λ is such that t3 is an unbiased estimator of μ.  

 Find λ. Are t1 and t2 unbiased? State giving reasons, the 

estimator which is best among t1, t2 and t3. 

Sol: 

 E(Xi) = μ, Var(Xi) = σ2, (say) ; Cov (Xi, Xj) = 0,        ---- (1) 

           (i ≠ j = 1, 2, …, n) 

(i) 𝐸(𝑡1) = 𝐸 (
𝑋1+𝑋2+𝑋3+𝑋4+𝑋5

5
) =  

1

5
 ∑ 𝐸(𝑋𝑖)

5
𝑖=1 =  

1

5
 ∑ 𝜇5

𝑖=1  

         =  
1

5
 .5𝜇 =  𝜇 

 ⟹   t1 is an unbiased estimator of μ. 

(ii) 𝐸(𝑡2) = 𝐸 (
𝑋1+𝑋2

2
+ 𝑋3) = 𝐸 (

𝑋1+𝑋2

2
) + 𝐸(𝑋3) 

              =  
1

2
 ∑ 𝐸(𝑋𝑖)

2
𝑖=1 + 𝐸(𝑋3)  

             =
1

2
 ∑ 𝜇2

𝑖=1 + 𝜇 =  
1

2
 .2𝜇 + 𝜇 

             = μ + μ = 2μ 

⟹   t2 is not an unbiased estimator of μ. 

(iii) E(t3) = μ ⟹       
1

3
𝐸(2𝑋1 + 𝑋2 + 𝜆𝑋3) =  𝜇 

    [Since t3 is an unbiased estimator of μ]  

∴ 2𝐸(𝑋1) + 𝐸(𝑋2) + 𝜆𝐸(𝑋3) = 3𝜇 

∴ 2𝜇 + 𝜇 + 𝜆𝜇 = 3𝜇 ⟹ 𝜆 = 0. 

Using (1), we get 

𝑉(𝑡1) =
1

25
{𝑉(𝑋1) + 𝑉(𝑋2) + 𝑉(𝑋3) + 𝑉(𝑋4) + 𝑉(𝑋5)} 

                  =
1

25
. 5𝜎2 =

1

5
. 𝜎2  
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 𝑉(𝑡2) =
1

4
{𝑉(𝑡1) + 𝑉(𝑡2)} + 𝑉(𝑡3) 

       =
1

4
(2𝜎2) + 𝜎2 =

1

2
. 𝜎2 + 𝜎2 =

3

2
. 𝜎2 

        𝑉(𝑡3) =
1

9
{4𝑉(𝑋1) + 𝑉(𝑋2)} =

1

9
{4𝜎2 + 𝜎2} =

5

9
. 𝜎2                 

        (∵ 𝜆 = 0) 

Since V(t1) is least, t1 is the best estimator (in the sense of least 

variance) of μ. 

Example 1.8. X1, X2 and X3 is a random sample of size 3 from a 

population with mean value μ and variance σ2. T1, T2, T3 are the 

estimators used to estimate mean value μ, where T1 = X1+X2 – X3,  

T2 = 2X1 + 3X3 – 4X2, and 𝑇3 =
1

3
(𝜆𝑋1 + 𝑋2 + 𝑋3)/3. 

(i) Are T1 and T2 unbiased estimators? (ii) Find the value of λ such 

that T3 is unbiased estimator for μ. (iii) With this value of λ is T3 a 

consistent estimator? (iv) Which is the best estimator? 

Sol: 

 Since X1, X2, X3 is a random sample from a population with 

mean μ and variance σ2, E (Xi) = μ, Var (Xi) = σ2 and  

Cov (Xi, Xj) = 0, (i ≠ j = 1, 2, …, n)     ----(1) 

(i) We have [On using (1)], 

 𝐸(𝑇1) = 𝐸(𝑋1) + 𝐸(𝑋2) − 𝐸(𝑋3) = 𝜇 + 𝜇 − 𝜇 = 𝜇 

 ⇒ T1 is an unbiased estimator of μ. 

 𝐸(𝑇2) = 2𝐸(𝑋1) + 3𝐸(𝑋3) − 4𝐸(𝑋2) = 2𝜇 + 3𝜇 − 4𝜇 = 𝜇 

      ⇒ T2 is an unbiased estimator of μ. 

(ii) We are given: E(T3) = μ  ⇒  
1

3
{𝜆𝐸(𝑋1) + 𝐸(𝑋2) + 𝐸(𝑋3)} = 𝜇 

      ⇒  
1

3
(𝜆𝜇 + 𝜇 + 𝜇) = 𝜇     ⇒   𝜇{𝜆 + 2} = 3𝜇 

 ⇒    𝜆 + 2 = 3       ⇒   𝜆 = 1. 



 

12 | P a g e  

 

(iii) With λ = 1, 𝑇3 =
1

3
(𝑋1 + 𝑋2 + 𝑋3) =  𝑋.̅ Since sample mean 

is a consistent estimator of population mean μ, by Weak Law of 

Large Numbers, T3 is a consistent estimator of μ. 

(iv) We have [on using (1)]: 

𝑉𝑎𝑟(𝑇1) = 𝑉𝑎𝑟(𝑋1)     + 𝑉𝑎𝑟(𝑋2)     + 𝑉𝑎𝑟(𝑋3)     = 3𝜎2 

   𝑉𝑎𝑟(𝑇2) = 4𝑉𝑎𝑟(𝑋1)  + 9𝑉𝑎𝑟(𝑋3)   + 16𝑉𝑎𝑟(𝑋2) = 29𝜎2 

𝑉𝑎𝑟(𝑇3) =
1

9
[𝑉𝑎𝑟(𝑋1) + 𝑉𝑎𝑟(𝑋2)    + 𝑉𝑎𝑟(𝑋3)]    =

1

3
𝜎2     

           [∵ 𝜆 = 1] 

 Since Var(T3) is minimum, T3 is the best estimator of μ in the 

sense of minimum variance.  

1.4.3.3. Minimum Variance Unbiased (M.V.U.) Estimators: 

 If a statistic T = T(x1, x2, …, xn), based on sample of size n is 

such that: 

(i) T is unbiased for γ(θ), for all θ ϵ ϴ and  

(ii) It has the smallest variance among the class of all unbiased 

estimators of γ(θ), then T is called the minimum variance unbiased 

estimator (MVUE) of γ(θ). 

 More precisely, T is MVUE of γ(θ) if  

   Eθ(T) = γ(θ) for all θ ϵ ϴ and  

   Varθ(T) ≤ Varθ(T’) for all θ ϵ ϴ 

 where T’ is any other unbiased estimator of γ(θ). 

 

Theorem 1.3. An M.V.U. is unique in the sense that if T1 and T2 

are M.V.U. estimators of γ(θ), then T1 = T2, almost surely. 

Proof: We are given that 

 
𝐸𝜃(𝑇1) = 𝐸𝜃(𝑇2) = 𝛾(𝜃),   𝑓𝑜𝑟 𝑎𝑙𝑙 𝜃 𝜖 Θ        

𝑎𝑛𝑑     𝑉𝑎𝑟𝜃(𝑇1) =  𝑉𝑎𝑟𝜃(𝑇2),   𝑓𝑜𝑟 𝑎𝑙𝑙 𝜃 𝜖 Θ       
}    ---- (1) 
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Consider a new estimator, 𝑇 =
1

2
(𝑇1 + 𝑇2) which is also unbiased 

since,       𝐸(𝑇) =
1

2
{𝐸(𝑇1) + 𝐸(𝑇2)} = 𝛾(𝜃) 

𝑉𝑎𝑟(𝑇) = 𝑉𝑎𝑟 {
1

2
(𝑇1 + 𝑇2)} =

1

4
𝑉𝑎𝑟(𝑇1 + 𝑇2) 

  =
1

4
{𝑉𝑎𝑟(𝑇1) + 𝑉𝑎𝑟(𝑇2) + 2𝐶𝑜𝑣(𝑇1, 𝑇2)} 

    =
1

4
{𝑉𝑎𝑟(𝑇1) + 𝑉𝑎𝑟(𝑇2) + 2𝜌√𝑉𝑎𝑟(𝑇1)𝑉𝑎𝑟(𝑇2)} 

        =
1

2
𝑉𝑎𝑟(𝑇1)(1 + 𝜌),                                [From (1)] 

where ρ is the Karl Pearson’s co-efficient of correlation between 

T1 and  T2. 

 Since | ρ | ≤ 1, we must have ρ = 1, i.e., T1 and T2 must have a 

linear relation of the form:  T1 = α + βT2,     ---- (2) 

where α and β are constants independent of x1, x2, …, xn but may 

depend on θ, i.e., we may have   α = α(θ) and β = β(θ). 

Taking expectations of both sides in (2) and using (1), we get 

    θ = α + βθ                   ---- (3) 

Also from (2), we get Var(T1) = Var(α + βT2) = β2.Var(T2) 

⇒            1 = 𝛽2             ⇒               𝛽 = ±1            [From (1)] 

But since ρ(T1, T2) = +1, the coefficient of regression of T1 on T2 

must be positive. 

   β = 1     ⇒     α = 0                        [From (3)] 

Substituting in (2), we get T1 = T2 as desired. 

 

Theorem 1.4. Let T1 and T2 be unbiased estimators of γ(θ) with 

efficiencies e1 and e2 respectively and ρ = ρθ be the correlation 

coefficient between them. Then 

√𝑒1𝑒2 − √(1 − 𝑒1)(1 − 𝑒2)  ≤ 𝜌 ≤ √𝑒1𝑒2 + √(1 − 𝑒1)(1 − 𝑒2)    

Proof: Let T minimum variance unbiased estimator of γ(θ). Then 

we are given: 𝐸𝜃(𝑇1) = 𝛾(𝜃) = 𝐸𝜃(𝑇2)  ∀ 𝜃 𝜖 Θ          ---- (1) 



 

14 | P a g e  

 

and     𝑒1 =
𝑉𝜃(𝑇)

𝑉𝜃(𝑇1)
=

𝑉

𝑉1
, (𝑠𝑎𝑦)     ⇒   𝑉1 =

𝑉

𝑒1
                 ---- (2) 

     𝑒2 =
𝑉𝜃(𝑇)

𝑉𝜃(𝑇2)
=

𝑉

𝑉2
, (𝑠𝑎𝑦)     ⇒   𝑉2 =

𝑉

𝑒2
                 ---- (3) 

Let us consider another estimator:𝑇3 = 𝜆𝑇1 + 𝜇𝑇2        ---- (4) 

which is also unbiased estimator of γ(θ) i.e., 

𝐸(𝑇3) = (𝜆 + 𝜇) 𝛾(𝜃) =  𝛾(𝜃)[Using (1)] ⇒  𝜆 + 𝜇 = 1 ---- (5) 

𝑉𝜃(𝑇3) = 𝑉(𝜆𝑇1 + 𝜇𝑇2) = 𝜆2𝑉(𝑇1) + 𝜇2𝑉(𝑇2) + 2𝜆𝜇𝐶𝑜𝑣(𝑇1, 𝑇2)                 

     = 𝑉 (
𝜆2

𝑒1
+

𝜇2

𝑒2
+ 2.

𝜆𝜇𝜌

√𝑒1𝑒2
)      [Using (2) & (3)] 

But 𝑉𝜃(𝑇3)  ≥ 𝑉, since V is the minimum variance. 

 
𝜆2

𝑒1
+

𝜇2

𝑒2
+ 2.

𝜆𝜇𝜌

√𝑒1𝑒2
 ≥ 1 = (𝜆 + 𝜇)2             [Using (5)] 

⇒  (
1

𝑒1
− 1) 𝜆2 + (

1

𝑒2
− 1) 𝜇2 + 2𝜆𝜇 (

𝜌

√𝑒1𝑒2

− 1) ≥ 0 

⇒  (
1

𝑒1
− 1) (

𝜆

𝜇
)

2

+ (
1

𝑒2
− 1) 2 (

𝜌

√𝑒1𝑒2
− 1) (

𝜆

𝜇
) + (

1

𝑒2
− 1) ≥ 0-(6) 

which is quadratic expression in (𝜆 𝜇⁄ ). 

Note that: 𝑒𝑖 < 1  ⇒
1

𝑒𝑖
> 1 ⇒ (

1

𝑒𝑖
− 1) > 0; 𝑖 = 1,2 

We know that    AX2 +BX + C ≥ 0 ∀ x, A > 0, C > 0;. 

if and only if    Discriminant = B2 - 4AC ≤ 0    ---- (7) 

Using (7), we get from (6) : 

(
𝜌

√𝑒1𝑒2

− 1)
2

− (
1

𝑒1
− 1) (

1

𝑒2
− 1) ≤ 0 

⇒  (𝜌 − √𝑒1𝑒2)
2

− (1 − 𝑒1)(1 − 𝑒2) ≤ 0 

⇒ 𝜌2 − 2√𝑒1𝑒2𝜌 + (𝑒1 + 𝑒2 − 1) ≤ 0  

This implies that p lies between the roots of the equation 

𝜌2 − 2√𝑒1𝑒2𝜌 + (𝑒1 + 𝑒2 − 1) = 0  

which are given by 

1

2
[2√𝑒1𝑒2 ± 2√𝑒1𝑒2 − (𝑒1 + 𝑒2 − 1)] 
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= √𝑒1𝑒2 ± √(𝑒1 − 1)(𝑒2 − 1) 

Hence we have 

√𝑒1𝑒2 − √(𝑒1 − 1)(𝑒2 − 1) ≤ 𝜌 ≤ √𝑒1𝑒2 + √(𝑒1 − 1)(𝑒2 − 1) 

⇒ √𝑒1𝑒2 − √(1 − 𝑒1)(1 − 𝑒2)  ≤ 𝜌

≤ √𝑒1𝑒2 + √(1 − 𝑒1)(1 − 𝑒2) 

                      ---- (8) 

Corollary: If we take el = 1 and e2 = e in (8), we get 

√𝑒 ≤ 𝜌 ≤ √𝑒     ⇒     𝜌 = √𝑒   

This leads to the following important.resu~t, which we state in the 

form of a theorem.  

Theorem 1·5. If T1 is an MVU estimator of γ(θ), θ ϵ ϴ and T2 is 

any other unbiased estimator of γ(θ) with efficiency e = eθ, then the 

correlation coefficient between T1 and T2 is given by  

    𝜌 = √𝑒  𝑖. 𝑒., 𝜌𝜃 = √𝑒𝜃, ∀ 𝜃 𝜖 Θ  

For an alternate proof, see Examples 1·9 and 1·10. 

 

Theorem 1·6. If T1 is an MVUE γ(θ) and T2 is any other unbiased 

estimator of γ(θ) with efficiency e < 1, then no unbiased linear 

combination of T1 and T2 can be an MVUE γ(θ). 

Proof. A linear combination,  

    𝑇 = 𝑙1𝑇1 + 𝑙2𝑇2            ---- (1) 

will be unbiased estimator of γ(θ) if  

 𝐸(𝑇) = 𝑙1𝐸(𝑇1) + 𝑙2𝐸(𝑇2) = 𝛾(𝜃) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜃 𝜖 Θ 

     ⇒        𝑙1 + 𝑙2 = 1              ---- (1a) 

since we are given 𝐸(𝑇1) =  𝐸(𝑇2) = 𝛾(𝜃). 

We have         𝑒 =
𝑉𝑎𝑟(𝑇1)

𝑉𝑎𝑟(𝑇2)
  ⇒   𝑉𝑎𝑟(𝑇2) =

𝑉𝑎𝑟(𝑇1)

𝑒
    ---- (2) 

and             𝜌 = 𝜌(𝑇1, 𝑇2) = √𝑒                         [c.f. Theorem 1·5] 

From (1), on using (2), we get 
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𝑉𝑎𝑟(𝑇) = 𝑙1
2𝑉𝑎𝑟(𝑇1) + 𝑙2

2𝑉𝑎𝑟(𝑇2) + 2𝑙1𝑙2𝐶𝑜𝑣(𝑇1, 𝑇2) 

      = 𝑙1
2𝑉𝑎𝑟(𝑇1) + 𝑙2

2𝑉𝑎𝑟(𝑇2) + 2𝑙1𝑙2𝜌√𝑉𝑎𝑟(𝑇1)𝑉𝑎𝑟(𝑇2) 

      = 𝑉𝑎𝑟(𝑇1) [ 𝑙1
2 +

𝑙2
2

𝑒
+ 2𝑙1𝑙2

𝜌

√𝑒
] 

      = 𝑉𝑎𝑟(𝑇1) [ 𝑙1
2 + 2𝑙1𝑙2 +

𝑙2
2

𝑒
]              (∵ 𝜌 = √𝑒) 

      ≥ 𝑉𝑎𝑟(𝑇1)[ 𝑙1
2 + 2𝑙1𝑙2 + 𝑙2

2]   (∵ 0 < 𝑒 ≤ 1 ⇒
1

𝑒
≥ 1) 

              = 𝑉𝑎𝑟(𝑇1) (𝑙1 + 𝑙2)2 

              = 𝑉𝑎𝑟(𝑇1)                                          [From 1a] 

⇒       T cannot be an MVU estimator. 

 

Example 1·9. If TI and T2 be two unbiased' estimators of γ(θ) with 

variances σ1
2, σ2

2 and correlation ρ, what is the best unbiased 

linear combination of T1 and T2  and what is the variance of such a 

combination? 

Sol: Let TI and T2 be two unbiased estimators of γ(θ). 

  𝐸(𝑇1) = 𝐸(𝑇2) = 𝛾(𝜃)                         ---- (1) 

Let T be it linear combination of TI and T2 given by 

    𝑇 = 𝑙1𝑇1 + 𝑙2𝑇2            ---- (*) 

where 𝑙1, 𝑙2 are arbitrary constants. 

       𝐸(𝑇) = 𝑙1𝐸(𝑇1) + 𝑙2𝐸(𝑇2) = (𝑙1 + 𝑙2)𝛾(𝜃)     [From (1)] 

:. T is also an unbiased estimator of γ(θ) if and only if 

                                    𝑙1 + 𝑙2 = 1              ---- (2) 

Now          𝑉(𝑇) = 𝑉( 𝑙1𝑇1 + 𝑙2𝑇2) 

      = 𝑙1
2𝑉(𝑇1) + 𝑙2

2𝑉(𝑇2) + 2𝑙1𝑙2𝐶𝑜𝑣(𝑇1, 𝑇2) 

      = 𝑙1
2𝜎1

2 + 𝑙2
2𝜎2

2 + 2𝑙1𝑙2𝜌𝜎1𝜎2         ---- (3) 

We want the minimum value of (3) 'for variations in 𝑙1 and 𝑙2, 

subject to the condition (2). 

∴
𝜕

𝜕𝑙1
𝑉(𝑇) = 0 = 𝑙1𝜎1

2 + 𝑙2𝜌𝜎1𝜎2 
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𝜕

𝜕𝑙2
𝑉(𝑇) = 0 = 𝑙2𝜎2

2 + 𝑙1𝜌𝜎1𝜎2 

Substracting. we get 

𝑙1(𝜎1
2 − 𝜌𝜎1𝜎2) = 𝑙2(𝜎2

2 − 𝜌𝜎1𝜎2) 

⇒  
𝑙1

𝜎2
2 − 𝜌𝜎1𝜎2

=
𝑙2

𝜎1
2 − 𝜌𝜎1𝜎2

=
𝑙1 + 𝑙2

𝜎1
2 + 𝜎2

2 − 2𝜌𝜎1𝜎2

 

                                                             =
1

𝜎1
2+𝜎2

2−2𝜌𝜎1𝜎2
    [From (2)] 

∴  𝑙1  =
𝜎2

2−𝜌𝜎1𝜎2

𝜎1
2+𝜎2

2−2𝜌𝜎1𝜎2
  and   𝑙2  =

𝜎1
2−𝜌𝜎1𝜎2

𝜎1
2+𝜎2

2−2𝜌𝜎1𝜎2
              ---- (4) 

With these values of 𝑙1 and 𝑙2, T given by (*) is the best 

unulbiased linear combination of TI and T2 and its variance is 

given by (3). 

 

Example 1·10. Suppose TI in the above example is an unbiased 

minimum variance estimate and T2 is any other unbiased estimate 

with variance 𝜎2 𝑒⁄ . Then prove that the correlation between T1 

and T2 is √𝑒. 

Sol: The coefficients of the best linear unbiased combination of Tl 

and T2, given by (*) in Example 1·9 are given.by (4). 

We are given that 𝜎1
2 = 𝑉(𝑇1) = 𝜎2 

and      𝑒 =
𝑣(𝑇1)

𝑉(𝑇2)
=

𝜎2

𝑉(𝑇2)
   ⇒    𝑉(𝑇2) = 𝜎2 = 𝜎2 𝑒⁄  

Substituting (4) of Example 1·9. we get   

     
𝑙1 =

1−𝜌√𝑒

𝐷

𝑙2 =
𝑒−𝜌√𝑒

𝐷

}  ,     𝑤ℎ𝑒𝑟𝑒 𝐷 = 1 + 𝑒 − 2𝜌√𝑒             ---- (5) 

Hence from (*), the unbiased statistic is  

𝑇 =
[(1 − 𝜌√𝑒)𝑇1 + (𝑒 − 𝜌√𝑒)𝑇2]

𝐷
 

and from (3) the minimum variance is: 
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𝑉(𝑇) =
1

𝐷2
[(1 − 𝜌√𝑒)

2
𝜎2 + (𝑒 − 𝜌√𝑒)

2 𝜎2

𝑒

+ 2(1 − 𝜌√𝑒)(𝑒 − 𝜌√𝑒). 𝜌. 𝜎. 𝜎 𝑒⁄ ] 

        =
𝜎2

𝐷2
[(1 + 𝜌2𝑒 − 2𝜌√𝑒) +

1

𝑒
(𝑒2 + 𝜌2𝑒 − 2𝜌𝑒√𝑒) +

2(1 − 𝜌√𝑒)(√𝑒 − 𝜌)𝜌] 

 =
𝜎2

𝐷2
[1 + 𝜌2𝑒 − 2𝜌√𝑒 + 𝑒 + 𝜌2 − 2𝜌√𝑒 + 2(𝜌√𝑒 − 𝜌2𝑒 −

𝜌2 + 𝜌3√𝑒)] 

 =
𝜎2

𝐷2 [1 − 𝜌2𝑒 + 𝑒 − 𝜌2 − 2𝜌√𝑒 + 2𝜌3√𝑒] 

 =
𝜎2

𝐷2
[(1 + 𝑒 − 2𝜌√𝑒) − 𝜌2(𝑒 + 1 − 2𝜌√𝑒)] 

       =
𝜎2(1−𝜌2)(1+𝑒−2𝜌√𝑒)

(1+𝑒−2𝜌√𝑒)
2 =

𝜎2(1−𝜌2)

(1+𝑒−2𝜌√𝑒)
 

       =
𝜎2(1−𝜌2)

(1−𝜌)2+(√𝑒−𝜌)
2 

∴       
𝑉(𝑇)

𝜎2 =
(1−𝜌2)

(1−𝜌)2+(√𝑒−𝜌)
2  ≤ 1                ---- (6) 

Since T1 is the most efficient estimator, 

  𝑉(𝑇) ≮ 𝜎2         ⇒  
𝑉(𝑇)

𝜎2  ≥ 1         ----- (7) 

From (6) and (7), we get 

𝑉(𝑇)

𝜎2
= 1,    𝑖. 𝑒.,

(1 − 𝜌2)

(1 − 𝜌)2 + (√𝑒 − 𝜌)
2 = 1 

⇒            (√𝑒 − 𝜌)
2

= 0  ⇒       𝜌 = √𝑒          [From (5)] 

 

Example 1·11. (a) Show that if a most efficient estimator A and a 

less efficient estimator B with efficiency e tend to joint normality 

for large samples, B - A tends to zero correlation with A. 
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(b) Show that the error in B may be regarded as composed (jor 

large sample's) (}f two parts which are independent, the error in A 

and the error in (B -A).  

(c) Show further that 𝑉(𝐴 − 𝐵) = (
1

𝑒
− 1) 𝑉(𝐴) 

Sol:  (a) We have to prove that r[A. (B - A)] = 0 

      ⇒ Cov (A, B - A) = 0 

𝐶𝑜𝑣[𝐴, (𝐵 − 𝐴)] = 𝐶𝑜𝑣(𝐴, 𝐵) − 𝑉(𝐴) = 𝜌𝜎𝐴𝜎𝐵 − 𝜎𝐴
2, 

where ρ is the correlation coefficient between A and B. 

If we take 𝜎𝐴 = 𝜎, then 𝜎𝐵 =
𝜎

√𝑒
  and  𝜌 = √𝑒 

∴      𝐶𝑜𝑣[𝐴, (𝐵 − 𝐴)] = √𝑒. 𝜎.
𝜎

√𝑒
− 𝜎2 = 0 

Hence (B -A) has zero correlation with A.  

(b) We have B = A + (B -A)  

 ∴  V(B) = V[A + (B -A)] = V(A) + V(B -A) + 2 Cov (A, B -A)  

        = V(A) + V(B - A) [Using part (a)]  

⇒   Error in B = Error in A + Error in (B - A)  

and since A and (B - A) are independent, [c.f. part (a) viz.,         

r(A, B - A) = 0 and A and B tend to joint normality], the result 

follows.  

(c) V(A - B) = V(A) + V(B) - 2 Cov (A, B)    

          = 𝜎𝐴
2 + 𝜎𝐵

2 − 2𝜌𝜎𝐴𝜎𝐵 

         = 𝜎2 +
𝜎2

𝑒
− 2√𝑒. 𝜎.

𝜎

√𝑒
 

                   =
𝜎2

𝑒
− 𝜎2 = (

1

𝑒
− 1) 𝜎2 

 

Example 1·12. If T1and T2 are two unbiased estimators of γ(θ), 

having the same variance and ρ is the correlation between them, 

then show that ρ ≥ 2e - 1, where e is the efficiency of each 

estimator.  
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Sol: Let T be MVUE of γ(θ). Then, since V(T1) = V(T2), the 

efficiency e of each estimator is given by : 

                          𝑒 =
𝑉(𝑇)

𝑉(𝑇1)
=

𝑉(𝑇)

𝑉(𝑇2)
                                 ---- (*) 

Consider another unbiased estimator of γ(θ) viz., 

  𝑇3 =
1

2
(𝑇1 + 𝑇2) 

⇒         𝑉(𝑇3) =
1

4
[𝑉(𝑇1) + 𝑉(𝑇2) + 2𝐶𝑜𝑣(𝑇1, 𝑇2)] 

 

    =
1

4
[

𝑉(𝑇)

𝑒
+

𝑉(𝑇)

𝑒
+ 2𝜌√

𝑉(𝑇)

𝑒
.

𝑉(𝑇)

𝑒
] 

 

                        =
𝑉(𝑇)

4𝑒
[1 + 1 + 2𝜌] =

(1+𝜌)𝑉(𝑇)

2𝑒
 

Since V(T) is the minimum variance, 

       𝑉(𝑇3) =
(1 + 𝜌)𝑉(𝑇)

2𝑒
≥ 𝑉(𝑇) 

⇒     (1 + 𝜌) ≥ 2𝑒           ⇒       𝜌 ≥ (2𝑒 − 1). 
 

1.4.4. Sufficiency: 

   If T = t(x1, x2,…, xn) is an estimator of a parameter θ. based 

on a sample x1, x2,…, xn of size n from the population with density 

f(x, 0) such that the conditional distribution of x1, x2,…, xn given 

T, is independent of θ. then T is sufficient estimator for θ. 

 

Theorem 1·7. Factorization Theorem (Neyman). The necessary 

and sufficient condition for a distribution to admit sufficient 

statistic is provided by the 'factorization theorem' due to Neyman.  

Statement: 

   T = t(x) is sufficient for θ if and only if the joint density 

funciion L (say), of the. sample values can be expressed in the 

form                      L = gθ[t(x)].h(x)   
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where (as indicated) gθ[t(X)] depends on θ and x only through the 

value t(x) and h(x) is independent of θ. 

 

Remarks: 1. It should be clearly understood that by 'a function 

independent of θ’ we not only mean that it does not involve θ but 

also that its domain does not contain θ. For example, the function 

𝑓(𝑥) =
1

2𝑎
, 𝑎 − 𝜃 < 𝑥 < 𝑎 + 𝜃; −∞ < 𝜃 < ∞  𝑑𝑒𝑝𝑒𝑛𝑑𝑠 𝑜𝑛 𝜃.  

2. The most general form of the distributions admitting sufficient 

statistic is Koopman's form and is given by 

 L = L(x, θ) = g(x).h(θ). exp (a(θ)ψ(x)} ---- (*) 

where h(θ) and a(θ) are functions of the parameter θ only and g(x) 

and ψ(x) are the functions of the sample observations only. 

 Equation (*) represents the famous exponential family of 

distributions, of which most of the common distributions like the 

binomial. the Poisson and the normal with unknown mean and 

variance are the members. 

4. Invariance Property of Sufficient Estimator. 

 If T is a sufficient estimator for the parameter θ and if  

ψ(T) is a one to one function of T, then  ψ(T)  is sufficient for ψ(θ). 

5. Fisber-Neyman Criterion. A statistic t1 = t1(x1, x2, …, xn) is 

sufficient estimator of parameter θ if and only if the likelihood 

function (joint p.d.f. of the sample) can be expressed as : 

  𝐿 = ∏ 𝑓(𝑥𝑖, 𝜃)𝑛
𝑖=1  

     =  𝑔1(𝑡1, 𝜃). 𝑘(𝑥1,  𝑥2, … , 𝑥𝑛) 

where g1(t1, θ) is the p.d.f. of statistic t1 and k(x1, x2, …, xn) is a 

function of sample observations only independent θ. 

 Note that this method requires the working out of the p.d.f. 

(p.m. f.) of the statistic t1 = t1(x1, x2, …, xn) which is not always 

easy. 
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Example 1·13. Let x1, x2,…, xn a random sample from a uniform 

population on [0, θ]. Find a sufficient estimator for θ. 

Sol: We are given 








=










=

ba

ba
bak

x
xf i

i

  if    ,0

  if    ,1
),(          Let       

otherwise    ,0

0   ,
1

)(                       




 

Then    
,

) ,(). ,0(
)(






i

xk
i

xk

i
xf =

 

 𝐿 = ∏ 𝑓𝜃(𝑥𝑖) = ∏ [
𝑘(0, 𝑥𝑖).𝑘(𝑥𝑖,   𝜃)

𝜃
]𝑛

𝑖=1
𝑛
𝑖=1  

    =  
𝑘(0, min

1≤𝑖≤𝑛
𝑥𝑖).𝑘( max

1≤𝑖≤𝑛
𝑥𝑖,   𝜃 )

𝜃𝑛 = 𝑔𝜃[𝑡(𝑋)]ℎ(𝑋) 

where 𝑔𝜃[𝑡(𝑋)] =
𝑘[𝑡(𝑋),   𝜃]

𝜃𝑛 , 𝑡(𝑋) = max
1≤𝑖≤𝑛

 𝑥𝑖 and 

 

ℎ(𝑋) = 𝑘(0,  min
1≤𝑖≤𝑛

𝑥𝑖) 

Hence by Factorization Theorem, 𝑇 = max
1≤𝑖≤𝑛

 𝑥𝑖, is sufficient 

statistic for θ. 

Example 1·14. Let x1, x2,…, xn be a random sample from N(μ, σ2) 

population.  Find sufficient estimators for μ and σ2, 

Sol: Let us write 

𝜃 = (𝜇, 𝜎2) ; −∞ < 𝜇 < ∞, 0 < 𝜎2 < ∞ 

Then   𝐿 = ∏ 𝑓𝜃(𝑥𝑖) = (
1

𝜎√2𝜋
)

𝑛

. 𝑒𝑥𝑝 [−
1

2𝜎2
∑ (𝑥𝑖 − 𝜇)2𝑛

𝑖=1 ]𝑛
𝑖=1  

      = (
1

𝜎√2𝜋
)

𝑛

. 𝑒𝑥𝑝 [−
1

2𝜎2
(∑ 𝑥𝑖

2 − 2𝜇 ∑ 𝑥𝑖 + 𝑛𝜇2𝑛
𝑖=1 )] 

= 𝑔𝜃[𝑡(𝑋)]. ℎ(𝑋) 

where 
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𝑔𝜃[𝑡(𝑋)] = (
1

𝜎√2𝜋
)

𝑛

. 𝑒𝑥𝑝 [−
1

2𝜎2
{𝑡2(𝑥) − 2𝜇𝑡1(𝑥) + 𝑛𝜇2}] 

            t(x) = {t1(x), t2(x)} = ( ∑xi, ∑xi
2) and h(x) = 1 

Thus  t1(x) = ∑xi is sufficient for μ and t2(x) = ∑xi
2, is sufficient 

for σ2. 

 

Example 1·15. Let X1, X2, ... , Xn be a random sample from a 

distribution with p.d.f.  

𝑓(𝑥, 𝜃) = 𝑒−(𝑥 − 𝜃), 𝜃 < 𝑥 < ∞; −∞ < 𝜃 < ∞ 

Obtain sufficient statistic for θ.           

Sol:  Here 

                  𝐿 = ∏ 𝑓(𝑥𝑖, 𝜃) = ∏ [𝑒−(𝑥𝑖 − 𝜃)]𝑛
𝑖=1

𝑛
𝑖=1   

  = exp[− ∑ 𝑥𝑖
𝑛
𝑖=1 ] × exp (𝑛𝜃)                ---- (*) 

Let Y1, Y2, …, Yn denote the order statistics of the random sample 

such that Y1 < Y2 < … < Yn. The p.d.f. of the smallest observation 

Y1 is given by 

 𝑔1(𝑦1, 𝜃) = 𝑛[1 − 𝐹(𝑦1)]𝑛−1𝑓(𝑦1, 𝜃) 

where F(·) is the distribution function corresponding to p.d.f. f(·). 

 Now  𝐹(𝑥) = ∫ 𝑒−(𝑥− 𝜃)𝑑𝑥 = |
𝑒−(𝑥− 𝜃)

−1
|

𝜃

𝑥

= 1 − 𝑒−(𝑥− 𝜃)𝑥

𝜃
 

   


 

=
−−

otherwise ,0

,. 1

)( 1 yen
yn 

  

Thus the likelihood function of X1, X2, …, Xn may be expressed as 

  𝐿 = 𝑒𝑛𝜃𝑒𝑥𝑝(− ∑ 𝑥𝑖
𝑛
𝑖=1 )  

     = 𝑛. 𝑒𝑥𝑝{−𝑛(𝑦1 − 𝜃)} [
𝑒𝑥𝑝(− ∑ 𝑥𝑖

𝑛
𝑖=1 )

𝑛
] 

 =  𝑔1(𝑚𝑖𝑛 𝑥𝑖 , 𝜃) [
𝑒𝑥𝑝(− ∑ 𝑥𝑖

𝑛
𝑖=1 )

𝑛 exp (− 𝑛 min 𝑥1
] 

Hence by Fisher-Neyman criterion, the rust order statistic 

       Y1 = min(X1, X2, …, Xn) is a sufficient statistic for θ. 
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Example 1·16. Let X1, X2, …, Xn be a random sample from a 

population with p.d.f. 

  f(x, θ) = θ xθ – 1 ; 0 < x < 1, θ > 0. 

Show that 𝑡1 = ∏ 𝑋𝑖,
𝑛
𝑖=1  is sufficient for θ. 

Sol:   𝐿(𝑥, 𝜃) =  ∏ 𝑓(𝑥𝑖 ,   𝜃) = 𝜃𝑛 ∏ (𝑥𝑖
𝜃−1)𝑛

𝑖=1
𝑛
𝑖=1  

                      = 𝜃𝑛(∏ 𝑥𝑖
𝑛
𝑖=1 )𝜃.

1

(∏ 𝑥𝑖
𝑛
𝑖=1 )

 

     = 𝑔(𝑡1, 𝜃). ℎ(𝑥1, 𝑥2, … , 𝑥𝑛), (say). 

Hence by Factorization Theorem, 

    𝑡1 = ∏ 𝑋𝑖,
𝑛
𝑖=1  is sufficient estimator for θ. 

 

Example 1·17. Let X1, X2, …, Xn be a random sample from 

Cauchy population : 

𝑓(𝑥, 𝜃) =
1

𝜋
.

1

1 + (𝑥 − 𝜃)2
; −∞ < 𝑥 < ∞, −∞ < 𝜃 < ∞. 

Examine if there exists a sufficient statistic for θ. 

Sol: 𝐿(𝑥, 𝜃) =  ∏ 𝑓(𝑥𝑖 ,   𝜃) =
1

𝜋𝑛 . ∏ [−
1

1+(𝑥𝑖−𝜃)2]𝑛
𝑖=1

𝑛
𝑖=1  

                    ≠ g(t1, θ). h(x1, x2, …, xn). 

Hence by Factorisation Theorem, there is no single statistic, which 

alone, is sufficient estimator of θ. 

However, 

L (x, θ) =k1 (X1, X2, …, Xn, θ). k2 (X1, X2, …, Xn) 

⇒ The whole set (X1, X2, …, Xn) is jointly sufficient for θ. 

 

1.5. Cramer-Rao Inequality 

Theorem l·8. If t is an unbiased estimator for γ(θ). a function of 

parameter θ. then 
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                          𝑉𝑎𝑟(𝑡) ≥
[

𝑑

𝑑𝜃
.𝛾(𝜃)]

2

𝐸[
𝜕

𝜕𝜃
log 𝐿]

2 =
[𝛾′(𝜃)]

2

𝐼(𝜃)
                  ---- (1) 

where 1(θ) is the information on θ, supplied by the sample. 

 In other words, Cramer-Rao inequality provides a lower 

bound [γ’(θ)]2/I(θ), to the variance of an unbiased estimator of 

γ(θ). 

Proof: In proving this result, we assume that there is only a single 

parameter θ which is unknown. We also take the case of 

continuous r.v. The case of discrete random variables can be dealt 

with similarly on replacing the multiple integrals by appropriate 

multiple sums. 

We further make the following assumptions, which are known as 

the Regularity conditions for Cramer-Rao Inequality. 

(1) The parameter space ϴ is a non-degenerate open interval on the 

real line R1 (- ∞, ∞). 

(2) For almost all x = (x1, x2, …, xn), and for all 𝜃 𝜖 Θ,
∂

∂θ
𝐿(𝑥, 𝜃) 

exists, the exceptional set, if any, is independent of θ. 

(3) The range of integration is independent of the parameter θ, so 

that f(x, θ) is differentiable under integral sign. 

 If range is not independent of θ and f is zero at the 

extremes of the range, i.e , f(a. θ) = 0 = f(b. θ); then 

𝜕

𝜕𝜃
∫ 𝑓𝑑𝑥

𝑏

𝑎

= ∫
𝜕𝑓

𝜕𝜃
𝑑𝑥 − 𝑓(𝑎, 𝜃)

𝜕𝑎

𝜕𝜃
+ 𝑓(𝑏, 𝜃)

𝜕𝑏

𝜕𝜃

𝑏

𝑎

 

   ⇒         
𝜕

𝜕𝜃
∫ 𝑓𝑑𝑥

𝑏

𝑎
= ∫

𝜕𝑓

𝜕𝜃
𝑑𝑥

𝑏

𝑎
, since  f(a, θ) = 0 =f(b, θ) 

(4) The conditions of uniform convergence of integrals are 

satisfied so that differentiation under the integral sign is valid. 

(5) 𝐼(𝜃) = 𝐸 [{
𝜕

𝜕𝜃
log 𝐿(𝑥, 𝜃)}

2

], exists and is positive for all θ ϵϴ. 
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Let X be a r.v.  following the p.d.f. f(x. θ) and let L be the 

likelihood function of the random sample (x1, x2, …, xn) from this 

population. Then   𝐿 = 𝐿(𝑥, 𝜃) =  ∏ 𝑓(𝑥𝑖 ,   𝜃)𝑛
𝑖=1  

 Since L is the joint p.d.f. of (x1, x2, …, xn), 

∫ 𝐿(𝑥, 𝜃)𝑑𝑥 = 1, 

where    ∫ 𝑑𝑥 = ∬ … ∫ 𝑑𝑥1𝑑𝑥2 … 𝑑𝑥𝑛. 

Differentiating w.r. to θ and using regularity conditions given 

above, we get : 

∫
𝜕

𝜕𝜃
𝐿 𝑑𝑥 = 0 ⇒ ∫ (

𝜕

𝜕𝜃
log 𝐿) 𝐿 𝑑𝑥 = 0  

⇒                  E(
𝜕

𝜕𝜃
log 𝐿) = 0                     ---- (2) 

Let t = t (x1, x2, …, xn) be an unbiased estimator of γ(θ) such that 

                  E(t) = γ(θ)        ⇒       ∫ 𝑡. 𝐿 𝑑𝑥 = 𝛾(𝜃)     ---- (3) 

Differentiating w.r. to θ, we get 

∫ 𝑡.
𝜕𝐿

𝜕𝜃
 𝑑𝑥 = 𝛾′(𝜃)      ⇒        ∫ 𝑡.

𝜕𝐿

𝜕𝜃
 𝑑𝑥 = 𝛾′(𝜃)      

  ⇒           𝐸 (𝑡.
𝜕

𝜕𝜃
log 𝐿) = 𝛾′(𝜃)    ---- (4) 

𝐶𝑜𝑣 (𝑡,
𝜕

𝜕𝜃
log 𝐿) = 𝐸 (𝑡.

𝜕

𝜕𝜃
log 𝐿) − 𝐸(𝑡). 𝐸 (

𝜕

𝜕𝜃
log 𝐿) = 𝛾′(𝜃)  

[From (2) & (4)] 

We have: 

[𝑟(𝑋, 𝑌)]2 ≤ 1 ⇒   [𝐶𝑜𝑣(𝑋, 𝑌)]2 ≤ 𝑉𝑎𝑟(𝑋). 𝑉𝑎𝑟(𝑌) 

∴  [𝐶𝑜𝑣 (𝑡,
𝜕

𝜕𝜃
log 𝐿)]

2

≤ 𝑉𝑎𝑟(𝑡). 𝑉𝑎𝑟 (
𝜕

𝜕𝜃
log 𝐿) 

⇒  [𝛾′(𝜃)]2 ≤ 𝑉𝑎𝑟(𝑡). [𝐸 {
𝜕

𝜕𝜃
log 𝐿}

2

− {𝐸 (
𝜕

𝜕𝜃
log 𝐿)}

2

] 

⇒  [𝛾′(𝜃)]2 ≤ 𝑉𝑎𝑟(𝑡). 𝐸 [(
𝜕

𝜕𝜃
log 𝐿)

2

]     [Using (2)]   ---- (5) 
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⇒ 𝑉𝑎𝑟(𝑡) ≥
[𝛾′(𝜃)]

2

𝐸[(
𝜕

𝜕𝜃
log 𝐿)

2
]
                                                ---- (5a) 

which is Cramer – Rao Inequality.  

 

Corollary. If I is an unbiased estimator of parameter θ i.e . 

 E(t) = θ ⇒    γ(θ)   ⇒   γ’(θ)   = 1. 

then from (5a), we get  𝑉𝑎𝑟(𝑡) ≥
1

𝐸[(
𝜕

𝜕𝜃
log 𝐿)

2
]

=
1

𝐼(𝜃)
    ---- (6) 

where      𝐼(𝜃) = 𝐸 [(
𝜕

𝜕𝜃
log 𝐿)

2

]                                  ---- (6a) 

is called by RA. Fisher as, the amount of information on θ supplied 

by the sample. (x1, x2, …, xn) and its reciprocal 1/I(θ), as the 

information limit to the variance of estimator t = t(x1, x2, …, xn). 

 

Example 1·18. Obtain the MVB estimator for μ in the normal 

population N(μ, σ2), where σ2 is known. 

Sol: If x1, x2, …, xn is a random sample of size n from the normal 

population, then 

𝐿 = ∏ 𝑓(𝑥𝑖, 𝜇

𝑛

𝑖=1

) = (
1

𝜎√2𝜋
)

𝑛

. 𝑒𝑥𝑝 {− ∑(𝑥𝑖 − 𝜇)2/2𝜎2

𝑛

𝑖=1

} 

log 𝐿 = −𝑛𝑙𝑜𝑔(√2𝜋 𝜎) −
1

2𝜎2
∑(𝑥𝑖 − 𝜇)2

𝑛

𝑖=1

 

    = 𝑘 −
1

2𝜎2
∑ (𝑥𝑖 − 𝜇)2𝑛

𝑖=1 , 

where k is a constant independent of μ, (σ being known). 

𝜕

𝜕𝜇
𝑙𝑜𝑔𝐿 = −

1

2𝜎2
∑[2(𝑥𝑖 − 𝜇)(−1)]

𝑛

𝑖=1

 

  =
∑ (𝑥𝑖−𝜇)𝑛

𝑖=1

𝜎2
=

∑ 𝑥𝑖−𝑛𝜇

𝜎2
=

(𝑥̅−𝜇)

𝜎2/𝑛
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which is the form 
𝜕

𝜕𝜃
𝑙𝑜𝑔𝐿 =

𝑡−𝛾(𝜃)

𝜆(𝜃)
= [𝑡 − 𝛾(𝜃)]𝐴(𝜃) 

Hence 𝑥̅ is an MVB unbiased estimator for μ and                  

𝑉(𝜇̂) = 𝑉(𝑥̅) =
𝜎2

𝑛
. 

 

Example 1·19. Find if MVB estimator exists for θ in the Cauchy's 

population :   𝑑𝐹(𝑥, 𝜃) =
1

𝜋
.

1

1+(𝑥− 𝜃)2 , −∞ < 𝑥 < ∞ 

Sol:  Here  𝐿 = ∏ 𝑓(𝑥𝑖, 𝜃) = (
1

𝜋
)

𝑛
∏ [

1

1+(𝑥𝑖−𝜃)2
]𝑛

𝑖=1
𝑛
𝑖=1  

∴       log 𝐿 = −𝑛. 𝑙𝑜𝑔𝜋 − ∑ 𝑙𝑜𝑔[1 + (𝑥𝑖 − 𝜃)2]

𝑛

𝑖=1

 

⇒      
𝜕

𝜕𝜃
𝑙𝑜𝑔𝐿 = 2 ∑ [

(𝑥𝑖 − 𝜃)

1 + (𝑥𝑖 − 𝜃)2
]

𝑛

𝑖=1

 

Since this cannot be expressed in form 
𝜕

𝜕𝜃
𝑙𝑜𝑔𝐿 =

𝑡−𝛾(𝜃)

𝜆(𝜃)
=

[𝑡 − 𝛾(𝜃)]𝐴(𝜃), MVB estimator does not exist for θ, in the 

Cauchy's population and so Cramer Rao lower bound is not 

attainable by the variance of any unbiased estimator θ. 

 

Example 1.20. A .random sample x1, x2, …, xn is taken from a 

normal population with mean zero and variance σ2. Examine if 

∑
𝑥𝑖

2

𝑛

𝑛
𝑖=1  is an MVBestimator for σ2. 

Sol:  Since X ~ N(0, σ2), 

𝑓(𝑥, 𝜎2) =
1

𝜎√2𝜋
. 𝑒𝑥𝑝 (−

𝑥2

2𝜎2
) , −∞ < 𝑥 < ∞ 

𝐿 = ∏ 𝑓(𝑥𝑖,  𝜎2) = (
1

𝜎√2𝜋
)

𝑛

𝑒𝑥𝑝 {− ∑
𝑥𝑖

2

2𝜎2

𝑛

𝑖=1

}

𝑛

𝑖=1
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⇒     𝑙𝑜𝑔𝐿 = −
𝑛

2
log(2𝜋) −

𝑛

2
log 𝜎2 −

1

2𝜎2
∑ 𝑥𝑖

2

𝑛

𝑖=1

 

𝜕

𝜕𝜎2
𝑙𝑜𝑔𝐿 = −

𝑛

2𝜎2
+

1

2𝜎4
∑ 𝑥𝑖

2

𝑛

𝑖=1

=
∑ 𝑥𝑖

2𝑛
𝑖=1 − 𝑛 𝜎2

2𝜎4
 

=
(∑ 𝑥𝑖

2 𝑛⁄𝑛
𝑖=1 ) − 𝑛 𝜎2

(2𝜎4 𝑛⁄ )
 

which is of the form 
𝜕

𝜕𝜃
𝑙𝑜𝑔𝐿 =

𝑡−𝛾(𝜃)

𝜆(𝜃)
= [𝑡 − 𝛾(𝜃)]𝐴(𝜃) 

Hence  𝜎̂2 = ∑ 𝑥𝑖
2 𝑛⁄𝑛

𝑖=1 , is an MVB estimator and 𝑉(𝜎̂2) =

(2𝜎4 𝑛⁄ ). 

 

Example 1·21. Show that𝑋̅ = ∑ 𝑋𝑖 𝑛,⁄𝑛
𝑖=1  in random sampling 

from𝑓(𝑥, 𝜃) = {
(

1

𝜃
) exp (−

𝑥

𝜃
) ,   0 < 𝑥 < ∞

0,                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
    ----(*) 

where 0 < θ < ∞, is an MVB estimator of θ and has variance θ2/n. 

Sol: Let x1, x2, …, xn be a random sample of size n from population 

with p.d.f. in (*). Then 

𝐿 = ∏ 𝑓(𝑥𝑖, 𝜃) =
1

𝜃𝑛
. 𝑒𝑥𝑝 [− ∑ 𝑥𝑖 𝜃,⁄

𝑛

𝑖=1

]

𝑛

𝑖=1

 

⇒     log 𝐿 = −𝑛 𝑙𝑜𝑔 𝜃 −
1

𝜃
. ∑ 𝑥𝑖

𝑛

𝑖=1

 

∴      
𝜕

𝜕𝜃
log 𝐿 = −

𝑛

𝜃
+

1

𝜃2
. ∑ 𝑥𝑖

𝑛
𝑖=1 – 

⇒     
𝜕2

𝜕𝜃2
log 𝐿 =

𝑛

𝜃2
−

2

𝜃3
. ∑ 𝑥𝑖

𝑛

𝑖=1

 

∴        𝐼(𝜃) = −𝐸 [
𝜕2

𝜕𝜃2
log 𝐿] = −

𝑛

𝜃2
+

2

𝜃3
∑ 𝐸(𝑥𝑖)

𝑛

𝑖=1
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In sampling from exponential population (*), we have 

  E(X) = θ and V(X) = θ2 ---- (**) 

∴        𝐼(𝜃) = −
𝑛

𝜃2
+

2

𝜃3
∑ (𝜃)                             (∵ 𝑥𝑖

′𝑠 𝑎𝑟𝑒 𝑖. 𝑖. 𝑑)𝑛
𝑖=1              

                = −
𝑛

𝜃2
+

2

𝜃3
. 𝑛𝜃 =

𝑛

𝜃2
 

Also         𝛾(𝜃) = 𝜃   ⇒     𝛾′(𝜃) = 1. 

Hence Cramer Rao lower bound to the variance of an unbiased 

estimator of θ is 

[𝛾′(𝜃)]
2

𝐼(𝜃)
=

1

(𝑛 𝜃2⁄ )
=

𝜃2

𝑛
                             ---- (***) 

Consider the estimator 𝑋̅ = ∑ 𝑋𝑖 𝑛,⁄𝑛
𝑖=1  

We have:      𝐸(𝑋̅) =
1

𝑛
∑ 𝐸(𝑥𝑖

𝑛
𝑖=1 ) =

1

𝑛
∑ (𝜃) = 𝜃𝑛

𝑖=1  

⇒          𝑋̅ is an unbiased estimator of θ. 

Also    𝑉𝑎𝑟(𝑋̅) =
𝜎2

𝑛
=

𝑉𝑎𝑟 𝑋

𝑛
=

𝜃2

𝑛
                       [From(**)] 

 Thus we see that 𝑉𝑎𝑟(𝑋̅) coincides with the Cramer-Rao 

lower bound obtained in (***). Hence 𝑋̅, the sample mean is an 

MVB unbiased estimator, for θ. 

 

Example 1·22. Given the probability density function 

   f(x : θ) = [π{1+(x – θ)2}]-1;  - ∞ < x < ∞, -∞ < θ < ∞     ---- (*) 

show that the Cramer-Rao lower bound of variance of an unbiased 

estimator of θ is 2/n, where n is the size of the random sample from  

this distribution. 

Sol:      log f = - log π – log [1+(x – θ)2] 

 
𝜕 log 𝑓

𝜕𝜃
=

2(𝑥−𝜃)

[1+(𝑥−𝜃)2]
 

𝐸 (
𝜕 log 𝑓

𝜕𝜃
)

2

= ∫
4(𝑥 − 𝜃)2

[1 + (𝑥 − 𝜃)2]2
𝑓(𝑥, 𝜃)𝑑𝑥

∞

−∞
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=
1

𝑛
∫

4(𝑥 − 𝜃)2

[1 + (𝑥 − 𝜃)2]3
𝑑𝑥

∞

−∞

 

Put              x – θ = tan φ ⇒  dx = sec2φ dφ. 

∴ 𝐸 (
𝜕

𝜕𝜃
log 𝑓)

2

=
2

𝜋
∫

4𝑡𝑎𝑛2𝜑

𝑠𝑒𝑐6𝜑
𝑠𝑒𝑐2𝜑 𝑑𝜑

𝜋/2

0

 

                                            =
2

𝜋
∫

4𝑠𝑖𝑛2𝜑

𝑐𝑜𝑠2𝜑
𝑐𝑜𝑠4𝜑 𝑑𝜑

𝜋/2

0
 

                                       =
2

𝜋
∫ 4𝑠𝑖𝑛2𝜑𝑐𝑜𝑠2𝜑 𝑑𝜑

𝜋/2

0
 

                                     =
8

𝜋
∫ (𝑐𝑜𝑠2𝜑 −  𝑐𝑜𝑠4𝜑)𝑑𝜑

𝜋/2

0
 

                                    =
8

𝜋
[

𝜋

4
−

3𝜋

16
] =

1

2
 

Hence Cramer-Roo lower bound is 

 =
1

𝑛𝐸(
𝜕 log 𝑓

𝜕𝜃
)

2 =
1

𝑛[
1

2
]

=
2

𝑛
. 

 

1.6. MVU and Blackwellisation: 

Theorem 1.9. (Rao – Blackwell Theorem). Let X and Y be random 

variables such that   E(Y) = μ and Var(Y) = σγ
2 > 0 

Let          E(Y|X = x) = φ(x), then 

(i)        E[φ(X)]  = μ 

(ii)     Var[φ(X)]  ≤ Var(Y) 

Proof: Let fxy (x. y) be the joi~t p.d.f. of random variables X and Y, 

f1(.) and f2 (.) the marginal p.d.f.'s of X and Y respectively and     

h(y | x) be the conditional p.d.f. of Y for given X = x such that 

ℎ(𝑦|𝑥) =  
𝑓(𝑥, 𝑦)

𝑓1(𝑥)
 

𝐸(𝑌|𝑋 = 𝑥) =  ∫ 𝑦. ℎ(𝑦|𝑥)𝑑𝑦

∞

−∞
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                    = ∫ 𝑦.
∞

−∞

𝑓(𝑥,𝑦)

𝑓1(𝑥)
𝑑𝑦 

        =
1

𝑓1(𝑥)
∫ 𝑦. 𝑓(𝑥, 𝑦)𝑑𝑦 = 𝜑(𝑥),

∞

−∞
 (say)        ---- (1) 

⇒        ∫ 𝑦. 𝑓(𝑥, 𝑦)𝑑𝑦 = 𝜑(𝑥).
∞

−∞
𝑓1(𝑥)                          ---- (1a) 

From (1) we observe that the conditional distribution of Y given  

X  = x does not depend on the parameter μ. Hence X is sufficient 

statistic for μ. 

Now     E[φ(X)] = E[E(Y|X)] = E(Y) = μ,               ---- (2) 

which establishes part (I) of the Theorem. 

We have      Var(Y) = E[Y – E(Y)]2 = E[Y – μ]2 

          = E[Y – φ(X) + φ(X) – μ]2 

          = E[Y – φ(X)]2 + E[φ(X) – μ]2 

               + 2E[{Y – φ(X)}{ φ(X) – μ}]   ---- (3) 

The product of term gives 

𝐸[{𝑌 −  𝜑(𝑋)}{𝜑(𝑋) − 𝜇}]

= ∫ ∫ (𝑦 − 𝜑(𝑋))(𝜑(𝑋) − 𝜇)𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

−∞

∞

−∞

 

  = ∫ ∫ (𝑦 − 𝜑(𝑋))(𝜑(𝑋) −
∞

−∞

∞

−∞

𝜇)𝑓1(𝑥)ℎ(𝑦|𝑥)𝑑𝑥𝑑𝑦 

            = ∫ (𝜑(𝑋) − 𝜇)[∫ (𝑦 − 𝜑(𝑋))ℎ(𝑦|𝑥)𝑑𝑦
∞

−∞
]𝑑𝑥

∞

−∞
 

But ∫ (𝑦 − 𝜑(𝑋))ℎ(𝑦|𝑥)𝑑𝑦
∞

−∞
= 0            [∵ 𝐸(𝑌|𝑋 = 𝑥) = 𝜑(𝑥)]       

∴ 𝐸[{𝑌 −  𝜑(𝑋)}{𝜑(𝑋) − 𝜇}] = 0 

Substituting in (3), we get 

  𝑉𝑎𝑟(𝑌)  =  𝐸[𝑌 −  𝜑(𝑋)] 2 + 𝑉𝑎𝑟[𝜑(𝑥)]      ---- 

(4) 

⇒                        𝑉𝑎𝑟(𝑌)

≥ 𝑉𝑎𝑟[𝜑(𝑥)]          (∵ 𝐸[𝑌 −  𝜑(𝑋)] 2 ≥ 0) 

⇒                        𝑉𝑎𝑟(𝜑(𝑥)) ≤ 𝑉𝑎𝑟[𝑌]                                ---- (4a) 
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which completes the proof of me theorem. 

 

Theorem 1·10. Let T be a complete sufficient statistic for γ(θ), θ ϵ 

ϴ. Then φ(T), the function of T defined as φ(T) = E(U|T=t) is the 

unique unbiased estimator of γ(θ). 

 Combining the results of the two Theorems 1·9 and 1·10, 

we have the following result. 

Corollary. If T is a complete sufficient statistic for γ(θ) and if we  

can find some function of T, say g(T), which is unbiased estimator 

of γ(θ), then g(T) is the MVU estimator of γ(θ). 

 

Example 1·23. Let X1, X2 , ... , Xn be a random sample from     

N(θ, 1). Obtain MVUE of θ. 

Sol: It can be easily proved that the statistic 

  𝑇 = 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛 = ∑ 𝑋𝑖
𝑛
𝑖=1  

is complete sufficient statistic for θ. 

Consider 𝑋̅𝑛 =
1

𝑛
∑ 𝑋𝑖

𝑛
𝑖=1 =

𝑇

𝑛
= 𝑔(𝑇), (say) 

    Since  𝑋̅𝑛 = 𝑔(𝑇),  is unbiased estimator of θ, by corollary to 

Theorem 1·10, 𝑋̅𝑛 is MVUE of θ. 

 

Example 1·24. Let X1, X2 , ... , Xn be a random sample from     

U[0, θ] population. Obtain MVUE of θ. 

Sol: We have seen that in sampling from U [0, θ] population, the 

statistic: 

 𝑇 = 𝑋(𝑛) = max
1≤𝑖≤𝑛

(𝑋𝑖) 

is sufficient and complete for θ. Also 

𝐸(𝑇) = 𝐸[𝑋(𝑛)] = (
𝑛

𝑛 + 1
) 𝜃 

⇒                    𝐸 [
(𝑛+1)𝑇

𝑛
] = 𝜃  
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Hence by corollary to Theorem 1.10, [(n + 1)T/n] = [(n + 1) X(n)/n] 

is an MVU estimator of θ. 

 

Example 1.25. Given  𝑓(𝑥, 𝜃) =
1

𝜃
, 0 < 𝑥 < 𝜃, 𝜃 > 0     ---- (*) 

                                                  = 0, elsewhere, 

compute the reciprocal of  𝑛. 𝐸 {[
𝜕 log 𝑓(𝑥,𝜃)

𝜕𝜃
]

2

} 

and compare this with the variance of (n+1)Yn /n, where Yn is the 

largest item of a random sample of size n from this distribution. 

Comment on the result. 

Sol: log 𝑓(𝑥, 𝜃) = − log 𝜃 ⇒
𝜕

𝜕𝜃
log 𝑓 = −

1

𝜃
 

⇒         𝑛𝐸 (
𝜕

𝜕𝜃
log 𝑓)

2

= 𝑛𝐸 (
1

𝜃2
) =

𝑛

𝜃2
 

Hence reciprocal of 𝑛. 𝐸 {[
𝜕 log 𝑓(𝑥,𝜃)

𝜕𝜃
]

2

} =
𝜃2

𝑛
       ---- (**) 

    For the rectangular population (*), the p.d.f. of nth order statistic 

(the largest sample observation), Yn is  

    g(y) = n.[F(y, θ)]n-1. f(y, θ) 

where      𝐹(𝑥, 𝜃) = 𝑃(𝑋 ≤ 𝑥) = ∫ 𝑓(𝑢)𝑑𝑢 = ∫
1

𝜃
=

𝑥

𝜃

𝑥

0

𝑥

0
 

𝑔(𝑦) = 𝑛 (
𝑦

𝜃
)

𝑛−1 1

𝜃
=

𝑛

𝜃𝑛
. 𝑦𝑛−1; 0 ≤ 𝑦 < 𝜃 

𝐸(𝑌𝑛
𝑟) = ∫ 𝑦𝑟 . 𝑔(𝑦)𝑑𝑦 =

𝜃

0

𝑛

𝜃𝑛
∫ 𝑦𝑟+𝑛−1𝑑𝑦 =

𝑛𝜃𝑟

𝑛 + 𝑟

𝜃

0

 

Taking r = 1 and 2, we get 

                        𝐸(𝑌𝑛) =
𝑛𝜃

𝑛+1
;    𝐸(𝑌𝑛

2) =
𝑛𝜃2

𝑛+2
   ---- (***) 

Now    𝐸 [
𝑛+1

𝑛
. 𝑌𝑛] =

𝑛+1

𝑛
. 𝐸(𝑌𝑛) = 𝜃                 [Using ***] 

⇒         (𝑛 + 1)𝑌𝑛/𝑛  is an unbiased estimator of θ. 
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𝑉𝑎𝑟 [
𝑛 + 1

𝑛
. 𝑌𝑛] = (

𝑛 + 1

𝑛
)

2

. 𝑉𝑎𝑟(𝑌𝑛) 

 =  (
𝑛 + 1

𝑛
)

2

[𝐸𝑇𝑛
2 − (𝐸𝑌𝑛)2] 

                       

                               =  (
𝑛+1

𝑛
)

2

[
𝑛𝜃2

𝑛+2
−

𝑛2𝜃2

(𝑛+1)2
]      [Using ***] 

=  𝜃2 [
(𝑛 + 1)2

𝑛(𝑛 + 2)
− 1] =    

𝜃2

𝑛(𝑛 + 2)
<

𝜃2

𝑛
             

⇒         𝑉𝑎𝑟 [
𝑛 + 1

𝑛
. 𝑌𝑛] ≤ 1 𝑛𝐸 (

𝜕

𝜕𝜃
log 𝑓)

2

⁄  

Hence            (n+1)Yn /n is an MVUE. 
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UNIT – II 

METHODS OF ESTIMATION AND INTERVAL 

ESTIMATION 

2. 1. Method of Maximum Likelihood Estimation: 

2.1.1. Likelihood Function:   

  Let x1, x2, …, xn be a random sample of size n from a 

population with density function  f(x, θ). Then the likelihood 

function of the sample values x1, x2, …, xn, usually denoted by      

L = L(θ) is their joint density function, given by 

      𝐿 =  𝑓(𝑥1, 𝜃) 𝑓(𝑥2, 𝜃) …  𝑓(𝑥𝑛, 𝜃) = ∏ 𝑓(𝑥𝑖, 𝜃)𝑛
𝑖=1  ---- (1) 

L gives the relative likelihood that the random variables assume a 

particular set of values x1, x2, …, xn. For a given sample x1, x2, …, 

xn, L becomes a function of the variable θ, the parameter. 

 The principle of maximum likelihood consists in finding an 

estimator for the unknown parameter θ = (θ1, θ2, …, θk), say, which 

maximises the likelihood function L(θ) for variations in parameter 

i.e.. we wish to find θ̂  =  (θ̂1, θ̂2, … , θ̂k) so that 

  𝐿(θ̂) > 𝐿(θ)             ∀ θ ∈  Θ 

i.e.,            𝐿(θ̂) = Sup L(θ)             ∀ θ ∈  Θ 

Thus if there exists a function θ̂  =  θ̂(𝑥1, 𝑥2, … 𝑥𝑛) of the sample 

values which maximises L for variations in θ, then θ̂ is to be taken 

as an estimator of θ. θ̂ is usually called Maximum Likelihood 

Estimator (ML.E.). Thus θ̂ is the solution, if any, of 

   𝜕𝐿

𝜕𝜃
= 0  and   

𝜕2𝐿

𝜕𝜃2 < 0                        ---- (2) 

Since L > 0, and log L is a non-decreasing function of L ; L and   

log L attain their extreme values (maxima or minima) at the same 

value of θ̂. The first of the two equations in (2) can be rewritten as 

                  
1

𝐿
.

𝜕𝐿

𝜕𝜃
= 0              ⇒   

𝜕 log 𝐿

𝜕𝜃
= 0,              ---- (2a) 

a form which is much more convenient from practical point of 

view. 
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If θ is vector valued parameter. then θ̂  =  (θ̂1, θ̂2, … , θ̂k),  is given 

by the solution of simultaneous equations: 
𝜕

𝜕𝜃𝑖
log 𝐿 =

𝜕

𝜕𝜃𝑖
log 𝐿(𝜃1, 𝜃2, … , 𝜃𝑘) = 0;   𝑖 = 1,2, … , 𝑘    ---- (2b) 

Equations (2a) and (2b) are usually referred to as the Likelihood 

Equations for estimating the parameters. 
 

2.1.2. Properties of Maximum Likelihood Estimators:   

We make the following assumptions, known as the Regularity 

Conditions: 

 (i) The first and second order derivatives, viz., 
𝜕 log 𝐿

𝜕𝜃
 and 

𝜕2 log 𝐿

𝜕𝜃2  exist and are continuous functions of θ in a range R 

(including the true value θ0 of the parameter) for almost all x. For 

every θ in R 

             |
𝜕

𝜕𝜃
log 𝐿| < 𝐹1(𝑥)  and   |

𝜕2

𝜕𝜃2 log 𝐿| < 𝐹2(𝑥) 

where F1(x) and F2(x) are integrable functions over (-∞, ∞). 

  (ii) The third order derivative 
𝜕3

𝜕𝜃3 log 𝐿 exists such that 

                           |
𝜕3

𝜕𝜃3 log 𝐿| < 𝑀(𝑥) 

where E[M(x)] < K, a positive quantity. 

  (iii) For every θ in R, 

  𝐸 (−
𝜕2

𝜕𝜃2 log 𝐿) = ∫ (−
𝜕2

𝜕𝜃2 log 𝐿)
∞

−∞
𝐿𝑑𝑥 = 𝐼(𝜃), 

is finite and non-zero. 

 (iv) The range of integration is independent of θ. But if the 

range of integration depends on θ, then f(x, θ) vanishes at the 

extremes depending on θ. 

  This assumption is to make the differentiation under the 

integral sign valid. 
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Theorem 2.1. (Cramer - Rao Theorem). "With probability 

approaching unity as n → ∞, the likelihood equation 
𝜕

𝜕𝜃
log 𝐿 = 0, 

has a solution which converges in probability to the true value θ0". 

In other words M.L.E.’ s are consistent. 

 

Theorem 2.2. If a sufficient estimator exists, it is a function of the 

Maximum Likelihood Estimator. 

Proof: If t = t(x1, x2, …, xn) is a sufficient estimator of θ, then 

Likelihood Function can be written as 

  L = g(t, θ). h(x1, x2, …, xn|t) 

where g(t, θ) is the density function of t and h(x1, x2, …, xn|t) is the 

density function of the sample, given t, and is independent of θ. 

 ∴ log L = log g(t, θ) + log h(x1, x2, …, xn|t) 

Differentiating w.r.t. θ, we get 

                 
𝜕 log 𝐿

𝜕𝜃
=  

𝜕

𝜕𝜃
log 𝑔(𝑡, 𝜃) = 𝜓(𝑡, 𝜃),   (say),     ---- (1) 

which is a function of t and θ only. 

 M.L.E. is given by 

𝜕 log 𝐿

𝜕𝜃
= 0      ⇒       𝜓(𝑡, 𝜃) = 0 

∴            𝜃 = 𝜂(𝑡) = Some function of sufficient statistic. 

⇒           𝑡̂ = 𝜓(𝜃) = Some function of M.L.E. 

Hence the theorem. 

 

Theorem 2.3. (Infariance Property of MLE). If T is the MLE 

of θ and ψ(θ) is one to one function of θ, then ψ(T) is the MLE of 

ψ(θ.) 

 

Example 2.1. In random sampling from normal population N(μ, 

σ2), find the maximum likelihood estimators for 
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(i) μ when σ2 is known, 

(ii) σ2 when μ is known, and 

(iii) the simultaneous estimation of μ and σ2. 

Sol: X ~ N(μ, σ2) then 

 𝐿 =  ∏ [
1

𝜎√2𝜋
𝑒𝑥𝑝 {−

1

2𝜎2
(𝑥𝑖 − 𝜇)2}]𝑛

𝑖=1  

            = (
1

𝜎√2𝜋
)

𝑛

𝑒𝑥𝑝{− ∑ (𝑥𝑖 − 𝜇)2 2𝜎2⁄𝑛
𝑖=1 } 

log 𝐿 = −
𝑛

2
log(2𝜋) −

𝑛

2
log 𝜎2 −

1

2𝜎2
∑(𝑥𝑖 − 𝜇)2

𝑛

𝑖=1

 

Case (i). When σ2 is known, the likelihood equation for estimating 

μ is 

 
𝜕

𝜕𝜇
log 𝐿 = 0  ⇒  −

1

2𝜎2
∑ 2(𝑥𝑖 − 𝜇)(−1) = 0𝑛

𝑖=1  

or                  ∑ (𝑥𝑖 − 𝜇) = 0𝑛
𝑖=1    ⇒     ∑ 𝑥𝑖 − 𝑛𝜇𝑛

𝑖=1 = 0 

⇒                                  𝜇̂ =
1

𝑛
∑ 𝑥𝑖

𝑛
𝑖=1 = 𝑥̅                  ---- (*) 

Hence M.L.E. for 𝜇 is the sample mean 𝑥̅. 

Case (ii). When 𝜇 is known, the likelihood equation for estimating 

𝜎2 is 

𝜕

𝜕𝜎2
log 𝐿 = 0   ⇒  −

𝑛

2
×

1

𝜎2
+

1

2𝜎4
∑(𝑥𝑖 − 𝜇)2

𝑛

𝑖=1

= 0 

⇒ 𝑛 −
1

𝜎2
∑ (𝑥𝑖 − 𝜇)2𝑛

𝑖=1 = 0, 𝑖. 𝑒. ,   𝜎̂2 =
1

𝑛
∑ (𝑥𝑖 − 𝜇)2𝑛

𝑖=1   ----(**) 

Case (iii). The likelihood equations for simultaneous estimation of 

μ and σ2 are 

  
𝜕

𝜕𝜇
log 𝐿 = 0   and   

𝜕

𝜕𝜎2
log 𝐿 = 0,   thus giving 

                                 𝜇̂ = 𝑥̅                                         [From (*)] 

and                   𝜎̂2 =
1

𝑛
∑ (𝑥𝑖 − 𝜇)2𝑛

𝑖=1                         [From (**)] 

         =
1

𝑛
∑ (𝑥𝑖 − 𝑥̅)2 = 𝑠2,𝑛

𝑖=1  the sample variance. 
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Important Note. It may be pointed out here that though 

   
𝐸(𝜇̂) = 𝐸(𝑥̅) = 𝜇

𝐸(𝜎̂2) = 𝐸(𝑠2) ≠ 𝜎2} 

Hence the maximum likelihood estimators (M.L.Es.) need not 

necessarily be unbiased. 

 

Example 2.2. Prove that the maximum likelihood estimate of the 

parameter a of a population having density function: 

  
2

𝛼2
(𝛼 − 𝑥), 0 < 𝑥 < 𝛼 

for a sample of unit size is 2x. x being the sample value. Show also 

that the estimate is biased. 

Sol: For a random sample of unit size (n = 1), the likelihood 

function is : 

 𝐿(𝛼) = 𝑓(𝑥, 𝛼) =
2

𝛼2
(𝛼 − 𝑥), 0 < 𝑥 < 𝛼 

Likelihood equation gives: 

        
𝑑

𝑑𝛼
log 𝐿 =

𝑑

𝑑𝛼
[log 2 − 2 log 𝛼 + log(𝛼 − 𝑥)] = 0 

⇒    −
2

𝛼
+

1

𝛼 − 𝑥
= 0  ⇒   2(𝛼 − 𝑥) − 𝛼 = 0 ⇒ 𝛼 = 2𝑥 

Hence MLE of α is given by 𝛼̂ = 2𝑥. 

𝐸(𝛼̂) = 𝐸(2𝑋) = 2 ∫ 𝑥. 𝑓(𝑥, 𝛼)𝑑𝑥
𝛼

0

 

    =  
4

𝛼2 ∫ 𝑥. (𝛼 − 𝑥)𝑑𝑥 =
𝛼

0

4

𝛼2 |
𝛼𝑥2

2
−

𝑥3

3
|

0

𝛼

=
2

3
𝛼 

Since 𝐸(𝛼̂) ≠ 𝛼, 𝛼̂ = 2𝑥 is not an unbiased estimate of α. 

 

Example 2.3. (a) Find the maximum likelihood estimate for the 

parameter λ of a Poisson distribution on the basis of a sample of 

size n . Also find its variance. 
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(b) Show that the sample mean 𝑥̅, is sufficient for estimating the 

parameter λ of the Poisson distribution. 

Sol: The probability function of the Poisson distribution with 

parameter λ is given by 

 𝑃(𝑋 = 𝑥) = 𝑓(𝑥, 𝜆) =
𝑒−𝜆𝜆𝑥

𝑥!
; 𝑥 = 0, 1, 2, … 

Likelihood function of random sample x1, x2, .., xn of n 

observations from this population is 

 𝐿 = ∏ 𝑓(𝑥𝑖, 𝜆) =
𝑒−𝑛𝜆𝜆∑ 𝑥𝑖

𝑛
𝑖=1

𝑥1! 𝑥2!… 𝑥𝑛!

𝑛
𝑖=1  

∴          log 𝐿 = −𝑛𝜆 + (∑ 𝑥𝑖
𝑛
𝑖=1 ) log 𝜆 − ∑ log( 𝑥𝑖!)

𝑛
𝑖=1   

                                 = −𝑛𝜆 + 𝑛𝑥̅ log 𝜆 − ∑ log( 𝑥𝑖!)𝑛
𝑖=1  

The likelihood equation for estimating λ is 

 
𝜕

𝜕𝜆
log 𝐿 = 0  ⇒     −𝑛 +

𝑛𝑥̅

𝜆
= 0 ⇒      𝜆 = 𝑥̅ 

Thus the M.L.E. for λ is the sample mean 𝑥̅. 

The variance of the estimate is given by 

           
1

𝑉(𝜆̂)
= 𝐸 [−

𝜕2

𝜕𝜆2 (log 𝐿)] 

                  = 𝐸 [−
𝜕

𝜕𝜆
(−𝑛 +

𝑛𝑥̅

𝜆
)] = 𝐸 [− (−

𝑛𝑥̅

𝜆2 )] =
𝑛

𝜆2 𝐸(𝑥̅) =
𝑛

𝜆
 

∴                 𝑉(𝜆̂) = 𝜆/𝑛  

(b) For the Poisson distribution with parameter λ, we have        

                     
𝜕

𝜕𝜆
log 𝐿 = −𝑛 +

𝑛𝑥̅

𝜆
      

 = 𝑛 (
𝑥̅

𝜆
− 1 ) = 𝜓(𝑥̅, 𝜆),  a function of 𝑥̅ and λ only. 

Hence 𝑥̅ is sufficient for estimating λ. 

 

Example 2.4. Find the M.L.E. of the parameters α and λ, (λ being 

large), of the distribution: 

𝑓(𝑥;  𝛼, 𝜆) =
1

Γ(𝜆)
(

𝜆

𝛼
)

𝜆

𝑒−
𝜆𝑥
𝛼 𝑥𝜆−1; 0 ≤ 𝑥 < ∞, 𝜆 > 0 
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You may use that for large values of λ, 

𝜓(𝜆) =
𝜕

𝜕𝜆
log Γ(𝜆) = log 𝜆 −

1

2𝜆
 

and                    𝜓′(𝜆) =
1

𝜆
+

1

2𝜆2
 

Sol: Let x1, x2, …, xn  be a random sample of size n from the given 

population. Then 

𝐿 = ∏ 𝑓𝑛
𝑖=1 (𝑥;  𝛼, 𝜆) =

                        (
1

Γ(𝜆)
)

𝑛

(
𝜆

𝛼
)

𝑛𝜆

. 𝑒𝑥𝑝 [−
𝜆

𝛼
∑ 𝑥𝑖

𝑛
𝑖=1 ] . ∏ (𝑥𝑖

𝜆−1)𝑛
𝑖=1   

∴ log 𝐿 =  −𝑛 log Γ(𝜆) + 𝑛𝜆(log 𝜆 − log 𝛼) −
𝜆

𝛼
∑ 𝑥𝑖                       

𝑛

𝑖=1

+ (𝜆 − 1) ∑ 𝑙𝑜𝑔 𝑥𝑖

𝑛

𝑖=1

 

If G is the geometric mean of x1, x2, …, xn , then  

log 𝐺 =
1

𝑛
∑ 𝑙𝑜𝑔 𝑥𝑖

𝑛

𝑖=1

 ⇒ 𝑛 log 𝐺 = ∑ 𝑙𝑜𝑔 𝑥𝑖

𝑛

𝑖=1

 

∴ log 𝐿 =  −𝑛 log Γ(𝜆) + 𝑛𝜆(log 𝜆 − log 𝛼) −
𝜆

𝛼
𝑛𝑥̅                     

+ (𝜆 − 1)𝑛 𝑙𝑜𝑔𝐺 

Where G is independent of λ and α. 

The likelihood equations for the simultaneous estimation of λ and 

α are : 

 
𝜕

𝜕𝛼
log 𝐿 = 0 … . (1)   and   

𝜕

𝜕𝜆
log 𝐿 = 0 … . (2)    

(1) gives 

−
𝑛𝜆

𝛼
+

𝜆

𝛼2 . 𝑛𝑥̅ = 0 ⇒    −1 +
𝑥̅

𝛼
= 0 ⇒ 𝛼̂ = 𝑥̅ ---- (*) 

(2) gives (for large values of λ), 

−𝑛 (𝑙𝑜𝑔𝜆 −
1

2𝜆
) + 𝑛 [1. (log 𝜆 − log 𝛼) + 𝜆.

1

𝜆
] −

𝑛𝑥̅

𝛼
+ 𝑛 log 𝐺 = 0  
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⇒          
1

2𝜆
+ (1 − log 𝛼 + log 𝐺 −

𝑥̅

𝛼
) = 0 

⇒         1 + 2𝜆(log 𝐺 − log 𝑥̅) = 0                          [From (*)] 

⇒         1 − 2𝜆 𝑙𝑜𝑔 (
𝑥̅

𝐺
) = 0,      𝑖. 𝑒. ,   𝜆̂ =

1

2 log(𝑥̅ 𝐺⁄ )
 

Hence the M.L.E.s for α and λ are given by 

            𝛼̂ = 𝑥̅   and    𝜆̂ =
1

2 log(𝑥̅ 𝐺⁄ )
 

 

Example 2.5. Obtain -the maximum likelihood estimate of θ in 

 𝑓(𝑥, 𝜃) = (1 + 𝜃) 𝑥𝜃, 0 < 𝑥 < 1, 

based on an independent sample of size n. Examine whether this 

estimate is sufficient for θ. 

Sol:    𝐿(𝑥, 𝜃) = ∏ 𝑓(𝑥𝑖 , 𝜃)𝑛
𝑖=1 = (1 + 𝜃)𝑛 (∏ 𝑥𝑖

𝑛
𝑖=1 )𝜃 

⇒        log 𝐿 = 𝑛 log(1 + 𝜃) + 𝜃. ∑ log 𝑥𝑖

𝑛

𝑖=1

 

 
𝜕

𝜕𝜃
log 𝐿 =

𝑛

1+𝜃
+ ∑ log 𝑥𝑖

𝑛
𝑖=1 = 0 

⇒        𝑛 + 𝜃 ∑ log 𝑥𝑖

𝑛

𝑖=1

+ ∑ log 𝑥𝑖

𝑛

𝑖=1

= 0 

∴              𝜃 =
−𝑛

∑ log 𝑥𝑖
𝑛
𝑖=1

− 1 =
−𝑛

log(∏ 𝑥𝑖
𝑛
𝑖=1 )

− 1    ---- (*) 

Also       𝐿(𝑥, 𝜃) = {(1 + 𝜃)𝑛 (∏ 𝑥𝑖
𝑛
𝑖=1 )𝜃−1}. (∏ 𝑥𝑖

𝑛
𝑖=1 ) 

Hence by Factorization Theorem, 𝑇 = (∏ 𝑥𝑖
𝑛
𝑖=1 ) is a sufficient 

statistic for θ, and 𝜃 being a one to one function of sufficient 

statistic (∏ 𝑥𝑖
𝑛
𝑖=1 ), is also sufficient for θ. 

 

2.2. Method of Minimum Variance. [Minimum Variance 

Unbiased Estimates (M.V.U.E.)]. In this section we shall look for 

estimates which (i) are unbiased and (ii) have minimum variance. 
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 If 𝐿(𝑥, 𝜃) = ∏ 𝑓(𝑥𝑖, 𝜃)𝑛
𝑖=1  is the likelihood function of a 

random sample of n observations x1, x2, …, xn  from a population 

with probability function f(x, θ), then the problem is to find a 

statistic t = t (x1, x2, …, xn),  such that 

𝐸(𝑡) = ∫ 𝑡. 𝐿 𝑑𝑥 =  𝛾(𝜃)  ⇒
∞

−∞
∫ [𝑡 − 𝛾(𝜃)]𝐿 𝑑𝑥 = 0

∞

−∞
  ---- (1) 

and 𝑉(𝑡) = ∫ [𝑡 − 𝐸(𝑡)]2𝐿 𝑑𝑥 = 
∞

−∞
∫ [𝑡 − 𝛾(𝜃)]2𝐿 𝑑𝑥

∞

−∞
 ---- (2) 

is minimum, where 

∫  𝑑𝑥 
∞

−∞
represents the n-fold integration 

∫  ∫ … ∫  𝑑𝑥1 
∞

−∞

𝑑𝑥2 … 
∞

−∞

𝑑𝑥𝑛 
∞

−∞

 

In other words. we have to minimise (2) subject to the condition 

(1). 

 For detailed discussion of this method see MVU Estimators 

and Cramer-Rao Inequality. 

 

2·3. Method of Moments. This method was discovered and 

studied in detail by Karl Pearson. 

 Let f (x; θ1, θ 2, …, θ k) be the density function of the parent 

population with k parameters θ1, θ 2, …, θ k. If μr
’ denotes the rth 

moment about origin, then 

𝜇𝒓
′ = ∫ 𝑥𝑟∞

−∞
 𝑓(𝑥; 𝜃1, 𝜃2, … , 𝜃𝑘) 𝑑𝑥,   (𝑟 = 1, 2, … 𝑘)   ---- (3) 

 In general 𝜇𝟏
′ , 𝜇𝟐

′ , … , 𝜇𝑘
′ , will be functions of the parameters  

θ1, θ 2, …, θ k. 

 Let xi, I = 1, 2, …, n be a random sample of size n from the given 

population. The method of moments consists in solving the k-

equations (3) for θ1, θ 2, …, θ k in terms of 𝜇𝟏
′ , 𝜇𝟐

′ , … , 𝜇𝑘
′  and then 

replacing these moments 𝜇𝒓
′ ; 𝑟 = 1, 2, … 𝑘  by the sample 

moments. 

e.g.,    𝜃𝑖 = 𝜃𝑖(𝜇̂𝟏
′ , 𝜇̂𝟐

′ , … , 𝜇̂𝑘
′ ) 
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               = 𝜃𝑖(𝑚𝟏
′ , 𝑚𝟐

′ , … , 𝑚𝑘
′ );    𝑖 =  1, 2, … 𝑘 

where mi is the ith moment about origin in the sample. 

 Then by the method of moments 𝜃1, 𝜃2, … , 𝜃𝑘 are the 

required estimators of θ1, θ 2, …, θ k respectively. 

 

Example 2.6. Estimate α and β in the case of Pearson's Type III 

distribution by the method of moments. 

𝑓(𝑥;  𝛼, 𝛽) =
𝛽𝛼

Γ(𝛼)
𝑥𝛼−1𝑒−𝛽𝑥, 0 ≤ 𝑥 < ∞ 

Sol: We have 

𝜇𝒓
′ =

𝛽𝛼

Γ(𝛼)
∫ 𝑥𝑟

∞

0

 𝑥𝛼−1𝑒−𝛽𝑥 𝑑𝑥 =
𝛽𝛼

Γ(𝛼)

Γ(𝛼 + 𝑟)

𝛽𝛼+𝑟
=

Γ(𝛼 + 𝑟)

Γ(𝛼)𝛽𝑟
 

𝜇1
′ =

Γ(𝛼 + 1)

Γ(𝛼)𝛽1
=

𝛼

𝛽
,  𝜇2

′ =
Γ(𝛼 + 2)

Γ(𝛼)𝛽2
=

(𝛼 + 1)𝛼

𝛽2
   

 
 𝜇2

′

𝜇1
′ 𝟐 =

(𝛼+1)

𝛼
=

1

𝛼
+ 1 

⇒      𝛼 =
𝜇1

′ 𝟐

 𝜇2
′ − 𝜇1

′ 𝟐 ,         𝛽 =
𝛼

𝜇1
′ =

𝜇1
′

 𝜇2
′ − 𝜇1

′ 𝟐 

Hence     𝛼̂ =
𝑚1

′ 𝟐

 𝑚2
′ −𝑚1

′ 𝟐   and   𝛽̂ =
𝑚1

′

 𝑚2
′ −𝑚1

′ 𝟐 

where 𝑚1
′  and  𝑚2

′  are the sample moments. 

 

Example 2.7. For the double Poisson distribution: 

𝑝(𝑥) = 𝑃(𝑋 = 𝑥) =
1

2
.
𝑒−𝑚1𝑚1

𝑥

𝑥!
+

1

2
.
𝑒−𝑚2𝑚2

𝑥

𝑥!
; 𝑥 = 0, 1, 2, … 

show that the estimates for ml and m2 by the method of moments 

are:   𝜇1
′ ± √𝜇2

′ − 𝜇1
′ − 𝜇1

′ 2
 

Sol: We have 
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𝜇1
′ = ∑ 𝑥. 𝑝(𝑥) =  

1

2
∑ 𝑥.

∞

𝑥=0

∞

𝑥=0

𝑒−𝑚1𝑚1
𝑥

𝑥!
+

1

2
∑ 𝑥.

𝑒−𝑚2𝑚2
𝑥

𝑥!

∞

𝑥=0

 

                            =  
1

2
 𝑚1 + +

1

2
 𝑚2                                ---- (*) 

(since the first and second summations are the means of Poison 

distributions with parameters ml and m2 respectively). 

𝜇2
′ = ∑ 𝑥2. 𝑝(𝑥)

∞

𝑥=0

 

     =  
1

2
∑ 𝑥2.∞

𝑥=0
𝑒−𝑚1𝑚1

𝑥

𝑥!
+

1

2
∑ 𝑥2.

𝑒−𝑚2𝑚2
𝑥

𝑥!
∞
𝑥=0  

     =  
1

2
[(𝑚1

2 + 𝑚1) + (𝑚2
2 + 𝑚2)] 

     =  
1

2
[(𝑚1 + 𝑚2) + (𝑚1

2+𝑚2
2)]                             ---- (**) 

     =  
1

2
[2𝜇1

′ + 𝑚1
2 + (2𝜇1

′ −𝑚1)2]                       [Using (*)] 

     =  
1

2
[2𝜇1

′ + 𝑚1
2 + 4𝜇1

′ 2
+ 𝑚1

2 − 4𝑚1𝜇1
′ ] 

𝜇2
′ = 𝜇1

′ + 𝑚1
2 + 2𝜇1

′ 2
− 2𝑚1𝜇1

′

⇒ 𝑚1
2 − 2𝑚1𝜇1

′ + (2𝜇1
′ 2

+ 𝜇1
′ − 𝜇2

′ ) = 0 

⇒ 𝑚̂1 =
2𝜇1

′ ±√4𝜇1
′ 2

−4(2𝜇1
′ 2

+𝜇1
′ −𝜇2

′ )

2
= 𝜇1

′ ± √𝜇2
′ − 𝜇1

′ − 𝜇1
′ 2

  

Similarly on substituting for ml in terms of m2 from (*) in (**), we 

get      𝑚2
2 − 2𝑚2𝜇1

′ + (2𝜇1
′ 2

+ 𝜇1
′ − 𝜇2

′ ) = 0 

Solving for m2, we will get 

𝑚̂2 = 𝜇1
′ ± √𝜇2

′ − 𝜇1
′ − 𝜇1

′ 2
 

 

Example 2.8. A random variable X takes 'hI' values 0, 1, 2, with 

respective probabilities 
𝜃

4𝑁
+

1

2
(1 −

𝜃

𝑁
) ,

𝜃

2𝑁
+

𝛼

2
(1 −

𝜃

𝑁
)  and  

𝜃

4𝑁
+

1−𝛼

2
(1 −

𝜃

𝑁
)   
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where N is a known number and α, θ are unknown parameters. If 

75 independent observations on X yielded the values 0, 1, 2, with 

frequencies 27. 38, 10 respectively. estimate θ and α by the method 

of moments. 

Sol:  

𝐸(𝑋) = 0. [
𝜃

4𝑁
+

1

2
(1 −

𝜃

𝑁
)] + 1. [

𝜃

2𝑁
+

𝛼

2
(1 −

𝜃

𝑁
)]

+ 2. [
𝜃

4𝑁
+

1 − 𝛼

2
(1 −

𝜃

𝑁
)] 

 =
𝜃

𝑁
+ (1 −

𝜃

𝑁
) [

𝛼

2
+ (1 − 𝛼)] 

⇒   𝜇1
′ =

𝜃

𝑁
+ (1 −

𝜃

𝑁
) (1 −

𝛼

2
) 

            =  1 −
𝛼

2
(1 −

𝜃

𝑁
)                                                   ---- (*) 

𝐸(𝑋2) = 12. [
𝜃

2𝑁
+

𝛼

2
(1 −

𝜃

𝑁
)] + 22. [

𝜃

4𝑁
+

1 − 𝛼

2
(1 −

𝜃

𝑁
)] 

           =
3𝜃

2𝑁
+ (1 −

𝜃

𝑁
) [

𝛼

2
+ 2(1 − 𝛼)] 

           =
3𝜃

2𝑁
+ (1 −

𝜃

𝑁
) (2 −

3𝛼

2
) 

⇒   𝜇2
′ = 2 −

𝜃

2𝑁
−

3

2
𝛼 (1 −

𝜃

𝑁
)                                      ---- (**) 

The sample frequency distribution is: 

x 0 1 2 

f 21 38 10 

𝜇1
′ =

1

𝑁
∑ 𝑓𝑥 =

1

75
(38 + 20) =

58

75
  

𝜇2
′ =

1

𝑁
∑ 𝑓𝑥2 =

1

75
(38 + 40) =

78

75
  

Equating the sample moments to theoretical moments, we get 

1 −
𝛼

2
(1 −

𝜃

𝑁
) =

58

75
  

⇒                 
𝛼

2
(1 −

𝜃

𝑁
) = 1 −  

58

75
=

17

75
                            ---- (***) 
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Substituting in (**), we get 

2 −
𝜃

2𝑁
− 3 ×

17

75
=

78

75
        ⇒    𝜃 =

42

75
𝑁            

Substituting in (***), we get 

 
𝛼

2
(1 −

42

75
) =

17

75
         ⇒    𝛼̂ =

34

33
 

 

2.4. Confidence Interval and Confidence Limits: 

 "Can we make some reasonable probability statements 

about the unknown parameter a in the population, from which the 

sample has been drawn?" This question is very well answered by 

the technique of Confidence Interval due to Neyman and is 

obtained below: 

 We choose once for all some small value of a (5% or 1%) 

and then determine two constants say, cl and c2 such that 

 P(c1 < θ < c2 | t) = 1 – α                                   ---- (1) 

 The quantities c1 and c, so determined, are known as the 

confidence limits or fiducial limits and the interval [c1, c2] within 

which the unknown value of the population parameter is expected 

to lie, is called the confidence interval and (1 - α) is called the 

confidence coefficient. 

 Thus if we take α = 0·05 (or 0·01), we shall get 95% (or 

99%) confidence limits. 

 How to find cl and c2?  Let T1 and T2 be two statistics such 

that                     P(T1 > θ) = α1                                ---- (2) 

and                     P(T2 < θ) = α2                                ---- (2a) 

where αl and α2 are constants independent of θ. (2) and (2a) can be 

combined to give 

  P(T1 < θ < T2) = 1 – α,                      ---- (2b) 

where α = α1 + α2. Statistics Tl and T2 defined in (2),and (2a) may 

be taken as c1 and c2 defined in (1). 
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For example, if we take a large sample from a normal population 

with mean μ and standard deviation σ, then  

𝑍 =  
𝑥̅ − 𝜇

𝜎 √𝑛⁄
 ~ 𝑁(0, 1) 

and    P(-1.96 < Z < 1.96) = 0.95 [From Normal Probability tables] 

⇒     𝑃 (−1.96 <  
𝑥̅ − 𝜇

𝜎 √𝑛⁄
< 1.96) = 0.95 

⇒     𝑃 [𝑥̅ − 1.96
𝜎

√𝑛
<  𝜇 < 𝑥̅ + 1.96

𝜎

√𝑛
] = 0.95 

Thus 𝑥̅ ± 1.96
𝜎

√𝑛
 are 95% confidence limits for the unknown 

parameter μ, the population mean and the interval 

[𝑥̅ − 1.96
𝜎

√𝑛
, 𝑥̅ + 1.96

𝜎

√𝑛
] is called the 95% confidence intervaL 

Also     𝑃(−2.58 <  𝑍 < 2.58) = 0.99 

⇒     𝑃 (−2.58 <  
𝑥̅ − 𝜇

𝜎 √𝑛⁄
< 2.58) = 0.99 

⇒     𝑃 [𝑥̅ − 2.58
𝜎

√𝑛
<  𝜇 < 𝑥̅ + 2.58

𝜎

√𝑛
] = 0.99 

Hence 99% confidence limits for μ are 𝑥̅ ± 2.58
𝜎

√𝑛
 and 99% 

confidence interval for μ is [𝑥̅ − 2.58
𝜎

√𝑛
, 𝑥̅ + 2.58

𝜎

√𝑛
]. 

 

Example 2.9. Obtain 100 (1 - α)% confidence intervals for the 

parameters (a) θ and (b) σ2, of the normal distribution 

𝑓(𝑥, 𝜃; 𝜎) =
1

𝜎√2𝜋
𝑒𝑥𝑝 [−

1

2
(

𝑥 − 𝜃

𝜎
)

2

] , −∞ < 𝑥 <  ∞ 

Sol: Let Xi, (I = 1, 2, …, n) be a random sample of size n from the 

density 𝑓(𝑥, 𝜃; 𝜎) and let 

 𝑋̅ =
1

𝑛
∑ 𝑋𝑖 ,   𝑠

2 =
1

𝑛
∑ (𝑋𝑖 − 𝑋̅)2,   𝑆2 =𝑛

𝑖=1
𝑛
𝑖=1

1

𝑛−1
∑ (𝑋𝑖 − 𝑋̅)2𝑛

𝑖=1  
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(a) The statistic:      𝑡 =  
𝑥̅−𝜃

𝑆 √𝑛⁄
 

follows student's t-distribution with (n - 1) degrees of freedom. 

Hence 100(1 - α)% confidence limits for θ are given by 

               𝑃[|𝑡| ≤ 𝑡𝛼] = 1 − 𝛼 

⇒                                    𝑃 [|𝑋̅ − 𝜃| ≤
𝑆

√𝑛
𝑡𝛼] = 1 − 𝛼  

⇒               𝑃 [𝑋̅ − 𝑡𝛼
𝑆

√𝑛
≤ 𝜃 ≤ 𝑋̅ +

𝑆

√𝑛
𝑡𝛼] = 1 − 𝛼     ---- (1) 

where tα is the tabulated value of t for (n - 1) d.f. at significance 

level 'α'. Hence the required confidence interval for θ is : 

(𝑋̅ − 𝑡𝛼

𝑆

√𝑛
, 𝑋̅ +

𝑆

√𝑛
𝑡𝛼) 

(b) Case (i) θ is known and equal to μ (say). 

Then           
∑(𝑋𝑖−𝜇)2

𝜎2 =
𝑛𝑠2

𝜎2  ~ 𝜒2
(𝑛)

 

If we define χα
2 as the value of χ2 such that 

 𝑃(𝜒2 >  𝜒𝛼
2) = ∫ 𝑝(𝜒2) 𝑑𝜒2 = 𝛼

∞

𝜒𝛼
2                 ---- (*) 

where 𝑝(𝜒2)  is the p.d.f. of χ2 - distribution with n d.f., then the 

required confidence interval is given by 

𝑃[𝜒1−(𝛼 2⁄ )
2 ≤  𝜒2 ≤ 𝜒𝛼/2

2] = 1 − 𝛼 

⇒                      𝑃 [𝜒1−(𝛼 2⁄ )
2 ≤  

𝑛𝑠2

𝜎2 ≤ 𝜒𝛼/2
2] = 1 − 𝛼    ---- (**) 

Now          
𝑛𝑠2

𝜎2 ≤ 𝜒𝛼/2
2       ⇒        

𝑛𝑠2

𝜒𝛼/2
2 ≤ 𝜎2 

and             𝜒1−(𝛼 2⁄ )
2 ≤  

𝑛𝑠2

𝜎2        ⇒       𝜎2  ≤  
𝑛𝑠2

𝜒1−(𝛼 2⁄ )
2 

Hence (**) gives 

               𝑃 [
𝑛𝑠2

𝜒𝛼/2
2 ≤ 𝜎2 ≤

𝑛𝑠2

𝜒1−(𝛼 2⁄ )
2] = 1 − 𝛼           ---- (***) 

where 𝜒𝛼/2
2 and 𝜒1−(𝛼 2⁄ )

2 are obtained from (*) by using n d.f. 

      Thus e.g., 95% confidence interval for σ2 is given by 
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𝑃 [
𝑛𝑠2

𝜒0.025
2

≤ 𝜎2 ≤
𝑛𝑠2

𝜒0.975
2

] = 0.95 

Case (ii). θ is unknown. In this case the statistic 

  
∑(𝑋𝑖−𝑋̅)2

𝜎2 =
𝑛𝑠2

𝜎2  ~ 𝜒(𝑛−1)
2   

 Here also confidence interval for σ2 is given by (***) 

where now 𝜒𝛼
2 is the significant value of 𝜒2 [as defmed in (*)] for 

(n - 1) d.f. at the significance level 'α'. 

 

Example 2.10. Given a random sample from a population with 

p.d.f.             𝑓(𝑥, 𝜃) =
1

𝜃
,   0 ≤ 𝑥 ≤ 𝜃 

show that 100 (1 - α)% confidence interval for θ is given by R and 

R/ψ where ψ is given by 𝜓𝑛−1[𝑛 − (𝑛 − 1)𝜓] = 𝛼, 
and R is the sample range. 

Sol: The joint p.d.f. of xI, x2, … , xn is given by 

 𝐿 =  
1

𝜃𝑛 , 0 ≤ 𝑥𝑖 ≤ 𝜃 

If x(1), x(2), …, x(n) is the ordered sample then the joint p.d.f. of x(n) 

and x(1) is given by 

𝑔(𝑥(1), 𝑥(𝑛)) =
𝑛(𝑛 − 1)

𝜃𝑛
[𝑥(𝑛) − 𝑥(1)]

𝑛−2
, 0 ≤ 𝑥(1) ≤ 𝑥(𝑛) ≤ 𝜃 

To obtain the distribution of the sample range R, let us make the 

transformation of variables 

 𝑅 = 𝑥(𝑛) − 𝑥(1) and  𝑣 = 𝑥(1)  ⇒  𝑣 = 𝑥(𝑛) − 𝑅 ≤ 𝜃 − 𝑅     

The Jacobian of transformation is | J | = 1 and the joint p.d.f. of R 

and V becomes 

 ℎ(𝑅, 𝑣) =
𝑛(𝑛−1)

𝜃𝑛 𝑅𝑛−2, 0 < 𝑣 < 𝜃 − 𝑅 

The marginal density of R is given by 

 ℎ1(𝑅) = ∫
𝑛(𝑛−1)

𝜃𝑛 . 𝑅𝑛−2𝜃−𝑅

0
𝑑𝑣 
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  =
𝑛(𝑛−1)𝑅𝑛−2(𝜃−𝑅)

𝜃𝑛
, 0 ≤ 𝑅 ≤ 𝜃 

The density of U = R / θ is 

ℎ2(𝑢) = ℎ1(𝑅) |
𝑑𝑅

𝑑𝑢
| =

𝑛(𝑛 − 1)𝑅𝑛−2(𝜃 − 𝑅)

𝜃𝑛
. 𝜃 

  = 𝑛(𝑛 − 1)𝑢𝑛−2(1 − 𝑢), 0 ≤ 𝑢 ≤ 1 

100(1 – α)% confidence interval for θ is given by 

  𝑃(𝜓 ≤ 𝑈 ≤ 1) = 1 − 𝛼                      ---- (*) 

where ψ is obtained from the equation 

   ∫ ℎ2(𝑢) 𝑑𝑢 = 𝛼
𝜓

0
 

⇒              𝑛(𝑛 − 1) ∫ 𝑢𝑛−2(1 − 𝑢) 𝑑𝑢 = 𝛼
𝜓

0
  

⇒             |𝑛𝑢𝑛−1 − (𝑛 − 1)𝑢𝑛|0
𝜓

= 𝛼  

⇒             𝜓𝑛−1[𝑛 − (𝑛 − 1)𝜓] = 𝛼                            ---- (**) 

From (*), we get 

𝑃 [𝜓 ≤
𝑅

𝜃
≤ 1] = 1 − 𝛼 

⇒         𝑃 [𝑅 ≤ 𝜃 ≤
𝑅

𝜓
] = 1 − 𝛼 

Hence the required limits for θ are given by R and R/ψ, where ψ is 

the solution of (**). 

 

2.4.1. Confidence Intervals for Large Samples: 

 It has been proved that under certain regularity conditions, 

the first derivative of the logarithm of the likelihood function w.r.t 

parameter θ viz., 
𝜕

𝜕𝜃
𝑙𝑜𝑔 𝐿, is asymptotically normal with mean zero 

and variance given by 

𝑉𝑎𝑟 (
𝜕

𝜕𝜃
𝑙𝑜𝑔 𝐿) = 𝐸 (

𝜕

𝜕𝜃
𝑙𝑜𝑔 𝐿)

2

= 𝐸 (−
𝜕2

𝜕𝜃2
𝑙𝑜𝑔 𝐿) 

Hence for large n, 
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                 𝑍 =
𝜕

𝜕𝜃
𝑙𝑜𝑔 𝐿

√𝑉𝑎𝑟(
𝜕

𝜕𝜃
𝑙𝑜𝑔 𝐿)

 ~ 𝑁(0, 1)                          ---- (1) 

The result enables us to obtain confidence interval for the 

parameter θ in large samples. Thus for large samples, the 

confidence interval for θ with confidence coefficient (1 - α) is 

obtained by converting the inequalities in 

  𝑃[|𝑍| ≤ 𝜆𝛼] = 1 − 𝛼                             ---- (2) 

where λα is given by 

 
1

√2𝜋
∫ exp (−𝑢2 2) 𝑑𝑢 = 1 − 𝛼⁄

𝜆𝛼

−𝜆𝛼
                    ---- (2a) 

 

Example 2.11. Obtain 100 (1 - α)% confidence limits .(for large 

samples) for the parameter λ of the Poisson distribution        

 𝑓(𝑥, 𝜆) =
𝑒−𝜆.𝜆𝑥

𝑥!
; 𝑥 = 0, 1, 2, … 

Sol: We have 

𝜕

𝜕𝜆
log 𝐿 =

𝜕

𝜕𝜆
[−𝑛𝜆 + (∑ 𝑥𝑖

𝑛

𝑖=1

) log 𝜆 − ∑ log 𝑥𝑖

𝑛

𝑖=1

] 

      = −𝑛 +
∑ 𝑥𝑖

𝜆
= 𝑛 (

𝑥̅

𝜆
− 1) 

𝑉𝑎𝑟 (
𝜕

𝜕𝜆
log 𝐿) = 𝐸 (−

𝜕2

𝜕𝜆2
log 𝐿) = 𝐸 (

𝑛𝑥̅

𝜆2
) 

          =
𝑛

𝜆2 𝐸(𝑥̅) =
𝑛

𝜆
 

∴     𝑍 =
𝑛(

𝑥̅

𝜆
−1)

√𝑛 𝜆⁄
= √(𝑛 𝜆⁄ )(𝑥̅ − 𝜆) ~ 𝑁(0, 1)                [Using (1)] 

 Hence 100 (1 - α)% confidence interval for λ is given by 

(for large samples)       [|√(𝑛 𝜆⁄ )(𝑥̅ − 𝜆)| ≤ 𝜆𝛼] = 1 − 𝛼 

Hence the required limits for λ are the roots of me equation: 

 |√(𝑛 𝜆⁄ )(𝑥̅ − 𝜆)| = 𝜆𝛼 
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⇒           𝑛(𝑥̅ − 𝜆)2 − 𝜆. 𝜆𝛼
2 = 0  

⇒           𝜆2 − 𝜆 (2𝑥̅ +
𝜆𝛼

2

𝑛
) + 𝑥̅2 = 0  

⇒           𝜆 =
(2𝑥̅+

𝜆𝛼
2

𝑛
)±[(2𝑥̅+

𝜆𝛼
2

𝑛
)

2

−4𝑥̅2]

1 2⁄

2
                          ---- (*) 

 For example, 95% confidence interval for λ is given by 

taking λα= 1·96 in (*), thus giving 

𝜆 =
1

2
(2𝑥̅ +

3.84

𝑛
) ± √(

3.84𝑥̅

𝑛
+

3.69

𝑛2
) = 𝑥̅ ± 1.96√

𝑥̅

𝑛
, 

to order n-1/2. 
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UNIT – III 

TEST OF SIGNIFICANCE 

3. 1. Concept of Statistical Hypothesis: 

 A statistical hypothesis is some statement or assertion 

about a population or equivalently about the probability 

distribution characterizing a population which we want to verify 

on the basis of information available from a sample.  

 

3.1.1. Simple Hypothesis: 

 A Simple hypothesis is a hypothesis that there exists a 

relationship between two variables. One is called a dependent 

variable, and the other is called an independent variable. 

 For example, if X1, X2, …, Xn is a random sample of size n 

from a normal population with mean μ and variance σ2, then the 

hypothesis      𝐻0: 𝜇 = 𝜇0, 𝜎2 = 𝜎0
2   is a Simple hypothesis. 

 

3.1.2. Composite Hypothesis: 

 A complex hypothesis is used when there is a relationship 

between the existing variables. In this hypothesis, the dependent 

and independent variables are more than two. 

 For example, if X1, X2, …, Xn is a random sample of size n 

from a normal population with mean μ and variance σ2, then each 

of the following hypotheses is a composite hypothesis: 

(𝑖) 𝜇 = 𝜇0,      (𝑖𝑖) 𝜎2 = 𝜎0
2,      (𝑖𝑖𝑖) 𝜇 < 𝜇0, 𝜎2 = 𝜎0

2  

(𝑖𝑣) 𝜇 > 𝜇0, 𝜎2 = 𝜎0
2             (𝑣) 𝜇 = 𝜇0, 𝜎2 < 𝜎0

2   

(𝑣𝑖) 𝜇 = 𝜇0, 𝜎2 > 𝜎0
2               (𝑣𝑖𝑖) 𝜇 < 𝜇0, 𝜎2 > 𝜎0

2.  

 

3.1.3. Test of a Statistical Hypothesis: 

 A test of a statistical hypothesis is a two-action decision 

problem after the experimental sample values have been obtained. 
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the two-actions being the acceptance or rejection of the hypothesis 

under consideration. 

 

3.1.4. Null Hypothesis: 

 The null hypothesis is a kind of hypothesis which explains 

the population parameter whose purpose is to test the validity of 

the given experimental data. This hypothesis is either rejected or 

not rejected based on the viability of the given population or 

sample. In other words, the null hypothesis is a hypothesis in 

which the sample observations results from the chance. It is said to 

be a statement in which the surveyors wants to examine the data. It 

is denoted by H0. 

 For example, let us consider .the 'light-bulbs' problem. Let 

us suppose that the bulbs manufactured under some standard 

manufacturing process have an average life of μ hours and it is 

proposed to test a new procedure for manufacturing light bulbs. 

Thus, we have two populations of bulbs, those manufactured by 

standard process and those manufactured by the new process. In 

this problem the following three hypotheses may be set up : 

(I) New process is better than standard process. 

(it) New process is inferior to standard process. 

(iii) There is no difference between the two processes. 

The first two statements appear to be biased since they reflect a 

preferential attitude to one or the other of the two processes. Hence 

the best course is to adopt the hypothesis of no difference, as stated 

in (iii). This suggests that the statistician should take up the 

neutral or null attitude regarding the outcome of the test. His 

attitude should be on the null or zero line in which the 

experimental data has the due importance and complete say in the 

matter. This neutral or non-committal attitude of the statistician or 

https://byjus.com/maths/population-and-sample/
https://byjus.com/maths/population-and-sample/
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decision-maker before the sample observations are taken is the 

keynote of the null hypothesis. 

 Thus, in the above example of light bulbs if μ0 is the mean 

life (in hours) of the bulbs manufactured by the new process then 

the null hypothesis which is usually denoted by H0, can be stated 

as follows:      𝐻0: 𝜇 = 𝜇0. 

 As another example let us suppose that two different 

concerns manufacture drugs for inducing sleep, drug A 

manufactured by first concern and drug B manufactured by second 

concern. Each company claims that its drug is superior to that of 

the other and it is desired to test which is a superior drug A or B ? 

To formulate the statistical hypothesis let X be a random variable 

which denotes the additional hours of sleep gained by an 

individual when drug A is given and let the random variable Y 

denote the additional hours of sleep gained when drug B is used. 

Let us suppose that X and Y follow the probability distributions 

with means μX and μY respectively. Here our null hypothesis would 

be that there is no difference between the effects of two drugs. 

Symbolically, H0 : μX = μY. 

 

3.1.4. Alternative Hypothesis: 

 An alternative hypothesis is an opposing theory to the null 

hypothesis. For example, if the null hypothesis predicts something 

to be true, the alternative hypothesis predicts it to be false. The 

alternative hypothesis often is the statement you test when 

attempting to disprove the null hypothesis. Alternative hypothesis 

is usually denoted by H1. For example, in the example of light 

bulbs, alternative hypothesis could be H1 : μ > μ0 or μ < μ0 or μ ≠ 

μ0. In the example of drugs, the alternative hypothesis could be    

H1 : μX > μY or μX < μY or μX ≠ μY. 
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 In both the cases, the first two of the alternative hypotheses 

give rise to what are cal1ed 'one tailed' tests and the third 

alternative hypothesis results in 'two tailed' tests. 

 

3.1.5. Critical Region: 

 Let x1, x2, …, xn be the sample observations denoted by O. 

All the values of O will be aggregate of a sample and they 

constitute a space, called the sample space, which is denoted by S. 

 Since the sample values x1, x2, …, xn can be taken as a point 

in n-dimensional space, we specify some region of the n-

dimensional space and see whether this point lies within this 

region or outside this region. We divide the whole sample space S 

into two disjoint parts Wand S – W or 𝑊̅ or 𝑊′. The null 

hypothesis H0 is rejected if the observed sample point falls in W 

and if it falls in W" we reject H1 and accept H0. The region of 

rejection of H0 when H0 is true is that region of the outcome set 

where H0 is rejected if the sample point falls in that region and is 

called critical region. Evidently, the size of the critical region is a, 

the probability of committing type I error (discussed below). 

 Suppose if the test is based on a sample of size 2, then the 

outcome set or the sample space is the first quadrant in a two-

dimensional space and a test criterion will enable us to separate 

our outcome set into two complementary subsets, W and 𝑊̅. If the 

sample point falls in the subset W. H0 is rejected, otherwise H0 is 

accepted. This is shown in the fo1lowing diagram : 
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3.1.6. Two Types of Errors: 

 The decision to accept or reject the null hypothesis H0 is 

made on the basis of the information supplied by the observed 

sample observations. The conclusion drawn on the basis of a 

particular sample may not always be true in respect of the 

population. The four possible situations that arise in any test 

procedure are given in the following table. 

 Decision From Sample 

True 

State 

 

 

H0 True 

 

H0 False 

(H1 True) 

Reject H0 Accept H0 

Wrong 

(Type I Error) 
Correct 

Correct  
Wrong 

(Type II Error) 
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Errors of Type I and Type II.  

 The error of rejecting H0 (accepting H1 when H0 is true is 

called Type I error and the error of accepting H0 when H0 is false 

(H1 is true) is called Type II error. The probabilities of type I and 

type II errors are denoted by α and β respectively. Thus 

 α = Probability of type I error 

    = Probability of rejecting H0 when H0 is true. 

 β = Probability of type II error 

    = Probability of accepting H0 when H0 is false. 

Symbolically: 







=

==

W 0

210

L                               

 ) ..., , ,( ,)|(





dx

xxxxwhereHWxP n

           ---- (1) 

where L0 is the likelihood function of the sample observations 

under H0 and ∫ 𝑑𝑥 represents the n-fold integral 

  ∬ … ∫ 𝑑𝑥1 𝑑𝑥2 … 𝑑𝑥𝑛 . 

Again      







=

=

W dx

HWxP





1

1

L                        

  )|(                  
       ---- (2) 

where L1 is the likelihood function of the sample observations 

under H1. Since 

   =+
WW

dxdx ,1LL 11  

we get 

  −=−=
WW

dxdx 1L1L 11             ---- (2a) 

  1)|(                 1 −= HWxP            ---- (2b) 

 

3.1.7. Level of Significance: 

 Level of Significance, α, the probability of type 1 error, is 
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known as the level of significance of the test. It is also called the 

size of the critical region. 

 

3.1.8. Power of the Test: 

 Power of the Test, 1 – β, defined in (2a) and (2b) is called 

the power function of the test hypothesis H0 against the alternative 

hypothesis H1. The value of the power function at a parameter 

point is called the power of the test at that point. 

 

3.2. Neyman J. and Pearson, E.S. Lemma. 

3.2.1. Most Powerful Test (MP Test). 

 The critical region W is the most powerful (MP) critical 

region of size α (and the corresponding test a most powerful test of 

level α) for testing H0 : θ = θ0 against H1 : θ = θ1 if 

  ==
W

00 L)|( dxHWxP    ---- (3) 

and       )|()|( 011 HWxPHWxP           ---- (3a) 

for every other critical region WI satisfying (3). 

 

3.2.2. Uniformly Most Powerful Test (UMP Test). 

 The region W is called uniformly most powerful (UMP) 

critical region of size α [and the corresponding test as uniformly 

most powerful (UMP) test of level α] for testing H0 : θ = θ0 against 

H1 : θ ≠ θ0 i.e., H1 : θ = θ1 ≠ θ0 if 

  ==
W

00 L)|( dxHWxP    ---- (4) 

and       
0111  allfor  )|()|(   HWxPHWxP   ---- (4a) 

whatever the region W1 satisfying (4) may be. 
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Theorem 3.1. (Neyman – Pearson Lemma). 

 Let k > 0, be a constant and W be a critical region of size a 

such that      𝑊 = {𝑥 ∈ 𝑆:
𝑓(𝑥, 𝜃1)

𝑓(𝑥, 𝜃0)
> 𝑘} 

⇒                        𝑊 = {𝑥 ∈ 𝑆:
𝐿1

𝐿0
> 𝑘}         ---- (1) 

and         𝑊̅ = {𝑥 ∈ 𝑆:
𝐿1

𝐿0
≤ 𝑘}        ---- (1a) 

where L0 and L1 are the likelihood functions of the sample 

observations x = (x1, x2, …, xn) under H0 and H1 respectively. Then 

W is the most powerful critical region of the test hypothesis H0 : θ 

= θ0 against the alternative H1 : θ = θ1. 

Proof. We are given 

     ==
W

00 L)|( dxHWxP      ---- (2) 

The power of the region is 

  −==
W

11 ,1L)|( dxHWxP   (say) ---- (2a) 

 In order to establish the lemma, we have to prove that there 

exists no other critical region, of size less than or equal to α, which 

is more powerful than W. Let W1 be another critical region of size 

α1 ≤ α and power 1 – β1 so that we have 

  ==
1W

1001 L)|( dxHWxP      ---- (3) 

and  −==
1W

1111 ,1L)|( dxHWxP   (say)   ---- (3a) 

Now we have to prove that 1 – β ≥ 1 – β1 
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Let     𝑊 = 𝐴 ∪ 𝐶 and 𝑊1 = 𝐵 ∪ 𝐶  

(C may be empty, i.e., W and W1 may be disjoint). 

If α1 ≤ α, we have 

   
1W W

00 L     L dxdx  

  


CB CA
00 L     L                    dxdx  

 
B A

00 L     L                    dxdx  

 
A

00 L     L                    
B

dxdx               ---- (4) 

Since 𝐴 ⊂ 𝑊, 

dxLkdxLKdxL  
B

0

A

0

A

1     )5(     [Using (4)]      ---- (4a) 

Also (1a) implies 

                     
𝐿1

𝐿0
≤ 𝑘 ∀ 𝑥 ∈  𝑊̅   

dxkdx  

W

0

W

1 L    L              

This resu1t also holds for any subset of 𝑊̅, say 𝑊̅  ∩ 𝑊1  =  𝐵 . 

Hence 

             dxLdxLkdxL  
A

1

B

0

B

1         [From 4a] 

Adding dxL
C

1 to both sides, we get 

          
W

1

W

1

1

dxLdxL    

 11                     1 −−  

Hence the lemma. 
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3.2.3. Unbiased Test and Unbiased Critical Region. 

 Let us consider the testing of H0: θ =θ0 against H1: θ =θ1, 

The critical region W and consequently the test based on it is said 

to be unbiased if the power of the test exceeds the size of the 

critical region. i.e., if 

 Power of the test  ≥  size of the C.R.               ---- (5) 

⇒                            1 − 𝛽 ≥ 𝛼  

⇒                            𝑃𝜃1
(𝑊) ≥ 𝑃𝜃0

(𝑊)  

⇒       𝑃[𝑥 ∶  𝑥 ∈ 𝑊|𝐻1] ≥  𝑃[𝑥 ∶  𝑥 ∈ 𝑊|𝐻0]             ---- (5a) 

In other words, the critical region W is said to be unbiased if 

    𝑃𝜃(𝑊) ≥ 𝑃𝜃0
(𝑊), ∀ 𝜃(≠ 𝜃0) ∈  Θ              ---- (5b) 

 

Theorem 3.2. Every most powerful (MP) or uniformly most 

powerful (UMP) critical region (CR) is necessarily unbiased.  

 (i) If W be an MPCR of size α for testing H0: θ =θ0  against 

H1: θ =θ1 then it is necessarily unbiased. 

 (ii) Similarly if W be UMPCR of size α for testing             

H0: θ =θ0  against H1: θ ϵ ϴ1, then it is also unbiased.  

Proof. Since W is an MPCR of size α for testing H0: θ =θ0  against 

H1: θ =θ1 by Neyman-Pearson Lemma, we-have; for ∀ k > 0, 

 W = {x: L (x, θ1) ≥ k L (x, θ0) = {x: L1 ≥ k·L0} 

and W' = {x: L (x, θ1) < k L (x, θ0)} = {x : L1 < k L0}, 

where k is determined so that the size of the test is α i.e .. 

 ===
W

dxLHWxPWP   ]|[)( 000
                      ---- (i) 

To prove that W is unbiased, we have to show that: 

Power of W ≥ α      i.e.,     𝑃𝜃𝑖
(𝑊) ≥ 𝛼                     ---- (ii) 

We have: 

  kdxLkdxLWP
WW

==  01)(
1
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    [∵ On 𝑊′, 𝐿1 ≥ 𝑘 𝐿0  and Using (i)] 

i.e.,     𝑃𝜃1
(𝑊) ≥ 𝑘𝛼,    ∀ 𝑘 > 0                                      ---- (iii) 

Also 

1 − 𝑃𝜃1
(𝑊) = 1 − 𝑃(𝑥 ∈ 𝑊|𝐻1) = 𝑃(𝑥 ∈ 𝑊′|𝐻1) 

                                 dxL
W

 
'

1=  

           )|' :( 0

'

0 HWxxPkdxLk
W

=   

      [∵ On 𝑊′, 𝐿1 < 𝑘 𝐿0] 

= 𝑘[1 − 𝑃(𝑥: 𝑥 ∈ 𝑊| 𝐻0)] 

                                = 𝑘(1 −  𝛼)    [Using (i)] 

i.e.,  1 − 𝑃𝜃1
(𝑊) < 𝑘(1 −  𝛼), ∀ 𝑘 > 0                         ---- (iv) 

Case (i)  k ≥ 1. If k ≥ 1, then from (iii), we get 

 𝑃𝜃1
(𝑊) ≥ 𝑘𝛼 ≥ 𝛼 

⇒  W is unbiased CR. 

Case (ii) 0 < k < 1. If 0 < k < 1, then from (iv), we get: 

 1 − 𝑃𝜃1
(𝑊) < (1 −  𝛼) 

⇒            𝑃𝜃1
(𝑊)   > 𝛼  

⇒  W is unbiased CR. 

Hence MP critical region is unbiased. 

(ii) If W is UMPCR of size α then also the above proof holds if for 

θ1 we write θ such that θ ϵ ϴ1, So we have 

   𝑃𝜃(𝑊) > 𝛼, ∀ 𝜃 𝜖 Θ1 

⇒                   W is unbiased CR. 

 

   
 

Example 3.1. Given the frequency function : 

                𝑓(𝑥, 𝜃) =
1

𝜃
,   0 ≤ 𝑥 ≤ 𝜃 

                             = 0, elsewhere 



 

66 | P a g e  

 

and that you are testing the null hypothesis H0: θ = 1 against       

H1 : θ = 2, by means of a single observed value of x. What would 

be the sizes of the type I and type II errors, if you, choose the 

interval (i) 0·5 ≤ x, (ii) 1 ≤ x ≤ 1·5 as the critical regions? Also 

obtain the power function of the test. 

Sol: Here we want to test 

 H0: θ = 1, against H1 : θ = 2 

(i) Here W = {x : 0.5 ≤ x} = {x : x ≥ 0.5} 

and       𝑊̅ = {𝑥 ∶ 𝑥 ≤ 0.5} 

 𝛼 = 𝑃{𝑥 ∈ 𝑊 |𝐻0} = 𝑃{𝑥 ≥ 0.5|𝜃 = 1} 

                = 𝑃{0.5 ≤ 𝑥 ≤ 𝜃| 𝜃 = 1} = 𝑃{0.5 ≤ 𝑥 ≤ 1|𝜃 = 1} 

                = ∫ [𝑓(𝑥, 𝜃)]𝜃=2𝑑𝑥 = ∫ 1. 𝑑𝑥 = 0.5
1

0.5

1

0.5
 

Similarly, 

          𝛽 = 𝑃{𝑥 ∈  𝑊̅|𝐻1} = 𝑃{𝑥 ≤ 0.5|𝜃 = 2} 

              = ∫ [𝑓(𝑥, 𝜃)]𝜃=2𝑑𝑥
0.5

0
= ∫

1

2
𝑑𝑥 = 0.25

0.5

0
 

Thus the sizes of type I and type II errors are respectively 

 α = 0.5 and  β = 0.25 

and power function of the test = 1 – β = 0.75 

 (ii) W = {x : 1 ≤  x ≤ 1.5}  

       𝛼 = 𝑃{𝑥 ∈ 𝑊|𝜃 = 1} = ∫ [𝑓(𝑥, 𝜃)]𝜃=1𝑑𝑥
1.5

1
= 0, 

since under H0 : θ = 1, f(x, θ) = 0, for 1 ≤  x ≤ 1.5. 

 𝛽 = 𝑃{𝑥 ∈ 𝑊̅|𝜃 = 2} = 1 − 𝑃{𝑥 ∈ 𝑊|𝜃 = 2} 

     = 1 − ∫ [𝑓(𝑥, 𝜃)]𝜃=2𝑑𝑥
1.5

1
= 1 − |

𝑥

2
|
1

1.5

= 0.75 

∴ Power Function = 1 – β = 1 – 0.75 = 0.25. 

Example 3.2. Let p be the probability that a coin will fall head in 

a single toss in order to test  𝐻0: 𝑝 =
1

2
 against 𝐻1: 𝑝 =

3

4
. The coin 
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is tossed 5 times and Ho is rejected if more than 3 heads are 

obtained. Find the probability of type I error and power of the test. 

Sol: Here 

 𝐻0: 𝑝 =
1

2
 and 𝐻1: 𝑝 =

3

4
 

If the r. v. X denotes the number of heads in n tosses of a coin then 

X ~ B(n, p) so that 

𝑃(𝑋 = 𝑥) = (
𝑛
𝑥

) 𝑝𝑥(1 − 𝑝)𝑛−𝑥 

                                              = (
5
𝑥

) 𝑝𝑥(1 − 𝑝)5−𝑥               ---- (*) 

since n = S. (given). The critical region is given by 

 𝑊 = {𝑥 ∶ 𝑥 ≥ 4} ⇒  𝑊̅ = {𝑥 ∶ 𝑥 ≤ 3} 

            α = Probability of type I error 

    = P [X ≥ 4 | H0] 

   = 𝑃 [𝑋 = 4|𝑝 =
1

2
] + 𝑃[𝑋 = 5 |𝑝 =

1

2
] 

              = (
5
4

) (
1

2
)

4

(
1

2
)5−4 + (

5
5

) (
1

2
)

5

 

              = 5 (
1

2
)

5

+ (
1

2
)

5

= 6 (
1

2
)

5

=
3

16
 

   β = Probability of type II error 

      = 𝑃[𝑥 ∈ 𝑊̅|𝐻1] = 1 − 𝑃[𝑥 ∈ 𝑊|𝐻1] 

                 = 1 − (𝑃 [𝑋 = 4|𝑝 =
3

4
] + 𝑃 [𝑋 = 5 |𝑝 =

3

4
]) 

     = 1 − [(
5
4

) (
3

4
)

4

(
1

4
)5−4 + (

5
5

) (
3

4
)

5

] 

                 = 1 − (
3

4
)

4
{

5

4
+

3

4
} 

                  = 1 −
81

128
=

47

128
 

∴ Power of the test is 

             1 – β = 
81

128
. 
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Example 3.3. Let X have a p.d.f. of the form: 

𝑓(𝑥, 𝜃) =
1

𝜃
𝑒−𝑥𝑖𝜃; 0 < 𝑥 < ∞, 𝜃 > 0 

                                    = 0, elsewhere. 

To test H0 : θ = 2, against H1 : θ = 1. use the random sample x1, x2 

of size 2 and define a critical region: 

  W = {( x1, x2) : 9.5 ≤ x1+ x2}  

Find : (i) Power of the test. 

  (ii) Significance level of the test. 

Sol: We are given the critical region: 

  W = {( x1, x2) : 9.5 ≤ x1+ x2}= {( x1, x2) : x1+ x2 ≥ 9.5 } 

Size of the critical region i.e ., the significance level of the test is 

given by : 

  α = P(x ϵ W | H0) = P [x1 + x2 ≥ 9.5| H0]              ---- (*) 

In sampling from the given exponential distribution, 

               
2

𝜃
∑ 𝑥𝑖  ~ 𝜒(2𝑛)

2𝑛
𝑖=1   

⇒     𝑈 =
2

𝜃
(𝑥1 + 𝑥2) ~ 𝜒(4)

2   (n = 2). 

∴      𝛼 = 𝑃 [
2

𝜃
(𝑥1 + 𝑥2) ≥

2

𝜃
× 9.5|𝐻0]                    [From (*)] 

           = 𝑃[𝜒(4)
2 ≥ 9.5]  (∵ Under H0, θ = 2) 

⇒        𝛼 = 0.05         [From Probability Tables of χ2-distribution] 

Power of the test is given by 

     1 – β = P(x ϵ W | H1) = P [x1 + x2 ≥ 9.5| H1] 

 = 𝑃 [
2

𝜃
(𝑥1 + 𝑥2) ≥

2

𝜃
× 9.5|𝐻1]  

= 𝑃[𝜒(4)
2 ≥ 19]  (∵ Under H1, θ = 1) 

Example 3.4. Use the Neyman-Pearson Lemma to obtain the best 

critical region for testing θ= θ0 against ,θ = θ1 > θ0 and θ = θ1 < θ0, 

in the case of a normal population N( θ, σ2), where σ2 is known. 

Hence find the power of the test. 
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Sol: 

𝐿 = ∏ 𝑓(𝑥𝑖 , 𝜃)𝑛
𝑖=1 = (

1

𝜎√2𝜋
)

𝑛

𝑒𝑥𝑝 [−
1

2𝜎2
∑ (𝑥𝑖 − 𝜃)2𝑛

𝑖=1 ]  

Using Neyman-Pearson Lemma, the best critical region (B.C.R) is 

given by (for k > 0) 

 
𝐿1

𝐿0
=

𝑒𝑥𝑝[−
1

2𝜎2 ∑ (𝑥𝑖−𝜃1)2𝑛
𝑖=1 ]

𝑒𝑥𝑝[−
1

2𝜎2 ∑ (𝑥𝑖−𝜃0)2𝑛
𝑖=1 ]

≥ 𝑘 

⇒  𝑒𝑥𝑝 [−
1

2𝜎2
{∑ (𝑥𝑖 − 𝜃1)2 − ∑ (𝑥𝑖 − 𝜃0)2𝑛

𝑖=1
𝑛
𝑖=1 }] ≥ 𝑘  

⇒  𝑒𝑥𝑝 [−
𝑛

2𝜎2
(𝜃1

2 − 𝜃0
2) +

1

𝜎2
(𝜃1 − 𝜃0) ∑ 𝑥𝑖

𝑛
𝑖=1 ] ≥ 𝑘  

⇒             −
𝑛

2𝜎2
(𝜃1

2 − 𝜃0
2) +

1

𝜎2
(𝜃1 − 𝜃0) ∑ 𝑥𝑖

𝑛
𝑖=1 ≥ log 𝑘  

    (since log x is an increasing function of x) 

⇒ 𝑥̅(𝜃1 − 𝜃0) ≥
𝜎2

𝑛
log 𝑘 +

(𝜃1
2−𝜃0

2)

2
  

Case (i) If θ1 > θ0, the B.C.R. is determined by the relation (right-

tailed test) : 

               𝑥̅ >
𝜎2

𝑛

log 𝑘

(𝜃1−𝜃0)
+

(𝜃1+𝜃0)

2
 

i.e.,   𝑥̅ > 𝜆1, (say) 

∴ B.C.R. is        𝑊 =  {𝑥 ∶ 𝑥̅ > 𝜆1}      ---- (1) 

Case (ii) If θ1 < θ0, the B.C.R. is determined by the relation (left 

tailed test) : 

𝑥̅ <
𝜎2

𝑛

log 𝑘

(𝜃1 − 𝜃0)
+

(𝜃1 + 𝜃0)

2
 

i.e.,   𝑥̅ < 𝜆2, (say) 

∴ B.C.R. is        𝑊 =  {𝑥 ∶ 𝑥̅ ≤ 𝜆2}      ---- (2) 

 The constants λl and λ2 are so chosen as to make the 

probability of each of the relations (1) and (2) equal to α when the 

hypothesis Ho is true. The sampling distribution of 𝑥̅, when Hi is 
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true is 𝑁 (𝜃𝑖 ,
𝜎2

𝑛
), (i = 0, 1). Therefore the constants λl and λ2 are 

determined from the relations: 

 𝑃[𝑥̅ > 𝜆1|𝐻0] = 𝛼  and  𝑃[𝑥̅ < 𝜆2|𝐻0] = 𝛼 

∴    𝑃[𝑥̅ > 𝜆1|𝐻0] = 𝑃 [𝑍 >
𝜆1 − 𝜃0

𝜎 √𝑛⁄
] = 𝛼; 𝑍~𝑁(0, 1) 

⇒    
𝜆1−𝜃0

𝜎 √𝑛⁄
= 𝑧𝛼    ⇒    𝜆1 = 𝜃0 +

𝜎

√𝑛
𝑧𝛼                            ---- (3) 

where zα is the upper α-point of the standard normal variate given 

by                P(Z > zα) = α         ---- (*) 

Also   𝑃[𝑥̅ < 𝜆2|𝐻0] = 𝛼         ⇒        𝑃[𝑥̅ ≥ 𝜆2|𝐻0] = 1 − 𝛼     

⇒     𝑃 [𝑍 ≥
𝜆2−𝜃0

𝜎 √𝑛⁄
]  = 1 − 𝛼       ⇒    

𝜆2−𝜃0

𝜎 √𝑛⁄
= 𝑧1−𝛼     

  ⇒    𝜆2 = 𝜃0 +
𝜎

√𝑛
𝑧1−𝛼                            ---- (4) 

Note. By symmetry of normal distribution, we have z1 - α = - zα. 

 Power of the test. By definition, the power of the test in 

case (i) is :  

  1 − 𝛽 = 𝑃[𝑥 ∈ 𝑊|𝐻1] = 𝑃[𝑥̅ ≥ 𝜆1|𝐻1] 

           = 𝑃 [𝑍 ≥
𝜆1−𝜃1

𝜎 √𝑛⁄
]    [∵Under 𝐻1, 𝑍 =

𝑥̅−𝜃1

𝜎 √𝑛⁄
 ~𝑁(0, 1)] 

           = 𝑃 (𝑍 ≥
𝜃0+

𝜎

√𝑛
𝑧𝛼−𝜃1

𝜎 √𝑛⁄
)                              [Using (3)] 

           = 𝑃 [𝑍 ≥ 𝑧𝛼 −
𝜃1−𝜃0

𝜎 √𝑛⁄
]                (∵   𝜃1 > 𝜃0)      

           = 1 – P(Z ≤ λ3)        [𝜆3 = 𝑧𝛼 −
𝜃1−𝜃0

𝜎 √𝑛⁄
, (say)]

           = 1 − Φ(𝜆3),                                        ---- (5) 

where Φ(.) is the distribution function of standard normal variate. 

Similarly in case (ii), (θ1 < θ0), the power of the test is 

1 − 𝛽 = 𝑃[𝑥̅ ≥ 𝜆2|𝐻1] = 𝑃 (𝑍 <
𝜆2 − 𝜃1

𝜎 √𝑛⁄
) 
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     = 𝑃 (𝑍 <
𝜃0+

𝜎

√𝑛
𝑧1−𝛼−𝜃1

𝜎 √𝑛⁄
)                   [Using (4)] 

                   = 𝑃 [𝑍 < 𝑧1−𝛼 +
𝜃0−𝜃1

𝜎 √𝑛⁄
]   (∵   𝜃0 > 𝜃1)      

                = 1 − Φ(𝜆4),                                    ---- (6) 

where           𝜆4 = 𝑧1−𝛼 +
√𝑛(𝜃0−𝜃1)

𝜎
=

√𝑛(𝜃0−𝜃1)

𝜎
− 𝑧𝛼          ---- (7) 

 

Example 3.5. Examine whether a best critical region exists for 

testing the null hypothesis H0 : θ = θ0 a"gainst the ·alternative 

hypothesis HI : θ = θ1 > θ0 for the parameter θ of the distribution: 

  𝑓(𝑥, 𝜃) =
1+𝜃

(𝑥+𝜃)2 , 1 ≤ 𝑥 < ∞ 

Sol:   ∏ 𝑓(𝑥𝑖, 𝜃) = (1 + 𝜃)𝑛𝑛
𝑖=1 ∏

1

(𝑥𝑖+𝜃)2
𝑛
𝑖=1  

By Neyman-Pearson Lemma, the B.C.R. is given by 

         (1 + 𝜃1)𝑛 ∏
1

(𝑥𝑖+𝜃1)2 ≥ 𝑘𝑛
𝑖=1 (1 + 𝜃0)𝑛 ∏

1

(𝑥𝑖+𝜃0)2
𝑛
𝑖=1   

⇒ 𝑛 log(1 + 𝜃1) − 2 ∑ log(𝑥𝑖 + 𝜃1) ≥ log 𝑘 +𝑛
𝑖=1 𝑛 log(1 + 𝜃0) −

                                                                                      2 ∑ log(𝑥𝑖 + 𝜃0)𝑛
𝑖=1   

⇒ 2 ∑ log (
𝑥𝑖 + 𝜃0

𝑥𝑖 + 𝜃1
)

𝑛

𝑖=1

≥ log 𝑘 + 𝑛 log (
1 + 𝜃0

1 + 𝜃1
) 

Thus the test criterion is ∑ log (
𝑥𝑖+𝜃0

𝑥𝑖+𝜃1
)𝑛

𝑖=1 , which cannot be put in 

the form of a function of the, sample observations, not depending 

on the hypothesis. 

Hence no B.C.R. exists in this case. 
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UNIT – IV 

TEST OF SIGNIFICANCE (LARGE SAMPLE TESTS) 

4. 1. Sampling: 

  If the population is infinite, complete enumeration 

is not possible. Also if the units are destroyed in the course of 

inspection, (e.g., inspection of crackers, explosive materials, etc.), 

100% inspection, though possible, is not at all desirable. But even 

if the population is finite or the inspection is not destructive, 100% 

inspection is not taken recourse to because of multiplicity of 

causes, viz., administrative and financial implications, time factor, 

etc., and we take the help of sampling. 

 A finite subset of statistical individuals in a population is 

called a sample and the number of individuals in a sample is called 

the sample size. 

 

4.2. Types of Sampling: 

 Some of the commonly known and frequently used types 

,of sampling are : 

  (i) Purposive sampling.  

            (ii) Random sampling.                

            (iii) Stratified sampling,  

           (iv) Systematic Sampling. 

Below we will precisely explain these terms, without entering into 

detailed discussion. 

 

4.2.1. Purposive sampling: 

 It refers to a group of non-probability sampling techniques 

in which units are selected because they have characteristics that 

you need in your sample. In other words, units are selected “on 

purpose” in purposive sampling. 

https://www.scribbr.com/methodology/sampling-methods/
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4.2.2. Random sampling: 

 Random sampling is a method of choosing a sample of 

observations from a population to make assumptions about the 

population. It is also called probability sampling. The counterpart 

of this sampling is Non-probability sampling or Non-random 

sampling. The primary types of this sampling are simple random 

sampling, stratified sampling, cluster sampling, and multistage 

sampling. In the sampling methods, samples which are not 

arbitrary are typically called convenience samples. 

 

4.2.3. Stratified sampling: 

 Stratified sampling is a type of sampling method in which 

the total population is divided into smaller groups or strata to 

complete the sampling process. The strata is formed based on 

some common characteristics in the population data. After 

dividing the population into strata, the researcher randomly selects 

the sample proportionally. 

 

4.2.4. Systematic Sampling: 

 Systematic sampling is a probability sampling method where the 

researcher chooses elements from a target population by selecting 

a random starting point and selecting sample members after a 

fixed ‘sampling interval.’ 

  For example, in school, while selecting the captain of a 

sports team, most of our coaches asked us to call out numbers 

such as 1-5 (1-n) and the students with a random number decided 

by the coach. For instance, three would be called out as team 

captains. It is a non-stressful selection process for both the coach 
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and the players. There’s an equal opportunity for every member of 

a population to be selected using this sampling bias technique. 

4.3. Sampling Distribution of a Statistic: 

  If we draw a sample of size n from a given fInite 

population of size N, then the total number of possible samples is : 

 𝑁𝐶𝑛 =
𝑁!

𝑛!(𝑁−𝑛)!
= 𝑘, (say) 

      For each of these k sample we can compute some statistic t = 

t(x1, x2, ..., xn} in particular the mean 𝑥̅, the variance s2, etc., as 

given below: 

Sample 

Number 

Statistics 

t 𝑥̅ s2 

1 t1 𝑥̅1 s1
2 

2 t2 𝑥̅2 s2
2 

3 t3 𝑥̅3 s3
2 

. 

. 

. 

k 

. 

. 

. 

tk 

. 

. 

. 

𝑥̅𝑘 

. 

. 

. 

sk
2 

 

The set of the values of the statistic so obtained, one for each 

sample, constitutes what is called the sampling distribution of the 

statistic. For example, the values t1, t2, t3, …, tk determine the. 

sampling distribution of the statistic t. In other words, statistic t 

may be regarded as a random variable which can take the values t1, 

t2, t3, …, tk and we can compute the various statistical constants 

like mean, variance, skewness, kurtosis etc., for its distribution. 

For example, the mean agd variance of the sampling distribution of 

,the statistic t are given by : 

https://www.questionpro.com/blog/sampling-bias/
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 𝑡̅ =
1

𝑘
(𝑡1 + 𝑡2 + ⋯ + 𝑡𝑘) =

1

𝑘
∑ 𝑡𝑖

𝑛
𝑖=1  

           𝑉𝑎𝑟 (𝑡) =
1

𝑘
[(𝑡1 − 𝑡̅)2 + (𝑡2 − 𝑡̅)2 + ⋯ + (𝑡𝑘 − 𝑡̅)2 

                        =
1

𝑘
∑ (𝑡1 − 𝑡̅)2𝑛

𝑖=1  

 

4.4. Standard Error: 

 The standard deviation of the sampling distribution of a 

statistic is known as its Standard Error, abbreviated as S.E. The 

standard errors of some of the well known statistics, for large 

samples, are given below, where n is the sample size, σ2 the 

population variance, and P the population proportion, and Q = 1 –

P, nl and n2 represent, the sizes of two .independent random 

samples respectively drawn from the given population(s). 

S. 

No. 
Statistic Standard Error 

1. Sample mean : 𝑥̅ 𝜎 √𝑛⁄  

2. Observed sample proportion 'p' √𝑃𝑄 𝑛⁄  

3. Sample s.d. : s √𝜎2 2𝑛⁄  

4. Sample variance : s2 𝜎2√2 𝑛⁄  

5. Simple quartiles 1·36263 𝜎 √𝑛⁄  

6. Sample median 1.25331 𝜎 √𝑛⁄  

7. 
Sample correlation coefficient 

(r) 

(1 − 𝜌)2 √𝑛⁄  

ρ being a population 

correlation coefficient 

8. Sample moment μ3 𝜎3√96 𝑛⁄  

9. Sample moment μ4 𝜎4√96 𝑛⁄  

10. 
Sample coefficient of variation 

(v} 
𝑣

√2𝑛
√1 +

2𝑣3

104 =
𝑣

√2𝑛
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11. 
Difference of two sample means 

: (𝑥̅1 − 𝑥̅2) 
√

𝜎1
2

𝑛1
+

𝜎2
2

𝑛2
 

12. 
Difference of two sample s.d.'s : 

(s1 – s2) 
√

𝜎1
2

2𝑛1
+

𝜎2
2

2𝑛2
 

13.  
Difference of two sample 

proportions (P1 – p2) 
√

𝑃1𝑄1

𝑛1
+

𝑃2𝑄2

𝑛2
 

 

Remark on the Utility of Standard Error. S.E. plays a very 

important role in the ,large sample theory and forms the basis of 

the testing of hypothesis. If t is any statistic, then for large samples 

 𝑍 =
𝑡−𝐸(𝑡)

√𝑉(𝑡)
~𝑁(0, 1) 

           𝑍 =
𝑡−𝐸(𝑡)

𝑆.𝐸.(𝑡)
~𝑁(0, 1), for large samples. 

 

  CRITICAL VALUES (zα) OF Z 

Critical 

Values 
Level of significance (α) 

(zα) 1% 5% 10% 

Two-tailed test | Zα | = 2.58 | Zα | = 1.96 | Zα | = 1.645 

Right-tailed 

test 
Zα = 2.33 Zα = 1.645 Zα = 1.28 

Left-tailed test Zα = -2.33 Zα = -1.645 Zα = -1.28 

 

 
4.5. Test of Significance for Large Samples: 

  In this section we will discuss the tests of 

significance when samples are large. We have seen that for large 

values of n, the number of trials, almost all the distributions, e.g., 
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binomial. Poisson negative binomial, etc., are very closely 

approximated by normal distribution. Thus in this case we apply 

the normal test, which is based upon the following fundamental 

property (area property) of the normal probability curve. 

 If X ~ N(μ, σ2), then 𝑍 =
𝑋−𝜇

𝜎
=

𝑡−𝐸(𝑡)

√𝑉(𝑡)
~𝑁(0, 1) 

Thus from the normal probability tables, we have 

 P(-3 ≤ Z ≤ 3) = 0.9973, i.e., P( | Z | ≤ 3) = 0.9973 

⇒         P(| Z | ≤ 3) = 1 – P(| Z | ≤ 3) =  0.0027                ---- (1) 

i.e., in all probability we should expect a standard normal variate 

to lie between ± 3. 

Also from the normal probability tables, we get 

P(-1·96 ≤ Z ≤ 1.96) = 0·95 i.e:, P (I Z | ≤ 1·96) = 0·95 

⇒     P(I Z | > 1·96) = 1 - 0·95 = 0·05                 ---- (1a) 

and                 P (I Z 1 ≤ 2·58) = 0·99 

⇒     P (| Z | > 2·58) = 0·01                                  ---- (1b) 

Thus the significant values of Z at 5% and 1% level of significance 

for a two tailed test are 1·96 and 2·58 respectively.       

      

4.6. Test for Single Proportion.  

 If X is the number of successes in r. independent trials with 

constant probability P of success for each trial. 

 E(X) = nP      and      V(X) = nPQ, 

where Q = 1 - P, is the probability of failure. 

 It has been proved that for large n, the binomial distribution 

tends to normal distribution. Hence for large n, X ~ N (nP, nPQ) 

i.e.,   

                   𝑍 =
𝑡−𝐸(𝑋)

√𝑉(𝑋)
=

𝑋−𝑛𝑃

√𝑛𝑃𝑄
~𝑁(0, 1)          ---- (1) 

and we can apply the normal test. 

Remarks. 1. In a sample of size n, let X be the number of persons' 
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possessing the given attribute. Then  

 Observed proportion of successes = X/n = p, (say). 

∴    𝐸(𝑝) = 𝐸 (
𝑋

𝑛
) =

1

𝑛
𝐸(𝑋) =

1

𝑛
𝑛𝑃 = 𝑃 

⇒                                                 𝐸(𝑝) = 𝑃                       ---- (1a) 

Thus the sample proportion 'p' gives an unbiased estimate of the 

population proportion P. 

Also     𝑉(𝑝) = 𝑉 (
𝑋

𝑛
) =

1

𝑛2 𝑉(𝑋) =
1

𝑛2 𝑛𝑃𝑄 =
𝑃𝑄

𝑛
  

∴                              𝑆. 𝐸. (𝑝)  =  √𝑃𝑄 𝑛⁄                       ---- (1b) 

Since X and consequently X/n is asymptotically normal for large n, 

the normal test for the proportion of successes becomes 

                    𝑍 =  
𝑝−𝐸(𝑝) 

𝑆.𝐸.  (𝑝)
=

𝑝−𝐸(𝑝) 

√𝑃𝑄 𝑛⁄  
~ − 𝑁(0, 1)      ---- (1c) 

2. If we have sampling from a finite population of size N, then 

  𝑆. 𝐸. (𝑝)  =  √(
𝑁−𝑛

𝑁−1
) .

𝑃𝑄

𝑛
                   ---- (1d) 

3. Since the probable limits for a normal variate X are 𝐸(𝑋)  ±

 3  √𝑉(𝑋) , the probable limits for the observed proportion of 

successes are : 

𝐸(𝑝) ±  3 𝑆. 𝐸. (𝑝), 𝑖. 𝑒 . , 𝑃 ±  3  √𝑃𝑄𝑙𝑛 . 

If P is not known then taking p (the sample proportion) as an 

estimate of P, the probable limits for the proportion in the 

population are: 

                  𝑝 ±  3 √ 𝑝𝑞/𝑛                            ---- (1e) 

However, the limits for P at level of significance a are given by : 

       𝑝 ±  𝑧𝛼  √ 𝑝𝑞/𝑛                            ---- (1f) 

where zα  is the significant value of Z at level of significance α. 

In particular 95% confidence limits for P are given by : 

      𝑝 ±  1.96 √ 𝑝𝑞/𝑛                            ---- (1g) 
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and 99% Confidence limits for P are given by 

       𝑝 ±  2.58 √ 𝑝𝑞/𝑛                            ---- (1h) 

 

Example 12·1. A dice is thrown 9,000 times and a throw of  3 or 4 

is observed 3.240 times. Show that the dice cannot be regarded as 

an unbiased one and find the limits between which the probability 

of a throw of 3 or 4 lies. 

Sol:  If the coming of 3 or 4 is called a success, then in usual 

notations we are given 

 n = 9,000;  X = Number of successes = 3,240 

Under the null hypothesis (H0) that the dice is an unbiased one, we 

get 

P = Probability of success = Probability of getting a 3 ot 4 = 
1

6
 +

 
1

6
  =

1

3
  

Alternative hypothesis, H1 : p ≠ 
1

3
  (i.e., dice is biased). 

We have   𝑍 =
𝑋−𝑛𝑃

√𝑛𝑃𝑄
~𝑁(0, 1)   since n is large. 

Now  𝑍 =
3240−9000×1/3

√9000×(1 3⁄ )×(2 3⁄ )
=

240

√2000
=

240

44.73
= 5.36 

Since | Z | > 3. H0 is rejected and we conclude that the dice is 

almost certainly biased. 

Since dice is not unbiased. P ≠ 
1

3
. The probable limits for ‘P’ are 

given by : 

 𝑃̂  ±  3  √𝑃̂𝑄̂/𝑛  =  𝑝 ±  3  √𝑝𝑞/𝑛 , 

where 𝑃 ̂ =  𝑝 =  
3240

9000
 = 0·36 and Q = q = 1 - p = 0-64. 

Hence the probable limits for the population proportion of 

successes may be taken as 
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𝑃̂  ±  3 √𝑃̂𝑄̂/𝑛  =  0.36 ±  3 √
0.36 × 0·64 

9000
=  0.36 ±  3 ×

 0·6 × 0·8

30√10
  

                      =  0 · 360 ± 0 · 015 =  0 · 345 𝑎𝑛𝑑 0 · 375. 

 Hence the probability of getting 3 or 4 almost certainly lies 

between 0·345 and 0·375. 

 

Example 4·2.  A random sample of 500 'pineapples was taken 

from a large consignment and 65 were found to be bad. Show that 

the S.E. of the proportion of bad ones in a sample of this size is 

0·015 and deduce that the percentage of bad pineapples in the 

consignment almost certainly lies between 8·5 and 17·5. 

Sol:  Here we are given n = 500 

 X = Number of bad pineapples in the sample = 65 

 p = Proportion of bad pineapples in the sample = 
65

500
= 0·13 

 ∴ q = 1 - p = 0·87 

Since P, the proportion of bad pineapples in the consignment is not 

known, we may take (as in the last example) 

𝑃̂  =  𝑝 =  0 · 13,       𝑄̂  =  𝑞 =  0 · 87 

S.E. of proportion = √𝑃̂𝑄̂/𝑛  = √0.13 × 0.87/500   = 0·015 

Thus, the limits for the proportion of bad pineapples in the 

consignment are : 

𝑃̂  ±  3 √𝑃̂𝑄̂/𝑛  =  0 · 130 ±  3 ×  0 · 015 =  0 · 130 ±
                                                                     0.045 =. (0 · 085, 0 · 175)  

Hence the percentage of bad pineapples in the consignment lies 

almost certainly between 8·5 and 17·5. 

 

Example 4·3.  In a sample of 1,000 people in Maharashtra, 540 

are rice eaters and the ,rest are wheal eaters. Can we assume that 
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both rice and wheat are equally popular in this State at 1% level of 

significance? 

Sol: In the usual notations we are given n = 1,000 

 X = Number of rice eaters = 540 

∴    p = Sample proportion of rice eaters = 
𝑋

𝑛
 = 

540

1000
= 0·54 

Null Hypothesis, H0: Both rice and wheat are equally popular in 

the State so that 

    P = Population proportion of rice eaters in Maharashtra = 0·5 

⇒     Q = 1 – P = 0·5 

Alternative Hypothesis, H1 : P ≠ 0·5 (two-tailed alternative). 

Test Statistic. Under H0, the test statistic is 

 𝑍 =  
𝑝−𝑃

√𝑃𝑄 𝑛⁄
 ~ 𝑁 (0, 𝐼), (since n is large). 

Now     𝑍 =  
0·54 − 0·50

√0.5×0.5 1000⁄
 =  

0·04 

0.0138
=  2.532 

Conclusion. The significant or critical value of Z at 1 % level of 

significance for two-tailed test is 2·58. Since computed Z = 2·532 

is less than 2·58, it is not significant at 1 % level of significance. 

Hence the null hypothesis is accepted and we may conclude that 

rice and wheat are equally popular in Maharashtra State. 

 

4.7. Test of Significance for Difference of Proportions: 

 Suppose we want to compare two distinct populations with 

respect to the prevalence of a certain attribute, say A, among their 

members. Let X1, X2 be the number of persons possessing the 

given attribute A in random samples of sizes n1 and n2 from the 

two populations respectively. Then sample proportions are given 

by    

 𝑝1 = 𝑋1 𝑛1⁄     and     𝑝2 = 𝑋2 𝑛2⁄  

If P1 and P2 are the population proportions. then 
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 𝐸(𝑝1) = 𝑃1,       𝐸(𝑝2) = 𝑃2 

and      𝑉(𝑝1) =
𝑃1𝑄1

𝑛1
     and    𝑉(𝑝2) =

𝑃2𝑄2

𝑛2
 

Since for large samples, p1 and p2 are asymptotically nonnally 

distributed, (p1 – p2) is also normally distributed. Then the standard 

variable corresponding to the difference (p1 – p2) is given by  

𝑍 =
(𝑝1 − 𝑝2) − 𝐸(𝑝1 − 𝑝2)

√𝑉(𝑝1 − 𝑝2)
~𝑁(0, 1) 

Under the null hypothesis H0 : P1 = P2, i.e . there is no significant 

difference between the sample proportions, we have 

 E(p1 – p2) = E(p1) -  E(p2) = P1 – P2 = 0             (Under H0) 

Also  V(p1 – p2) = V(p1) +  V(p2), 

the covariance term Cov(p1, p2) vanishes, since sample proportions 

are independent, 

∴         𝑉(𝑝1 − 𝑝2) =
𝑃1𝑄1

𝑛1
+

𝑃2𝑄2

𝑛2
= 𝑃𝑄 (

1

𝑛1
+

1

𝑛2
), 

since under H0: P1 = P2 == P, (say), and Q1 = Q2 = Q. 

 Hence under H0: P1 = P2, the test statistic for the difference 

of proportions becomes 

  𝑍 =
𝑝1−𝑝2

√𝑃𝑄(
1

𝑛1
+

1
𝑛2

)

~𝑁(0, 1)                               ---- (1) 

In general, we do not have any information as to the proportion ,of 

A's in the populations from which the samples have been taken. 

Under H0: P1 = P2= P. (say), an unbiased estimate of the 

population proportion P, based on both the samples is given by 

  𝑃̂ =
𝑛1𝑝1+𝑛2𝑝2

𝑛1+𝑛2
=

𝑋1+𝑋2

𝑛1+𝑛2
                                   ---- (1a)                 

The estimate is unbiased, since 

   𝐸(𝑃̂) =
1

𝑛1+𝑛2
𝐸[𝑛1𝑝

1
+ 𝑛2𝑝

2
] =

1

𝑛1+𝑛2
[𝑛1𝐸(𝑝

1
) + 𝑛2𝐸(𝑝

2
)]    

            =
1

𝑛1+𝑛2
[𝑛1𝑝

1
+ 𝑛2𝑝

2
] = 𝑃                 [∵ P1 = P2 = P, under H0] 
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Thus (1) along with (1a) gives the requ1red test statistic. 

 

Example 4·4.  A company has the head office at Calcutta and a 

branch at Bombay. The personnel director wanted to know if the 

workers at the two places would like the introduction of a new 

plan of work and a survey was conducted for this purpose. Out of 

a sample of 500 workers at Calcutta, 62% favored the new plan. 

At Bombay out of a sample of 400 workers, 41% were against the 

new plan. Is there any significant difference between the two 

groups in their attitude towards the new plan at 5% level 7? 

Sol: In the usual notations, we are given : 

 n1 = 500. p1 = 0·62 and n2= 400, p2 = 1 - 041 = 0·59 

Null hypothesis, H0 : P1 = P2,  i.e.. there is no significant difference 

between the two groups in their attitude towards the new plan. 

Alternative hypothesis, H1: P1 ≠ P2 (Two-tailed). 

Test Statistic. Under H0. the test statistic for large samples is : 

𝑍 =
𝑝1 − 𝑝2

𝑆. 𝐸. (𝑝1 − 𝑝2)
=

𝑝1 − 𝑝2

√𝑃̂𝑄̂ (
1
𝑛1

+
1
𝑛2

)

~𝑁(0, 1) 

where       𝑃̂ =
𝑛1𝑝1+𝑛2𝑝2

𝑛1+𝑛2
=

500×0.62+400×0.59

500+400
= 0.607 

and            𝑄̂ = 1 − 𝑃̂ = 0.393 

∴           𝑍 =
0.62−0.59

√0.607×0.393×(
1

500
+

1

400
)

=
0.03

√0.00107
=

0.03

0.0327
= 0.917.      

Critical region. At 5% level of significance. the critical value of Z 

for a two-tailed test is 1·96. Thus the critical region consists of all 

values of Z ≥ 1.96 or  Z ≤ -1·96. 

Conclusion. Since the calculated value of | Z | = 0·917 is less than 

the critical value of Z (1.96), it is not Significant at 5% level of 

significance. Hence the data do not provide us any evidence 

against the null hypothesis which may be accepted, and we 
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conclude that there is no significant difference between the two 

groups in their attitude towards the new plan. 

 

Example 4.5. A cigarette manufacturing firm claims that its brand 

A of the cigarettes outsells its brand B by 8%. If it is found that 42 

out of a sample of 200 smokers prefer brand A and 18 out of 

another random sample of 100 smokers prefer brand B. test 

whether the 8% difference is a valid claim. (Use 5% level of 

significance.) 

Solution. We are given.: 

 𝑛1  =  200, 𝑋1 =  42       ⇒     𝑝1 =
𝑋1

𝑛1
=

42

200
= 0.21 

            𝑛2  =  100, 𝑋2 =  18       ⇒     𝑝2 =
𝑋2

𝑛2
=

18

100
= 0.18 

 

 We set up the Null Hypothesis that 8% difference in the 

sale of two brands of cigarettes is a valid claim,                           

i.e., H0: P1 - P2 = 0·08. 

Alternative Hypothesis: H1 : P1 - P2 ≠ 0·08 (Two-tailed). 

Under H0, the test statistic is (since samples are large) 

 𝑍 =
(𝑝1−𝑝2)−𝐸(𝑝1−𝑝2)

√𝑃𝑄̂̂(
1

𝑛1
+

1

𝑛2
)

~𝑁(0, 1) 

where   𝑃̂ =
𝑋1+𝑋2

𝑛1+𝑛2
=

42+18

200+100
=

60

300
= 0.20 ⇒ 𝑄̂ = 1 − 𝑃̂ = 0.80 

∴  𝑍 =
(0.21 − 0.18) − (0.08)

√0.2 × 0.8 (
1

200 +
1

100)

=
−0.05

√0.16 (
1

200 +
1

100)

 

                 
−0.05

√0.0024
=

−0.05

0.04899
= −1.02 

 Since I Z I = 1·02 < 1·96, it is not significant at 

5% level of significance. Hence null hypothesis may be retained at 

5% level of significance and we may conclude that a difference of 
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8% in the sale of two brands of cigarettes is a valid claim by the 

firm. 

 

4.8. Test of Significance for Single Mean.  

 We have proved that if xi, (i = 1, 2, ... , n) is a random 

sample of size n from a normal population with mean μ and 

variance σ2, then the sample mean is distributed normally with 

mean μ and variance σ2/n, i.e., 𝑥̅~𝑁(𝜇, 𝜎2 𝑛⁄ ). However, this 

result holds, i.e., 𝑥̅~𝑁(𝜇, 𝜎2 𝑛⁄ ), even in random sampling from 

non-normal population provided the sample size n is large.  

 Thus for large samples, the standard normal variate 

corresponding to 𝑥̅ is : 

𝑍 =
𝑥̅ − 𝜇

𝜎 √𝑛⁄
 

Under the null hypothesis. H0 that the sample has been drawn from 

a population with mean μ and variance σ2, i.e., there is no 

significant difference between the sample mean (𝑥̅) and population 

mean (μ), the test statistic (for large samples), is : 

                                           𝑍 =
𝑥̅−𝜇

𝜎 √𝑛⁄
                    

 

Example 4.6. A sample of 900 members has a mean 3·4 cms,. and 

s.d. 2·61 cms. Is the sample from a large population of mean 3·25 

cms. and s.d. 2·61cms. ? 

 If the population is normal and its mean is unknown, find 

the 95% and 98% fiducial limits of true mean. 

 

Sol: Null hypothesis, (H0): The sample has been drawn from the 

population with mean μ = 3·25 cms., and S.D. σ = 2·61 cms. 

Alternative Hypothesis, H1 : μ ≠ 3·25 (Two-tailed). 
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Test Statistic. Under H0. the test statistic is : 

  𝑍 =
𝑥̅−𝜇

𝜎 √𝑛⁄
~𝑁(0, 1)     (since n is large) 

Here, we are given 

     𝑥̅ = 34 cms., n = 900 cms., μ. = 3·25 cms. and σ = 2·61 cms. 

𝑍 =  
3.40 − 3.25

2.61 √900⁄
 =  

0.15 × 30

2.61
 =  1 · 73 

Since | Z | < 1·96, we conclude that the data don't provide us any 

evidence against the null hypothesis (H0) which may, therefore, be 

accepted at 5% level of significance. 

95% fiducial limits for the population mean μ are : 

 𝑥̅ ±  1 · 96 𝜎/√𝑛  ⇒  3.40 ±  1 · 96 ×  2.61/ √900 

⇒        3 · 40 ±  0 · 1705, 𝑖. 𝑒. . 3 · 5705 𝑎𝑛𝑑 3 · 2295 

98% fiducial limits for μ are given by : 

𝑥̅  ±  2 · 33 
𝜎

√𝑛
, 𝑖. 𝑒. , 3 · 40 ±  2 · 33 ×  

2.61

30
 

⇒    340 ±  0 · 2027 𝑖. 𝑒. , 3 · 6027 𝑎𝑛𝑑 3 · 1973 

 

Example 4.7. An insurance agent has claimed that the average 

age of policyholders who insure through him is less than the 

average for all agents, which is 30·5 years.  

 A random sample of 100 policyholders ,who had insured 

through him gave the following age distribution : 

 

Age last birthday                            No. of persons 

16--20 12 

21--25 22 

26--30 20 

31--35 30 

36--40 16 
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Calculate the arithmetic mean and standard deviation ojthis 

distribution and use these values to test his claim at the 5% level of 

significance. You are given that Z (1·645) = 0·95. 

 

Sol: Null Hypothesis, H0 : μ = 30·5 years, i.e.. the sample mean(𝑥̅) 

and population mean (μ) do not differ significantly. 

Alternative Hypothesis. H1: μ < 30·5 years (Left-tailed alternative). 

ar 

 CALCULATIONS FOR SAMPLE MEAN AND S.D. 

Age last 

birthday 

No. of 

persons(f) 

Mid-

point x 
𝑑 =

𝑥−28

5
  fd fd2 

16-20 12 18 -2 -24 48 

21-25 22 23 -1 -22 22 

26-30 20 28 0 0 0 

31-35 30 33 1 30 30 

36-40 16 38 2 32 64 

Total N = 100   
∑fd = 

16 

∑fd2= 

164 

𝑥̅ = 28 +
5×16

100
= 28.8 years 𝑠 = 5 × √164

100
− (

16

100
)

2

= 6.35 years. 

Since the sample is large, 𝜎̂ = s = 6·35 years. 

Test Statistic. Under H0, the test statistic is 

𝑍 =
𝑥̅−𝜇

√𝑠2 𝑛⁄
~ 𝑁(0, 1),       (since sample is large). 

Now 𝑍 =
28.8−30.5

√6.352 100⁄
=

−1.7
6.35

√100

=
−1.7

0.635
= −2.681 

Conclusion. Since computed value of Z = -2·681 < -1·645 or           

| Z | = 2·681 > 1·645, it is significant at 5% level of significance. 

Hence we reject the null hypothesis Ho (Accept H t ) at 5% level 

of significance and conclude that the insurance agent's claim that 
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the average age of policyholders who insure through him is less 

than the average for all agents, is valid. 

 

Example 4.8. The standard deviation of a population is 2·70 

inches. Find the probability that in a random sample of size 66    

(i) the sample mean will differ from the population mean by 0·75 

inch or more and (ii) the sample mean will exceed the population 

mean.by 0·75 inch or more (given that the value of the standard 

normal probability integral from 0 to 2·25 is 04877). 

Sol: Here we are given n = 66, σ = 2·70 inches. Since n is large, 

the sample mean 𝑥̅~𝑁(𝜇, 𝜎2 𝑛).⁄  

∴                   𝑍 =
𝑥̅−𝜇

𝜎 √𝑛⁄
~ 𝑁(0, 1)                                   ---- (*) 

We want 

(i) 𝑃[|𝑥̅ − 𝜇| ≥ 0.75] = 1 − 𝑃[𝑥̅ − 𝜇| < 0.75] 

          = 1 − 𝑃 [|
𝜎

√𝑛
𝑍| < 0.75]        [From (*)] 

          = 1 − 𝑃 [|𝑍| < 0.75
√𝑛

𝜎
]     

          = 1 − 2𝑃 [0 < 𝑍 < 0.75
√𝑛

𝜎
]     

          = 1 − 2𝑃 [0 < 𝑍 < 0.75
√66

2.70
]     

          = 1 − 2𝑃 [0 < 𝑍 <
0.75×8.124

2.70
]     

          = 1 − 2𝑃[0 < 𝑍 < 2.25] 

                                           = 1 − 2 × 0.4877 = 0.0246   

(i) 𝑃[𝑥̅ − 𝜇 > 0.75] = 𝑃 [𝑍 > 0.75
√𝑛

𝜎
] = 𝑃(𝑍 > 2.25)      

        = 0.5 – P(0 < Z < 2.25)  

        = 0.5 – 0.4877 = 0.0123 
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Example 4.9. The guaranteed average life of a certain type of 

electric light bulbs is 1000 hours with a standard deviation of 125 

hours. It is decided to sample !he output so as to ensure that 90 

percent of the bulbs 40 not/all short of the guaranteed average by 

more than 2·5 per cent. What must be the minimum size of the 

sample ? 

Sol: Here μ = 1000 hours, σ = 125 hours. 

Since we do not want the sample mean to be less than the 

guaranteed average mean (μ = 1000) by more than 2·5%, we 

should have 

𝑥̅ >  1000 −  2 · 5% 𝑜𝑓 1000 ⇒  𝑥̅ >  1000 −  25 =  975 
Let n be the given sample size. Then 

  𝑍 =
𝑥̅−𝜇

𝜎 √𝑛⁄
~ 𝑁(0, 1),   since sample is large. 

We want          𝑍 =
𝑥̅−𝜇

𝜎 √𝑛⁄
>

975−1000

125 √𝑛⁄
> −

√𝑛

5
               (∵ 𝑥̅ > 975) 

According to the given condition, we have 

𝑃(𝑍 >  −  √𝑛𝑙5 )  =  0 · 90 ⇒  𝑃(0 <  𝑍 <  √𝑛𝑙5 )  =  0.40 

∴            √𝑛𝑙5  =  1 · 28                (From Normal Probability Tables) 

⇒  𝑛 = 25 × (1.28)2 = 41 (approx)  

 

4.9.. Test of Significance for Difference of Means.  

 Let 𝑥̅1 be the mean of a random sample of size nl from a 

population with mean μ1 and variance σ1
2 and let 𝑥̅2  be the mean 

of an independent random sample of size n2 from another 

population with mean μ2 and variance σ2
2. Then, since sample 

sizes are large, 

 𝑥̅1 ~ 𝑁(𝜇1,  𝜎1
2/𝑛1)     𝑎𝑛𝑑      𝑥̅2 ~ 𝑁(𝜇2,  𝜎2

2/𝑛2) 

Also 𝑥̅1 −  𝑥̅2, being the difference of two independent normal 

variates is also a normal variate. The Z (S.N. V.) corresponding to 

𝑥̅1 −  𝑥̅2 is given by 
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                 𝑍 =
(𝑥̅1− 𝑥̅2)−𝐸(𝑥̅1− 𝑥̅2)

𝑆.𝐸.(𝑥̅1− 𝑥̅2)
~𝑁(0, 1) 

Under the null hypothesis H0 : μ1 = μ2, i.e., there ·is no significant 

difference between the sample means, we get 

 𝐸(𝑥̅1 −  𝑥̅2) = 𝐸(𝑥̅1) − 𝐸( 𝑥̅2) = 𝜇1 − 𝜇2 = 0;  

𝑉 (𝑥̅1 −  𝑥̅2) =  𝑉(𝑥̅1) +  𝑉( 𝑥̅2) =
𝜎1

2

𝑛1
+  

𝜎2
2

𝑛2
, 

the covariance term vanishes, since the sample means 𝑥̅1 and  𝑥̅2 

are independent. 

 Thus under H0 : μ1 = μ2, the test statistic becomes (for large 

samples), 

𝑍 =
(𝑥̅1 −  𝑥̅2) − 𝐸(𝑥̅1 −  𝑥̅2)

√(𝜎1
2 𝑛1⁄ ) + (𝜎2

2 𝑛2⁄ )
~𝑁(0, 1) 

 

Example 4.10. In a survey of buying habits, 400 women shoppers 

are chosen at random in super market 'A' located in a certain 

section of the city. Their average weekly food expenditure is Rs. 

250 with a standard deviation of Rs. 40. For 400 women shoppers 

chosen at random in super market 'B' in another section of the city. 

the average weekly food expenditure is Rs. 220 with a standard 

deviation of Rs. 55. Test at 1% level of significance whether the 

average weekly food expenditure of the two populations of 

shoppers are equal. 

Sol: In the usual notations. we are given that 

𝑛1  =  400, 𝑥̅1  =  𝑅𝑠. 250, 𝑠1  =  𝑅𝑠. 40 
𝑛2 =  400, 𝑥̅2  =  𝑅𝑠. 220           𝑠2 =  𝑅𝑠. 55 

Null hypothesis. H0 : μ1 = μ2, i.e.. the average weekly food 

expenditures of the two populations of shoppers are equal. 

Alternative Hypothesis. H1 : μ1 ≠  μ2. (Two-tailed) 
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Test Statistic. Since samples· are large, under H0, the test statistic 

is 

𝑍 =
(𝑥̅1 −  𝑥̅2)

√(𝜎1
2 𝑛1⁄ ) + (𝜎2

2 𝑛2⁄ )
~𝑁(0, 1) 

 

Since σ1 and σ2 the population standard deviations are not-known, 

we can take for large samples: 

𝜎̂1
2 =  𝑠1

2 𝑎𝑛𝑑 𝜎̂2
2 =  𝑠2

2  

and then Z is given by, 

𝑍 =
𝑥̅1− 𝑥̅2

√(𝑠1
2 𝑛1⁄ )+(𝑠2

2 𝑛2⁄ )
=

250−220

√((40)2 400⁄ )+((55)2 400⁄ )
= 8 · 82 (approx.) 

Conclusion. Since | Z | is much greater than 2·58, the null 

hypothesis (μ1 = μ2) is rejected at 1 % level of significance and we 

conclude that the average weekly expenditures of two populations 

of shoppers in markets A and B differ significantly. 

 

Example 4.11. The average hourly wage of a sample of 150 

workers in a plant 'A' was Rs. 2·56 with a standard deviation of 

Rs. 1·08. The average wage of a sample of 200 workers in plant 'B' 

was Rs. 2·87 with a standard deviation of Rs. 1·28. Can an 

.applicant safely assume that the hourly wages paid by plant 'B' 

are higher than those paid by plant ‘A' ? 

Sol:  Let Xl and X2 denote the hourly wages (in Rs.) of workers in 

plant A and plant B respectively. Then we are given: 

nl = 150, Xl = 2·56, Sl = 1·08 = ~l 

𝑛1  =  150, 𝑥̅1  =  2.56, 𝑠1  =  1.08 = 𝜎̂1 
𝑛2 =  200, 𝑥̅2  =  2.87,           𝑠2 =  1.28 = 𝜎̂2 

Null hypothesis, H0 : μ1 = μ2, i.e., there is no significant difference 

between the mean level of wages of workers in plant A and plant 

B.  

Alternative hypothesis H0 : μ2 > μ1, i.e., μ1 < μ2, (Left-tailed test) 
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Test Statistic. Under H0, the test statistic (for large samples) is : 

               𝑍 =
(𝑥̅1− 𝑥̅2)

√(𝜎1
2 𝑛1⁄ )+(𝜎2

2 𝑛2⁄ )
=

𝑥̅1− 𝑥̅2

√(𝑠1
2 𝑛1⁄ )+(𝑠2

2 𝑛2⁄ )
~𝑁(0, 1)  

∴         𝑍 =
(𝑥̅1 −  𝑥̅2)

√((1.08)2 150⁄ ) + ((1.28)2 200⁄ )
 

   =
−0.31

√0.016
=

−0.31

0.126
= −2.46. 

 

Critical region. For a one-tailed test, the critical value of Z at 5% 

level of significance is 1·645. The critical region for left-tailed test 

thus consists of all values of Z ≤ - 1·645. 

Conclusion. Since calculated value of Z (-2.46) is less than critical 

value (-1·645), it is significant at 5% level of significance. Hence 

the null hypothesis is rejected at 5% level of significance and we 

conclude that the average hourly wages paid by plant 'B' are 

certainly higher than those paid by plant 'A'. 
 

Example 4.12: In a certain factory there are two independent 

processes manufacturing the same item. The average weight in a 

sample of 250 items produced from one process is found to be 120 

ozs. with a standard deviation of 12 ozs. while the corresponding 

figures in a sample of 400 items from the other process are 124 

and 14. Obtain the standard error of difference between the two 

sample means: Is this difference significant? Also find the 99% 

confidence limits for the difference in the average weights of items 

produced by the two processes respectively. 

Sol: We have 

𝑛1  =  250, 𝑥̅1  =  120 𝑜𝑧., 𝑠1  =  12 𝑜𝑧. = 𝜎̂1

𝑛2 =  400, 𝑥̅2  =  124 𝑜𝑧., 𝑠2 =  14 𝑜𝑧. = 𝜎̂2
},   

             (since samples are large). 

𝑆. 𝐸. (𝑥̅1 −  𝑥̅2) = √(𝜎1
2 𝑛1⁄ ) + (𝜎2

2 𝑛2⁄ ) = √(𝑠1
2 𝑛1⁄ ) + (𝑠2

2 𝑛2⁄ )  
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 = √(144 250⁄ ) + (196 400⁄ ) = √(0.576) + (0.490) = 1.034 

Null Hypothesis, H0 : μ1 = μ2, i.e.. the sample means do not differ 

significantly. 

Alternative Hypothesis. H1 : μ1 ≠μ2, (Two-tailed). 

Test Statistic. Under H0, the test statistic is : 

 𝑍 =
(𝑥̅1− 𝑥̅2)

𝑆.𝐸.(𝑥̅1− 𝑥̅2)
=

120−124

1.034
~𝑁(0, 1) 

∴          |𝑍| =
4

1.034
= 3.87  

Conclusion. Since | Z | > 3, the null hypothesis is rejected and we 

conclude that there is significant difference between the sample 

means. 

 99% confidence limits for | μ1 - μ2 |, i.e., for the difference 

in the average weights of items produced by two processes, are  

|𝑥̅1 −  𝑥̅2| ± 2.58𝑆. 𝐸. (𝑥̅1 −  𝑥̅2) = 4 ± 2.58 × 1.034 

                        = 4 ± 2·67 (approx.) = 6·67 and 1·33 

∴      1 · 33 <  |𝜇1 −  𝜇2| < 6 · 67 

 

4·10. Test of Significance for the Difference of Standard 

Deviations.  

 If s1 and s2 are the standard deviations of two independent 

samples, then under null hypothesis, H0 : σ1 = σ 2, i.e., the sample 

standard deviations don’t differ significantly, the statistic 

        𝑍 =
𝑠1− 𝑠2

𝑆.𝐸.(𝑠1− 𝑠2)
~𝑁(0, 1) for large samples. 

But in case of large samples, the S.E of the difference of the 

sample standard deviations is given by, 

𝑆. 𝐸. (𝑠1 −  𝑠2) = √
𝜎1

2

2𝑛1
+

𝜎2
2

2𝑛2
 

 ∴                                                  𝑍 =
𝑠1− 𝑠2

√(
𝜎1

2

2𝑛1
+

𝜎2
2

2𝑛2
)

~𝑁(0, 1)       ---- (1) 



 

94 | P a g e  

 

σ1
2 and σ2

2 are usually unknown and for large samples, we use 

their estimates given by the corresponding sample variances. 

Hence the test statistic reduces to 

                              𝑍 =
𝑠1− 𝑠2

√(
𝑠1

2

2𝑛1
+

𝑠2
2

2𝑛2
)

~𝑁(0, 1)       ---- (1) 

 

Example 4·13. Random samples drawn from two countries gave 

the following data relating to the heights of adult males: 

 Country A     Country B 

Mean height (in inches) 67·42 67·25 

Standard deviation (in inches) 2·58 2·50 

Number in samples 1000 1200 

 (i) Is the difference between the means significant? 

(ii) Is the difference between the standard deviations significant? 

Sol: We are given: 

𝑛1  =  1000, 𝑥̅1  =  67.42 𝑖𝑛𝑐ℎ𝑒𝑠, 𝑠1  =  2.58 𝑖𝑛𝑐ℎ𝑒𝑠, 
𝑛2 =  1200, 𝑥̅2  =  67.25 𝑖𝑛𝑐ℎ𝑒𝑠,           𝑠2 =  2.50 𝑖𝑛𝑐ℎ𝑒𝑠. 

Since sample sizes are large, we can take 

𝜎̂1 = 𝑠1 = 2.58,       𝜎̂2 = 𝑠2 = 2.50 

 (i) H0 : μ1 = μ2  i.e.,  the sample means do not differ significantly. 

  H1 : μ1 ≠ μ2  (two tailed). 

Under the Null hypothesis H0, the test statistic is 

  𝑍 =
𝑠1− 𝑠2

√(
𝑠1

2

𝑛1
+

𝑠2
2

𝑛2
)

~𝑁(0, 1), since samples are large. 

Now 𝑍 =
67.42−67.25

√(
(2.58)2

1000
+

(2.50)2

1200
)

=
0.17

√(
6.66

1000
+

6.25

1200
)

= 1.56 

Conclusion. Since | Z | < 1·96, null hypothesis may be accepted at 

5% level of significance and we may conclude that there is no 

significant difference between the sample means. 
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(if) Under H0 : that there is no significant difference between 

sample standard deviation. 

𝑍 =
𝑠1− 𝑠2

𝑆.𝐸.(𝑠1− 𝑠2)
~𝑁(0, 1),   since samples are large. 

Now  𝑆. 𝐸. (𝑠1 −  𝑠2) = √
𝜎1

2

2𝑛1
+

𝜎2
2

2𝑛2
= √

𝑠1
2

2𝑛1
+

𝑠2
2

2𝑛2
, 

if σ1 and σ2 are not known and 𝜎̂1 = 𝑠1, 𝜎̂2 = 𝑠2.  

𝑆. 𝐸. (𝑠1 −  𝑠2) = √(
(2.58)2

2 × 1000
+

(2.50)2

2 × 1200
) = 0.07746 

Hence                  𝑍 =
2.58−2.50

0.07746
=

0.08

0.07746
= 1.03 

Conclusion. Since | Z | < 1;96, the data don't provide us any 

evidence against the null hypothesis which may be accepted at 5% 

level of significance. 

 Hence the sample standard deviations do not differ 

significantly. 
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UNIT –V 

TEST OF SIGNIFICANCE (SMALL SAMPLE TESTS) 

5. 1. Exact Sampling Distribution: 

 The population(s) from which samplers) are drawn is (are) 

normal, i.e., the parent population(s) is (are) normally distributed. 

 

5.2. Student’s ‘t’ Distribution: 

 Let xi, (i = 1, 2, … n) be a random sample of size n from a 

normal population with mean μ and variance σ2. Then Student's t is 

defined by the statistic 

  𝑡 =
𝑥̅−𝜇

𝑆 √𝑛⁄
 

where              𝑥̅ =
1

𝑛
∑ 𝑥𝑖 ,𝑛

𝑖=1   is the sample mean 𝑎𝑛d 

                       𝑆2 =
1

𝑛−1
∑ (𝑥𝑖 − 𝑥̅)2,𝑛

𝑖=1  

is an unbiased estimate of the population variance σ2, and it 

follows Student's t-distribution with v = (n - I) df. with probability 

density function, 

𝑓(𝑡) =
1

√𝑣𝐵 (
1
2 ,

𝑣
2)

.
1

[1 +
𝑡2

𝑣 ]
(𝑣+1) 2⁄

;  −∞ < 𝑡 <  ∞ 

 

5.2.1. t – Test for Single Mean: 

 Suppose we want to test: 

(i) if a random sample xi (i = 1, 2, …, n) of size n· has been drawn 

from a normal population with a specified mean, say μ0, or  

 (ii) if the sample mean differs significantly from the, hypothetical 

value μ0' of the population mean. 

Under the null hypothesis H0 : 
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 (i) The sample has been drawn from the population with 

mean μ or (ii) There is no significant difference between the 

sample mean 𝑥̅ and the population mean μ, 

the statistic                     𝑡 =
𝑥̅−𝜇

𝑆 √𝑛⁄
 

where         𝑥̅ =
1

𝑛
∑ 𝑥𝑖,

𝑛
𝑖=1  and  𝑆2 =

1

𝑛−1
∑ (𝑥𝑖 − 𝑥̅)2,𝑛

𝑖=1  

follows Student's t-distribution with v = (n - I) d.f.  

  We now compare the calculated value of t with the 

tabulated value at certain level of significance. If calculated | t | > 

tabulated t, null hypothesis is rejected and if calculated | t | < 

tabulated t, Ho may be accepted at the level of significance 

adopted. 

 

Remark: 

Assumptions for Student's 't-test.  

 The following assumptions are made in the Student's t-test:  

(i) The parent population from which the sample is drawn is 

normal. 

(ii) The sample observations are independent, i.e.. the sample is 

random. 

(iii) The population standard deviation σ is unknown. 

 

Example 5.1. The mean weekly sales of soap bars in departmental 

stores was 146·3 bars per store. After an advertising campaign the 

mean weekly sales in 22 stores for a typical week increased to 

153·7 and showed a standard deviation of 17·2. Was the 

advertising campaign successful? 

Sol: We are given: n = 22, 𝑥̅  = 153·7, s =17·2. 

Null Hypothesis. The advertising campaign is not successful, i.e., 

  𝐻0: 𝜇 =  146 · 3 
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Alternative Hypothesis. 𝐻1: 𝜇 >  146 · 3. (Right-tail). 

Test Statistic. Under the null hypothesis, the test statistic is: 

 𝑡 =
𝑥̅−𝜇

√𝑠2 (𝑛−1)⁄
~𝑡22−1 = 𝑡21 

Now 𝑡 =
153.7−146.3

√(17.2)2 21⁄
𝑡 =

7.4×√21

17.2
= 9.03 

Conclusion. Tabulated value of t for 21 d.f. at 5% level of 

significance for single-tailed test is 1·72. Since calculated value is 

much greater than the tabulated value. it is highly significant. 

Hence we reject the null hypothesis and conclude that the 

advertising campaign was definitely successful in promoting sales. 

 

Example 5·2. A random sample of 10 boys had the following I.Q.' 

s : 70, 120, 110, 101, 88, 83, 95, 98, 107, 100. Do these data 

support the assumption of a population mean I.Q. of 100 ? Find a 

reasonable range in which most of the mean I.Q. values of samples 

of 10 boys lie. 

Sol: Null hypothesis, H0: The data are consistent with the 

assumption of a mean I.Q. of 100 in the population, i.e., μ = 100. 

Alternative hypothesis, H1 : μ ≠ 100. 

Test Statistic. Under Ho. the test statistic is : 

𝑡 =
𝑥̅ − 𝜇

√𝑠2 (𝑛 − 1)⁄
~𝑡𝑛−1 

where 𝑥̅ and S2 are to be computed from the sample values of     

I.Q. ‘s. 

 CALCULATIONS FOR SAMPLE MEAN AND S.D. 

X (𝑋 − 𝑥̅) (𝑋 − 𝑥̅)2 

70 -27.2 739.84 

120 22.8 519.84 

110 12.8 163.84 

101 3.8 14.44 
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88 -9.2 84.64 

83 -14.2 201.64 

95 -2.2 4.84 

98 0.8 0.64 

107 9.8 96.04 

100 2.8 7.84 

Total   972  1833.60 

Hence 𝑛 = 10, 𝑥̅ =
972

10
= 97.2 and 𝑆2 =  

1833.60

9
 = 203 · 73 

∴             |𝑡| =
|97.2 − 100|

√203.73/10
=

2.8

√20.37
=

2.8

4.514
= 0.62 

Tabulated t0.05 for (10 - 1) i.e., 9 d.f. for two-tailed test is 2·262.  

Conclusion. Since calculated t is less than tabulated t0.05 for 9 d.f. 

H0 may be accepted at 5% level of significance and we may 

conclude that the data are consistent with the assumption of mean 

I.Q. of 100 in the population. 

 The 95% confidence limits within which the meah I.Q. 

values of samples of 10 boys will lie are given by 

𝑥̅ ±  𝑡0.05 𝑆/√𝑛  =  97 · 2 ±  2 · 262 ×  4 · 514 

          = 97·2 ± 10·21 = 10741 and 86·99 

Hence the required 95% confidence interval is [86·99, 107.41] 

 

Example 5·3. A random sample of 16 values from a normal 

population showed a mean of 41·5 inches and the sum of squares 

of deviations from this mean. equal to 135 square inches. Show 

that the assumption of a mean of 43.5 inches for the population is 

nor reasonable. Obtain 95 per cent and 99 per cent fiducial limits 

for the same. 

 You may use the following information from statistical 

tables: 



 

100 | P a g e  

 

𝑣 =  15, {
𝑃 =  0.05, 𝑡 =  2.131
𝑃 =  0.01, 𝑡 =  2.947

 

Sol: We are given n = 16, 𝑥̅ = 41·5 inches and 

  ∑(𝑋 − 𝑥̅)2  =  135 sq. inches. 

∴          𝑆2 =
1

𝑛 − 1
∑(𝑋 − 𝑥̅)2 =

135

15
= 9   ⇒     𝑆 = 3. 

Null Hypothesis. H0: μ= 43·5 inches, i.e., the data are consistent 

with the assumption that the mean height in the population is 43·5 

inches. 

Alternative Hypothesis. H1: μ ≠ 43·5 inches. 

Test Statistic. Under H0, the test statistic is : 

𝑡 =  
𝑥̅ − 𝜇

𝑆/√𝑛
~ 𝑡𝑛−1 

Now |𝑡|   =  
|41.5−43.5|

3/4
=

8

3
=  2.667 

Here number of degrees of freedom is (16 - 1) = 15. 

Weare given : 

 t0.05 for 15 d.f. = 2·131 and t0.01 for 15 d.f..= 2·947 

Conclusion. Since calculated | t | is greater than 2·131. null 

hypothesis is rejected at 5% level of significance and we conclude 

that the assumption of mean of 43·5 inches for the population is 

not reasonable. 

Remark. Since calculated | t | is less than 2·947, null hypothesis 

(μ= 43·5) may be accepted at 1% level of significance. 

 95% fiducial limits for μ : (d.f. = 15) 

𝑥̅  ± 𝑡0.05  ×  
𝑆

√𝑛
 =  41 · 5 ± 2 · 131 × 

3

4
=  41 · 5 ±  1 · 598 

∴         39 · 902 <  𝜇 <  43 · 098 

 99% fiducial limits for μ : (d.f. = 15) 

𝑥̅  ± 𝑡0.01  ×  
𝑆

√𝑛
 =  41 · 5 ± 2 · 947 ×  

3

4
=  43.71 𝑎𝑛𝑑 39.29 
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∴         39 · 29 <  𝜇 <  43 · 71 

 

5.2.2. t – Test for Difference of Means: 

 Suppose we want to test if two independent samples xi       

(i = 1, 2 .... , n1) and yj (j = 1,2, ... , n2) of sizes n1 and n2 have been 

drawn from two normal populations with means μx and μy 

respectively. 

 Under the null hypothesis (H0) that the samples have been 

drawn from the normal populations with means μx and Ily μy and 

under the assumption that ,the population variance are equal, i.e., 

σx
2= σy

2 = σ2 (say), the statistic 

                       𝑡 =
(𝑥̅−𝑦̅)−(𝜇𝑥−𝜇𝑦)

𝑆√
1

𝑛1
+

1

𝑛2

                 ---- (1) 

 where       𝑥̅  =
1

𝑛1
∑ 𝑥𝑖,

𝑛1
𝑖=1   𝑦̅  =

1

𝑛2
∑ 𝑦𝑗 ,

𝑛2
𝑗=1  

and     𝑆2 =
1

𝑛1+𝑛2−2
[∑ (𝑥𝑖 −  𝑥̅)2 +

𝑛1
𝑖=1  ∑ (𝑦𝑖 −  𝑦̅)2𝑛2

𝑗=1 ]     ---- (1a) 

is an unbiased estimate of the common population variance σ2, 

follows Student1s t-distribution with (n1 + n2 - 2) d.f. 

 

5.2.2.1. Paired t-test For Difference of Means:  

 Let us now consider the case when (i) the sample sizes are 

equal. i.e ., n1 = n2 = n (say). and (ii) the two samples are not 

independent but the sample observations are paired together, i.e., 

the pair of observations (xi, yi). (i = 1, 2, ..., n) corresponds to the 

same (ith) sample unit. The problem is to test if the sample means 

differ significantly or not. 

 For example, suppose we want to test the efficacy of a 

particular drug, say, for inducing sleep. Let xi and yi (i = 1, 2, ..., n) 

be the readings. in hours of sleep. on the ith individual, before and 

after the drug is given respectively. Here instead of applying the 
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difference of the means test, we apply the paired t-test given 

below. 

 Here we consider the increments. di = xi - yi, (i = 1, 2, ..., n). 

 Under the null hypothesis, H0 that increments are due to 

fluctuations of sampling. i.e., the drug is not responsible for these 

increments, the statistic. 

                       𝑡 =
𝑑̅
𝑆

√𝑛

                 ---- (1) 

 where    𝑑̅  =
1

𝑛
∑ 𝑑𝑖

𝑛1
𝑖=1  and  𝑆2 =

1

𝑛 −1
[∑ (𝑑𝑖 −  𝑑̅)

2𝑛1
𝑖=1 ]    ---- (1a) 

follows Student's t-distribution with (n - 1) d.f. 

 

Example 5·4. Below are given the gain in weights (in lbs.) of pigs 

fed on two diets A an B. 

   Gain in weight 

Diet A :  25, 32, 30, 34, 24, 14, 32, 24, 30, 31, 35, 25 

Diet B : 44, 34, 22, 10, 47, 31, 40, 30, 32, 35, 18, 21, 35, 29, 22 

 Test, if the two diets differ significantly as regards their 

effect on increase in weight. 

Sol.  Null hypothesis, H0: μx = μy, i.e.,  there is no significant 

difference between the mean increase in weight due to diets A and 

B. 

 Alternative hypothesis. H1: μx ≠ μy, (two-tailed). 

 Diet A  Diet B 

 X 𝑋 − 𝑋̅  (𝑋 − 𝑋̅)2  Y 𝑌 − 𝑌̅ (𝑌 − 𝑌̅)2 

 25 -3 9  44 14 196 

 32 4 16  34 4 16 

 30 2 4  22 -8 64 

 34 6 36  10 -20 400 

 24 -4 16  47 17 289 

 
14 -14 196  

31 1 1 

 40 10 100 
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 30 0 0 

 32 4 16  32 2 4 

 24 -4 16  35 5 25 

 30 2 4  18 -12 144 

 31 3 9  21 -9 81 

 35 7 49  35 5 25 

 
25 -3 9  

29 -1 1 

 22 -8 64 

Total 336 0 380 Total 450 0 1410 

 

Under null hypothesis (H0) : 

𝑡 =
(𝑥̅ − 𝑦̅)

√𝑆2 (
1
𝑛1

+
1

𝑛2
)

~𝑡𝑛1+𝑛2−2 

Here    

               𝑛1 = 12,

            ∑ 𝑥 = 336

∑(𝑥 − 𝑥̅)2 = 380
}  and    

               𝑛2 = 15

            ∑ 𝑦 = 450

∑(𝑦 − 𝑦̅)2 = 410

}   

∴         𝑥̅ =
336

12
= 28,      𝑦̅ =

450

15
= 30   

and    𝑆2 =
1

𝑛1+𝑛2−2
[∑(𝑥 − 𝑥̅)2 + ∑(𝑦 − 𝑦̅)2] = 71.6 

∴         𝑡 =
(𝑥̅ − 𝑦̅)

√𝑆2 (
1
𝑛1

+
1

𝑛2
)

=
28 − 30

√71.6 (
1

12 +
1

15
)

 

=
−2

√10.74
= −0.609 

Tabulate 𝑡0.05 for (12 + 15 - 2) = 25 d.f. is 2·06. 

Conclusion. Since calculated | t | is less than tabulated t, H0 may be 

accepted at 5% level of significance and we may conclude that the 

two diets do not differ significantly, as regards their effect on 

increase in weight. 
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Example 5.5.  Samples of two types of electric light bulbs were 

tested for length of life and following data were obtained: 

 Type I Type II 

Sample No.       n1 = 8      n2 = 7 

Sample Means 𝑥̅1=1,234 hrs. 𝑥̅2=1,036 hrs. 

Sample S.D.’s s1 = 36 hrs. s2 = 40 hrs. 

Is the difference in the means sufficient to warrant that type I is 

superior to type II regarding length of life? 

Sol:  Null Hypothesis. H0 : μx = μy, i.e., the two types I and II of 

electric bulbs are identical. 

Alternative Hypothesis. H1 : μx > μy, i.e., type I is superior to type 

II, 

Test Statistic. Under H0,  the test statistic is :' 

𝑡 =
(𝑥̅1 − 𝑥̅2)

√𝑆2 (
1
𝑛1

+
1

𝑛2
)

~𝑡𝑛1+𝑛2−2 = 𝑡13, 

where      𝑆2 =
1

𝑛1+𝑛2−2
[∑(𝑥 − 𝑥̅)2 + ∑(𝑦 − 𝑦̅)2] 

                 =
1

𝑛1+𝑛2−2
[𝑛1𝑠1

2 + 𝑛2𝑠2
2] =

1

13
[8 × (36)2 + 7 × (40)2] 

      = 1659.08 

𝑡 =
1234 − 1036

√1659.08 (
1
8 +

1
7)

=
198

√1659.08 × 0.2679
= 9.39 

Tabulated value of t for 13 d.f. at 5% level of significance for right 

(single) tailed test is 1·77. [This is the value of 𝑡0.01  for 13 d.f. 

from two-tail tables given in Appendix]. 

Conclusion. Since calculated 't' is much greater than tabulated 't', it 

is highly significant and H0 is rejected. Hence the two types of 

electric bulbs differ significantly. Further since 𝑥̅1 is much greater 

than 𝑥̅2 we conclude that type I is definitely superior to type II. 
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5.2.3. t - test For Testing Significance of an Observed sample 

Correlation Coefficient. 

 If r is the observed correlation coefficient in a sample of n 

pairs of observations from a bivariate normal population, then 

Prof. Fisher proved that under the null hypothesis H0 : ρ = 0, ·i.e., 

population correlation coefficient is zero, the statistic: 

𝑡 =
𝑟

√(1 − 𝑟2)
√𝑛 − 2 

follows Student's t-distribution with (n - 2) d.f.  

 If the value of t comes out to be significant, we reject H0 at 

the level of significance adopted and conclude that ρ ≠ 0, i.e., ‘r' is 

significant of correlation in the population . 

 If t comes out to be non-significant then H0 may be 

accepted and we conclude that variables may be regarded as 

uncorrelated in the population. 

 

Example 5.6. Find the least value of r in a sample of 18  pairs of 

observations from a bi-variate normal population, significant at 

5% level of significance. . 

Sol: Here n = 18. From the tables t0.05  for (18 - 2) = 16 dJ. is 2·12 

Under        𝐻0 ∶  𝜌 =  0,   𝑡 =
𝑟√(𝑛−2)

√(1−𝑟2)
~𝑡(𝑛−2) 

In order that the calculated value of t is significant at 5% level of _ 

Significance, we should have 

                          |
𝑟√(𝑛−2)

√(1−𝑟2)
| > 𝑡0.05 ⇒ |

𝑟√16

√(1−𝑟2)
| > 2.12  

⇒           16𝑟2 > (2.12)2(1 − 𝑟2) ⇒ 20.493𝑟2 > 4.493 

         ⇒                           𝑟2 >
4.493

20.493
= 0.2192  

Hence                                   | r | > 0.4682 
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Example 5·7.  A coefficient of correlation of 0·2 is derived from a 

random sample of 625 pairs of observations. (i) Is this value of r 

significant? (ii) What are the 95% and 99% confidence limits to 

the correlation coefficient in the population ? 

Sol: Under the null hypothesis H0 : ρ = 0, i.e., the value of r = 0·2 

is not significant; the test statistics is : 

 𝑡 =
𝑟√(𝑛−2)

√(1−𝑟2)
~𝑡(𝑛−2) 

Now             𝑡 =
0.2×√(625−2)

√(1−0.04)
= 5.09 

Since d.f. = 625 - 2 = 623, the significant values of t are same as in 

the case of normal distribution, viz., t0.05 = 1·96 and t0.01 = 2·58. 

Since calculated t is much greater than these values; 'it is highly 

significant. Hence H0 : ρ = 0 is rejected and we conclude that the 

sample correlation is significant of correlation in the population. 

 95% Confidence Limits for ρ (population correlation 

coefficient) are 

 𝑟 ±  1 · 96 𝑆. 𝐸. (𝑟)  =  𝑟 ±  1 · 96 (1 −  𝑟2)/√𝑛   [Since n large] 

    =  0 · 2 ±  (1 · 96 ×  0.96/ √625) 

    = 0·2 ± 0.075 = (0·125, 0·275) 

99% Confidence Limits for ρ are: 

          0·2 ± 2·58 × 0·0384 = 0·2 ± 0·099 = (0·101, 0·299) 

5.3. F-test for Equality of Population Variances: 

  Suppose we want to test (i) whether two independent 

samples xi. (i = 1, 2, ..., n1) and yj, (j = 1, 2, ..., n2} have been 

drawn from the normal populations with the same variance σ2 

(say), or (ii) whether the two independent estimates of the 

population variance are homogeneous or not. 

 Under the null hypothesis (H0) that (i) σx
2 = σy

2 = σ2, i.e., 

the population variances are equal or (ii) Two independent 
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estimates of the population variance are homogeneous, the statistic 

F is given by 

   𝐹 =
𝑆𝑋

2

𝑆𝑌
2                               ---- (1) 

where 𝑆𝑋
2 =

1

𝑛1−1
∑ (𝑥𝑖 − 𝑥̅)2𝑛1

𝑖=1   and  𝑆𝑌
2 =

1

𝑛2−1
∑ (𝑦𝑗 − 𝑦̅)2𝑛2

𝑗=1  

are unbiased estimates of the common population variance σ2 

obtained from two independent samples and it follows Snedecor’s 

F -distribution with (v1, v2) d.f. [where v1 = n1 - 1 and v2 = n2 - 1]. 

Proof:    𝐹 =
𝑆𝑋

2

𝑆𝑌
2 = [

𝑛1

𝑛1−1
𝑠𝑋

2] [
𝑛2

𝑛2−1
𝑠𝑌

2]⁄  

                = [
𝑛1𝑠𝑋

2

𝜎𝑋
2 .

1

(𝑛1−1)
] [

𝑛2𝑠𝑌
2

𝜎𝑌
2 .

1

(𝑛2−1)
]⁄  

                                                (∵  𝜎𝑋
2 = 𝜎𝑌

2 = 𝜎2 under H0) 

 Since 
𝑛1𝑠𝑋

2

𝜎𝑋
2  and 

𝑛2𝑠𝑌
2

𝜎𝑌
2  are independent chi-square variates 

with (n1 - 1) and (n2 -1) d.f. respectively, F follows Snedecor's     

F-distribution with  (nl - 1, n2 - 1) d.f. 

 

Example 5.8. Pumpkins were grown under two experimental 

conditions. Two random samples of 11 and 9 pumpkins show the 

sample standard deviations of their weights as 0·8 and 0·5 

respectively. Assuming that the weight distributions are normal, 

test the hypothesis that the true variances are equal, against the 

alternative that they are not. at the 10% level. [Assume that P 

(F10,8 ≥  3:35) = 0.05 and P (F8,10 ≥  3:07) = 0·05]· 

Sol: We want to test Null Hypothesis, H0: σx
2 = σY

2. 

against the Alternative Hypothesis, H1: σx
2 ≠ σY

2 (Two-tailed). 

We are given:  

 nl = 11, n2 = 9, sX  = 0·8 and xY= 0·5. 
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Under the null hypothesis, H0: σx = σY, the statistic 

𝐹 =
𝑠𝑋

2

𝑠𝑌
2 

follows F- distribution with (nl - 1, n2 - 1) d.f. 

Now   nl sx
2 = (nl - 1) Sx

2 

∴              𝑆𝑋
2 = (

𝑛1

𝑛1 − 1
) 𝑠𝑋

2 = (
11

10
) × (0.8)2 = 0.704 

Similarly,  𝑆𝑌
2 = (

𝑛2

𝑛2−1
) 𝑠𝑌

2 = (
9

8
) × (0.5)2 = 0.28125. 

∴            𝐹 =
0.704

0.28125
= 2.5   

The significant values of F for two tailed test at level of 

significance α = 0·10 are: 

𝐹 >  𝐹10,8  (
𝛼

2
) =  𝐹10,8  (0.05)

  𝐹 <  𝐹10,8  (1 −
𝛼

2
) =  𝐹10,8  (0.95)

}                             ---- (1) 

We are given the tabulated (significant) values : 

            𝑃[𝐹10,8  ≥   3.35] = 0.05 ⇒  𝐹10,8  (0.05) = 3.35 ---- (2) 

Also     𝑃[𝐹8,10  ≥   3.07] = 0.05 ⇒  𝑃 [
1

𝐹8,10
 ≤   

1

3.07
] = 0.05 

⇒ 𝑃[𝐹10,8  ≤   0.326] = 0.05 ⇒  𝑃[𝐹10,8  ≥   0.326] = 0.95 ---(3) 

Hence from (1),  (2) and (3), the critical values for testing H0 : 

σx
2 = σY

2, against H1: σx
2 ≠ σY

2 at level of significance α = 0·10 are 

given by: 

                       F > 3·35 and F < 0·326 = 0·33 

Since, the calculated value of F (= 2·5) lies between 0·33 and 

3·35, it is not significant and hence null hypothesis of equality of 

population variances may be accepted at level of significance α = 

0.10. 
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Example 5.9. Two random samples gave the following results :  

Sample Size Sample mean 

Sum of squares of 

deviations from the 

mean 

1 10 15 90 

2 12 14 108 

Test whether the samples come from the same normal population 

at 5% level of significance. 

[Given: F0.05 (9, 11) == 2·90, F0.05(1l,9) = 3·10 (approx.) 

and    t0.05(20) = 2.086, t0.05(22) = 2.07] 

Sol: A normal population has two parameters, viz.. mean μ and 

variance σ2. To test if two independent samples have been drawn 

from the same normal population we have to test (i) the equality of 

population means, and (ii) the equality of population variances. 

 Null Hypothesis : 'he two samples have been drawn from 

the same normal population, i.e.,  H0 : μ1 = μ2 and σ1
2 = σ2

2. 

Equality of means will be tested by applying t-test and equality of 

variances will be tested by applying F-test Since t-test assumes σ1
2 

= σ2
2, we shall first apply F-test and then t-test 

We are given 
𝑛1  =  10, 𝑛2  =  12; 𝑥̅1  =  15, 𝑥̅2  =  14

       ∑(𝑥1 − 𝑥̅1)2 = 90, ∑(𝑥2 − 𝑥̅2)2 = 108 
} 

F-test 

Here   𝑆1
2 =

1

𝑛1−1
∑(𝑥1 − 𝑥̅1)2 =

90

9
= 10  

            𝑆2
2 =

1

𝑛2−1
∑(𝑥2 − 𝑥̅2)2 =

108

11
= 9.82  

Since 𝑆1
2 > 𝑆2

2, under H0 : σ1
2 = σ2

2, the test statistic is 

𝐹 =  
𝑆1

2

𝑆2
2  ~ 𝐹 (𝑛1  −  1, 𝑛2  −  1)  =  𝐹(9, 11) 

Now            𝐹 =  
10

9.82
 =  1.018 
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Tabulated F0.05 (9,11) = 2·90 

Since calculated F is less than tabulated F it is not significant. 

Hence null hypothesis of equality of population variances may be 

accepted. 

 Since σ1
2 = σ2

2, we can now apply t test for testing H0 : μ1 

= μ2.  

t-test. Under H0’ : μ1 = μ2, against alternative hypothesis, H1’ : μ1 

≠ μ2 the test statistic is 

  𝑡 =
𝑥̅1−𝑥̅2

√𝑆2(
1

𝑛1
+

1

𝑛2
)

~𝑡𝑛1+𝑛2−2 = 𝑡2 

where           𝑆2 =
1

𝑛1+𝑛2−2
[∑(𝑥1 − 𝑥̅1)2 + ∑(𝑥2 − 𝑥̅2)2 ] 

                           =
1

20
[90 + 108] = 9.9 

∴         𝑡 =
15 − 14

√9.9 (
1

10 +
1

12)

=  
1

√9.9 ×
11
60

 

   =
1

√1.815
= 0.742 

Now t0.05 for 20 d.f. = 2·086 

Since | t | < t0.05, it is not significant. Hence the hypothesis H0’ : μ1 

= μ2 may be accepted. Since both the hypotheses, i.e., H0’ : μ1 = μ2 

and H0 : σ1
2 = σ2

2 are accepted, we may regard that the given 

samples have been drawn from the Same normal population. 

 

5.4. Chi-Square Test: 

 The square of a standard normal variate is known as a chi-

square variate with 1 degree of freedom (d.f.) 

Thus if  X ~ N (μ, σ2), then 𝑍 =  
𝑋−𝜇

𝜎
 ~ 𝑁(0, 1) 

and 𝑍2  =  (
𝑋−𝜇

𝜎
)

2

 is a chi-square variate with 1 d.f. 
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 In general. if Xi (i = 1, 2, ...., n) are n independent normal 

variates with mean μi and variance σi
2, (i = 1, 2, ...., n),  then 

    𝜒2 = ∑ (
𝑋𝑖−𝜇𝑖

𝜎𝑖
)

2

,𝑛
𝑖=1  is a chi-square variate with n d.f. 

 

5.4.1. Chi-square Test for Population Variance: 

 Suppose we want to test if a random sample xi (i = 1, 2, ... , 

n) has been drawn from a normal population with a specified 

variance σ2 = σ0
2, (say). 

 Under the null hypothesis that the population variance is σ2 

= σ0
2, the statistic 

𝜒2 = ∑ [
(𝑥𝑖 − 𝑥̅)2

𝜎0
2 ]

𝑛

𝑖=1

 =
1

𝜎0
2 [∑ 𝑥𝑖

2 −
(∑ 𝑥𝑖)2

𝑛

𝑛

𝑖=1

]  

 =  𝑛𝑠2 𝜎0
2⁄  

follows chi-square distribution with (n -1) d.f.  

 By comparing the calculated value with the tabulated value 

of χ2 for (n -1) d.f. at certain level of significance, (usually 5%) .. 

we may retain or reject the null hypothesis. 

Example 5. 10. It is believed that the precision (as measured by 

the variance) of an instrument is no more than 0·16. Write down 

the null and alternative hypothesis for testing this belief. Carry out 

the test at 1% level, .given 11 measurements of the same subject on 

the. instrument : 

 2·5, 2·3, 2·4, 2·3, 2·5, 2·7, 2·5, 2·6, 2·6, 2·7, 2·5. 

Sol: Null hypothesis, H0: σ
2 = 0.16 

Alternative Hypothesis : H1: σ
2 > 0·16 . 
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COMPUTATION OF SAMPLE VARINCE 

X 𝑋 −  𝑋̅ (𝑋 −  𝑋̅)2 

2.5 - 0.01 0.0001 

2.3 - 0.21 0.0441 

2.4 - 0.11 0.0121 

2.3 - 0.21 0.0441 

2.5 - 0.01 0.0001 

2.7 + 0.19 0.0361 

2.5 - 0.01 0.0001 

2.6 + 0.09 0.0081 

2.6 + 0.09 0.0081 

2.7 + 0.19 0.0361 

2.5 - 0.01 0.0001 

𝑋̅ =
27.6

11
= 2.51  ∑(𝑋 − 𝑋̅)2 = 0.1891  

Under the null hypothesis H0: σ
2 = 0.16, the test statistic is : 

 𝜒2 =
𝑛𝑠2

𝜎2 =
∑(𝑋− 𝑋̅)2

𝜎2 =
0.1891

0.16
= 1.182 

which follows χ2 distribution with d.f (11 - 1) = 10. 

Since the calculated value of χ2 is less than the tabulated value 

23·2 of χ2 for 10 d.f. at 1 % level of significance, it is not 

significant. Hence H0 may be accepted and we conclude that the 

data are consistent with the hypothesis that the precision of the 

instrument is 0.16. 

 

5.4.2. Chi-square Test of Goodness of Fit: 

 A very powerful test for testing the significance of the 

discrepancy between theory, and experiment was given by Prof. 

Karl Pearson in 1900 and is known as "Chi-square test of 
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goodness of fit." It enables us to find if the deviation of the 

experiment from theory is just by chance or is it really due to the 

inadequacy of the theory to fit the observed data. 

 If Oi, (i = 1, 2, ..., n) is a set of observed (experimental) 

frequencies and Ei (i = I, 2, ... , n) is the corresponding set of 

expected (theoretical or hypothetical) frequencies, then Karl 

Pearson's chi-square, given by 

   𝜒2 = ∑ [
(𝑂𝑖−𝐸𝑖)2

𝐸𝑖
],                           (∑ 𝑂𝑖

𝑛
𝑖=1 = ∑ 𝐸𝑖

𝑛
𝑖=1 )𝑛

𝑖=1   ---- (1) 

follows chi-square distribution with (n - 1) d.f. 

 

Example 5.11. The following figures show the distribution of 

digits in numbers chosen at random from a telephone directory : 

Digit

s: 
0 1 2 3 4 5 6 7 8 9 

Tota

l 

Freq 

uenc

y: 

102

6 

110

7 

99

7 

96

6 

107

5 

93

3 

110

7 

97

2 

96

4 

85

3 

10,0

00 

Test whether the digits may be taken to occur equally frequently in 

the directory. 

Sol: Here we set up the null hypothesis that the digits occur 

equally frequently in the directory. 

Under the null hypothesis, the expected frequency for each of the 

digits 0, 1, 2, ..., 9 is 10000/10 = 1000. The value of χ2 is computed 

as follows : 
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CALCULATIONS FOR χ2 

Digits 

Observed 

Frequency 

(O) 

Expected 

Frequency 

(E) 

(O – E)2 (O – E)2/ E 

0 1026 1000 676 0.676 

1 1107 1000 11449 11.449 

2 997 1000 9 0.009 

3 966 1000 1156 1.156 

4 1075 1000 5625 5.625 

5 933 1000 4489 4.489 

6 1107 1000 11449 11.449 

7 972 1000 784 0.784 

8 964 1000 1296 1.296 

9 853 1000 21609 21.609 

Total 10,000 10,000  58.542 

∴                  𝜒2 = ∑ [
(𝑂 − 𝐸)2

𝐸
] = 58.542 

 The number of degrees of freedom = 10 - 1 = 9, (since we 

are given 10 frequencies subjected to only one linear constraint 

∑ 𝑂  =  ∑ 𝐸  =  10,000). 

The tabulated χ2
0.05 for 9 d.f. = 16·919 

Since the calculated χ2 is much greater than the tabulated value, it 

is highly significant and we reject the null hypothesis. Thus we 

conclude that the digits are not uniformly distributed in the 

directory. 

 

Example 5.12. Fit a Poisson distribution to the following data and 

test the goodness of fit. 

X : 0 1 2 3 4 5 6 

f : 275 72 30 7 5 2 1 
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Sol: Mean of the given distribution is : 

   𝑋̅ =
∑ 𝑓𝑖𝑥𝑖𝑖

𝑁
=

189

392
= 0.482 

In order to fit a Poisson distribution to the given data, we take the 

mean (parameter) m of the Poisson distribution equal to the mean 

of the given distribution, i.e., we take 

                  𝑚 = 𝑋̅ = 0.482 

The frequency of r successes is given by the Poisson law as : 

𝑓(𝑟) = 𝑁𝑝(𝑟) = 392 ×
𝑒−0.482(0.482)𝑟

𝑟!
;     𝑟 = 0, 1, 2, … , 6 

Now   𝑓(0)  =  392 × 𝑒−0.482  =  392 ×

 𝐴𝑛𝑡𝑖𝑙𝑜𝑔 [− 0.482 𝑙𝑜𝑔 𝑒) 

=  392 ×  𝐴𝑛𝑡𝑖𝑙𝑜𝑔 [−0 · 482 × log 2 · 7183] 

                                                                           ( ∵ 𝑒 =  2 · 7183) 

                =  392 ×  𝐴𝑛𝑡𝑖𝑙𝑜𝑔 [− 0 · 482 ×  0.4343]  

     = 392 ×  𝐴𝑛𝑡𝑖𝑙𝑜𝑔 [− 0 · 2093] 

     =  392 ×  𝐴𝑛𝑡𝑖𝑙𝑜𝑔 [1̅. 7907] =  392 ×  0 · 6176 

                =  242 · 1 

𝑓(1) = 𝑚 × 𝑓(0) = 0.482 × 242.1 = 116.69 

     𝑓(2) =
𝑚

2
× 𝑓(1) = 0.241 × 116.69 = 28.12 

𝑓(3) =
𝑚

3
× 𝑓(2) =

0.482

3
× 28.12 = 4.518 

𝑓(4) =
𝑚

4
× 𝑓(3) =

0.482

4
× 4.518 = 0.544 

𝑓(5) =
𝑚

5
× 𝑓(4) =

0.482

5
× 0.544 = 0.052 

𝑓(6) =
𝑚

6
× 𝑓(5) =

0.482

6
× 0.052 = 0.004 
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Hence the theoretical Poisson frequencies correct to one decimal 

place are as given below: 

X : 0 1 2 3 4 5 6 Total 

Expected 

frequency 
242.1 116.7 28.1 4.5 0.5 0.1 0 392 

CALCULATIONS FOR CHI-SQUARE 

Observed 

frequency 

(O) 

Expected 

frequency 

(E) 

(O – E) (O – E)2 (O – E)2/E 

275 242.1 32.9 1082.41 4.471 

72 116.7 44.7 1998.09 17.121 

30 28.1 1.9 3.61 0.128 

7
5
2
1

} 15 

4.5
0.5
0.1
0

} 5.1 9.9 98.01 19.217 

392 392.0   40.937 

∴                  𝜒2 = ∑ [
(𝑂 − 𝐸)2

𝐸
] = 40.937 

Degrees of freedom = 7 - 1 - 1 - 3 = 2 

(One d.f. being lost because of the linear constraint ∑ 𝑂  =  ∑ 𝐸; 1 

d.f. is lost because the parameter m has been estimated from the 

given data and is then used for computing the expected 

frequencies; 3 d.f. are lost because of pooling the last four 

expected cell frequencies which are less than five.) 

 Tabulated value of χ2 for 4 d.f. at 5% level of significance 

is 5·99. 

Conclusion. Since calculated value of χ2 (40·937) is much greater 

than 5·99, it is highly significant. Hence we conclude that Poisson 

distribution is not a good, fit to the given data. 
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5.4.3. Independence of Attributes: 

 Let us consider two attributes A and B. A divided into r 

classes A1, A2, .... Ar and B divided into s classes B1, B2, .... Bs 

Such a classification in which attributes are divided into more than 

two classes is known as manifold classification. The various cell 

frequencies can be expressed in the following table known as r x s 

manifold contingency table where (Ai) is the number of persons 

possessing the attribute Ai, (i = 1, 2 ...... r), (Bj) is the number of 

persons possessing the attribute Bj (j = 1, 2 ...... s) and (AiBj) is the 

number of persons possessing both the attributes Ai and Bj, [i = 1, 

2 ...... r; j = 1, 2 ...... s]. Also 

∑ (𝐴𝑖)
𝑟
𝑖=1  =  ∑ (𝐵𝑠)𝑠

𝑗=1  =  𝑁,  is the total frequency. 

 The exact test for the independence of attributes is very 

complicated but a fair degree of approximation is given, for large 

samples, (large N), by the χ2-test of goodness of fit, viz., 

 𝜒2 = ∑ ∑ [
[(𝐴𝑖𝐵𝑗)−(𝐴𝑖𝐵𝑗)

0
]

2

(𝐴𝑖𝐵𝑗)
0

]𝑠
𝑗=1

𝑟
𝑖=1 , 

which is distributed as a χ2-variate with (r - 1)(s – 1) d.f. [cf. Note 

below on degrees of freedom]. 

 

Example 5.13. Two sample polls of votes for two candidates A 

and B for a public office are taken, one from among the residents 

of rural areas. The results are given in the table. Examine whether 

the nature of the area is related to voting preference in this 

election. 

Votes for Area A  B Total 

Rural 620 380 1000 

Urban 550 450 1000 
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Total 1170 830 2000 

Sol: Under the null hypothesis that the nature of the area is 

independent of the voting preference in the election, we get the 

observed frequencies as follows: 

𝐸(620) =
1170×1000

2000
= 585,           𝐸(380) =

830×1000

2000
= 415, 

𝐸(550) =
1170×1000

2000
= 585,  and   𝐸(450) =

830×1000

2000
= 415 

 

Example 5.14. (2 x 2 contingency table). For the 2 x 2 table, 

a b 

c d 

prove that chi-square test of independence gives 

  𝜒2 =
𝑁(𝑎𝑑−𝑏𝑐)2

(𝑎+𝑐)(𝑏+𝑑)(𝑎+𝑏)(𝑐+𝑑)
, 𝑁 = 𝑎 + 𝑏 + 𝑐 + 𝑑 

Sol: Under the hypothesis of independence of attributes, 

𝐸(𝑎) =
(𝑎 + 𝑏)(𝑎 + 𝑐)

𝑁
 

𝐸(𝑏) =
(𝑎 + 𝑏)(𝑏 + 𝑑)

𝑁
 

𝐸(𝑐) =
(𝑎 + 𝑐)(𝑐 + 𝑑)

𝑁
 

𝐸(𝑑) =
(𝑏 + 𝑑)(𝑐 + 𝑑)

𝑁
 

 

 

 

 

 

 

 

a b a+b 

c d c+d 

a+c b+d N 
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∴ 𝜒2 =
(𝑎−𝐸(𝑎))2

𝐸(𝑎)
+

(𝑏−𝐸(𝑏))2

𝐸(𝑏)
+

(𝑐−𝐸(𝑐))2

𝐸(𝑐)
+

(𝑑−𝐸(𝑑))2

𝐸(𝑑)
  ---- (*) 

𝑎 − 𝐸(𝑎) = 𝑎 −
(𝑎+𝑏)(𝑎+𝑐)

𝑁
  

    =
𝑎(𝑎+𝑏+𝑐+𝑑)−(𝑎2+𝑎𝑐+𝑎𝑏+𝑏𝑐)

𝑁
=

𝑎𝑑−𝑏𝑐

𝑁
 

Similarly, we will get  

𝑏 − 𝐸(𝑏) = −
𝑎𝑑−𝑏𝑐

𝑁
= 𝑐 − 𝐸(𝑐); 𝑑 − 𝐸(𝑑) =

𝑎𝑑−𝑏𝑐

𝑁
  

Substituting in (*), we get 

𝜒2 =
(𝑎𝑑−𝑏𝑐)2

𝑁2
[

1

𝐸(𝑎)
+

1

𝐸(𝑏)
+

1

𝐸(𝑐)
+

1

𝐸(𝑑)
]  

=
(𝑎𝑑 − 𝑏𝑐)2

𝑁2
[{

1

(𝑎 + 𝑏)(𝑎 + 𝑐)
+

1

(𝑎 + 𝑏)(𝑏 + 𝑑)
}

+ {
1

(𝑎 + 𝑐)(𝑐 + 𝑑)
+

1

(𝑏 + 𝑑)(𝑐 + 𝑑)
}] 

=
(𝑎𝑑 − 𝑏𝑐)2

𝑁2
[

𝑏 + 𝑑 + 𝑎 + 𝑐

(𝑎 + 𝑏)(𝑎 + 𝑐)(𝑏 + 𝑑)
+

𝑏 + 𝑑 + 𝑎 + 𝑐

(𝑎 + 𝑐)(𝑐 + 𝑑)(𝑏 + 𝑑)
] 

= (𝑎𝑑 − 𝑏𝑐)2 [
𝑐 + 𝑑 + 𝑎 + 𝑏

(𝑎 + 𝑏)(𝑎 + 𝑐)(𝑏 + 𝑑)(𝑐 + 𝑑)
]

=
𝑁(𝑎𝑑 − 𝑏𝑐)2

(𝑎 + 𝑐)(𝑏 + 𝑑)(𝑎 + 𝑏)(𝑐 + 𝑑)
 

Example 5.15. Two researchers adopted different sampling 

techniques while investigating the same group of students to find 

the number of students falling in different intelligence levels. The 

results are as follows: 

Researcher 

No. of students in each level 

Total Below 

Average 
Average 

Above 

Average 
Genius 

X 86 60 44 10 200 

Y 40 33 25 2 100 

Total 126 93 69 12 300 
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Would you say that the sampling techniques adopted by the two 

researchers are significantly different ? (Given, 5% value of χ2 for 

2 d.f. and 3 d.f.  are 5·991 and 7·82 respectively.) 

Sol: We 'Set up the null hypothesis that the data obtained are 

independent of the sampling techniques adopted by the two 

researchers. In other words, the null hypothesis is that their is no 

significant difference between the sampling techniques used by the 

two researchers for collecting the required data. 

 Here we have a 4 x 2 contingency table and d.f. = (4 - 1) x 

(2 - 1) = 3 x 1 = 3. Hence we need to compute only 3 independent 

expected frequencies and the remaining expected frequencies can 

be obtained by subtraction from the marginal row and column 

totals. 

 Under the null hypothesis of independence, we have 

               𝐸(86) =
126×200

300
= 84;       𝐸(60) =

93×200

300
= 62;  

𝐸(44) =
69 × 200

300
= 46 

The table of expected frequencies can now be completed as shown 

below : 

Researcher 

No. of students in each level 

Total Below 

Average 
Average 

Above 

Average 
Genius 

X 84 62 46 
200-

192=8 
200 

Y 
126-

84=42 

93-

62=31 

69-

46=23 
12-8=4 100 

Total 126 93 69 12 300 

Since we cannot apply the χ2 test straightway here as the last 

frequency is less than 5, we should use the technique of pooling in 

this case as given below: 
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CALCULATIONS FOR CHI-SQUARE 

O E O – E (O – E)2 (O – E)2/E 

86 84 2 4 0.048 

60 62 -2 4 0.064 

44 46 -2 4 0.087 

10 8 2 4 0.500 

40 42 -2 4 0.095 

33 31 2 4 0.129 

25
2

} 27 
23
4

} 27 0 0 0 

Total  300 300 0 0 0.923 

 After pooling, 𝜒2 = ∑ [
(𝑂−𝐸)2

𝐸
] = 0.923 

and the d.f, = (4 - 1) x (2 - 1) - 1 = 3 - 1 = 2, since 1 df. is lost in 

the method of pooling. 

 Tabulated value of  χ2 for 2d.f. at 5% level of significance 

is 5·991. 

Conclusion. Since calculated value is less that the tabulated value, 

null hypothesis may be accepted at 5% level of significance and 

we may conclude that there is no significant difference in the 

sampling techniques used by the two researchers. 
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